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Analysing the conduction of heat in 
porous medium via Caputo fractional 
operator with Sumudu transform 
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Abstract. In this article, we analyse the fractional Cattaneo heat equa- 
tion for studying the conduction of heat in porous medium. This equation 
is also used in studying extended irreversible thermodynamics, material, 
plasma, cosmological model, computational biology, and diffusion the- 
ory in crystalline solids. The Sumudu adomian decomposition technique, 
which is combination of Sumudu transform and a numerical technique, 
is applied for getting numerical solution. The existence and uniqueness 
is analysed by using the fixed point theorem and the highest error of the 
designed technique is also analysed. Finally, the accuracy of the designed 
numerical method is presented by solving two examples and the findings 
are compared with the existing method. 


Keywords: Fractional Cattaneo heat equation (FCHE), Caputo deriva- 
tive, Sumudu transform, Existence and Uniqueness Analysis, Error Anal- 
ysis. 


1 Introduction 


The Fractional calculus (FC) has developed into a vital tool for mod- 
elling and solving the events in engineering and sciences. It is utilised 
in many different scientific fields. Additionally, because of its abil- 
ity to be remembered and passed on, it is quite useful in replicat- 
ing and understanding natural occurrences. The fractional Caputo 
derivative is one of the best fractional derivatives available in 
the literature. Various fractional mathematical models were explored 
and examined by numerous researchers, like the fractional diffusion- 
wave equation studied in [2], the fractional Brain tumour model [3], 
Whitham—Broer—Kaup equation with fractional order is presented 
in [4], the problem of oil spill is analysed in [5], the existence and 
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uniqueness for fractional Cauchy reaction diffusion equations is anal- 
ysed in [6], the time fractional wave equations is studied in [7], the 
2019-nCOV outbreaks is studied in [8], the COVID-19 model is anal- 
ysed through singular and non-singular fractional operators in [9J, 
the fractional hosta parasitoid population dynamical model is stud- 
ied in [10], the fractional model for population dynamics of two in- 
teracting species is studied in [11], the fractional Riccati differential 
equation is studied in [12], the Coupled Schrodinger-KdV equation is 
analysed with Caputo-Katugampola Type Memory in [13], the SIR 
model is studied via Morgan-Voyce series in [14], the singularly per- 
turbed Volterra integro-differential equations with delay is solved in 
[15] and the generalized equal width wave equation is investigated 
in [16]. 

There are many numerical techniques available in the literature for 
solving fractional order differential equations such as; the generalized 
Adams-Bashforth-Moultan method [17], the optimal control tech- 
nique [18], the Taylor series expansion method [19], the Haar wavelet 
method [20], the homotopy perturbation Sumudu transform method 
and the sine-gordon expansion method [22]. 

The fractional diffusion models have been used to define anoma- 
lous diffusion in a variety of ways |23]24/25]26]. As a result, antic- 
ipating heat transport behaviour has caught scientists’ attention. 
The heat conduction model based of Fouriera’s law is sufficient for 
the majority of applications. However, this model violates the rules 
of physics since the thermal disturbances propagate at an infinite 
pace |2’7/28/29). For instance, fractional order derivatives describe 
the Fick’s laws of fractional order, which are available. This method 
is used to produce the Cattaneo equation, which is used to explain 
fractional order diffusion models and heat and mass transport [80). 
The law of heat condition was given by Fourier [31], first time in 
1822. Even though it was simply a hypothesis law, it gave the two 
centuries of thermal conduction study that followed a framework 
and made it possible to characterise heat transport routes. Fourier’s 
law was updated by Cattaneo [82] in 1948 by include the idea of re- 
laxation time. Using Oldroyd’s upper convected derivative and 
modifying the rule given by the Cattaneo in 2009, Christov cre- 
ated an equation with a only one parameter of temperature. 

We consider the following fractional Cattaneo heat equation (FCHE) 


2 Mohan et al 1-20 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 33, NO. 1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC 


Title Suppressed Due to Excessive Length 3 


oe UY; t) + Bur(a, y, t) = Au(a, y,t) = Jaya), 


(z,y,t) € 2 x (0,T| (1) 


with 


u(x, y,0) = g(x,y), eutes10) = (x,y), (x,y) € 2 (2) 


where u(z,y,t) is the heat distribution function, 6 is a constant, 
f(x, y,t) is the given source term, (2 is bounded domain , 5D? is the 
Caputo fractional operator of order a with 1 < a < 2,g(x,y), and 
p(x, y) are given smooth functions. 

The main aim of this research is to examine the FCHE with Ca- 
puto fractional operator. The Sumudu adomian decomposition tech- 
nique (SADT) is used to get numerical solution. The existence and 
uniqueness is analysed by using the fixed point theorem, also the 
maximum error of the SADT is investigated. The uniqueness of this 
study is that it provides an accurate prediction regarding the method 
of conduction of heat for addressing thermo-elastic issues in porous 
medium. The main achievement of this work is to design a very ef- 
fective technique for solution of FCHE that allows for the detailed 
investigation of the heat conduction process in porous media. This 
study’s findings will be useful for studying extended irreversible ther- 
modynamics, material, plasma, cosmological model, computational 
biology, and diffusion theory in crystalline solids. 


2 Basic definitions of Fractional Calculus 
Def. 2.1. [I|The Caputo derivative of y(t) is given by 
1 t 
D°y(t) = PD" y(t) = a — fe Ney Aa 
Pin = a) 0 
wherem—1<a<m. 


Def. 2.2. [35] The Sumudu transform (ST) of a given function y(t) 
is defined as 


ST|y(t)] = i. e *y(ut)dt, v € (—t1, te). 
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Def. 2.3. [85] The ST of the Caputo fractional order derivative is 
given by 
m—-1 
ST [Dry(t)| =v “ST ly yoorby 


k=0 


Theorem 2.1. If 5Dry(t) = e(t), then its unique solution is 
defined as 


Wt) = Fay fe Neat 


where 0 <a < 1. 


3 Existence and Uniqueness Analysis of the 
FCHE 


The FCHE is given by equation (1) can be written in the form 
oD? = V(z,y, t, u), (3) 


where W(x, Y; t, u) = Au(z, Y; t) ~~ Buz(a, Y; t) — 7h; Y; t). 
Equation (3) can be converted into the Voltera type integral equation 
using theorem (2.1): 


u(x, y,t) — u(x, y, 0) = a (t — s)° ‘w(x, y, s, u)ds. (4) 


Next, we have to prove that w(z,y,t, u) satisfy Lipschitz condition. 

Theorem 3.1. The function ~(z,y,t,u) in the given Voltera 

equation satisfies both the contraction if 0 < 7 < 1, where 7 = 
— By and the Lipschitz condition. 

Proof: Let u(z,y,t) is bounded. So, we have 


(x,y, tu) — Ya, y, t, p)|] = ||Uea (2, y, t) — Bur(x, y, t) 
+ f(z,y,t) — pra(Z, y, t) 
+ Bp:(z,y,t) — f(x,y, d)|| 
= as = Poe) = B(u Ut — pr) ll, 
< 6*||(u — p)|| — Bull(u — p)l| 
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v(x, y, tu) — v(x, y, t, p)|| < (6 — Bu)|I(u — p)|| (5) 
Letting 7 = (6? — By), then 


Il (a, y, t, uw) ~~ w(x, y,t, p)|| = n||(u _ p)|| 


Thus, v(z, y, t, u) satisfies Lipschitz and contraction condition if 0 < 
7 <1. So, the iterative formula for the existence of above condition 
is represented as 


Un+1(2, Y, t) = aa (t _ s)° "U(x, y, 8, Un)ds, (6) 


with initial condition as u(x, y,0) = u(z, y, to). 
The two consecutive terms are differ by 


Un(z, Y; t) = Un (a, Y, t) i" UniA, Y; t) 
1 


= T(a) i (t = s)°"{a(a, y, 8, Un—1) _— W(x, y, t, mm 
7 


It can be observed that 
Un(a, y,t) = > bi(z,y,t) (8) 
i=0 


so, from equation (7), we have 
IPn(z, Y; t) | — I]un(x, Y; t) _ Un—1(2, Y; t) | (9) 
Using Triangular inequality, equation (6) becomes 
1 : , 
lena nA S Foal f (t= 9) naley.sdsl. (10) 
EG) 0 


Theorem 3.2. The solution of the equation (3) exist if there 
exists a to which satisfy 


1 
—— ty <1. 
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Proof: Let u(x, y,t) is be bounded and Lipschitz function then using 
equation (10), we get 


Wolen ONS nen Ol ont] AD 

Thus, it is established that the given solution exists and is continu- 
ous. 

O00) — u(x, y, 0) = Un(Z, y, €) = Yn BY; t), (12) 


here, we consider that 


nev) = Fa i (es)? (a, 9, 3, tn) — b@,9 tte a) all, 


ea eae Gute, 
= < Fiqyitllunle, ,Y,t) — Un_1(2, y, tel]. 


In the same way at to, we have 
1 n+l 
Intnl < [pays] tae (13) 
As n — oo, we can clearly see that ||7,(, u, t)|| > 0. 


Theorem 3.3. [3] The FCHE will have a unique solution if the 
following condition holds 


(1 — mrt’) =U, 


Proof: Let w(x, y,t) is another solution of (3), then 


Ilu(z, y, t) — w(z, y,t)I| = law ff 6)" *((a, y, 8, U) 


i W(x, Y, t, w))ds\|, 


u(x, yt) — w(x, y, t)|] < ae Fay 1y,t)—w(a,y,t)|| (14) 
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Now, on simplifying (14), we have 


u(x, y, t) — w(2, ¥,)| (1 - aa’) 2 


hence, if 


(1 = mat’) > 0. (15) 


then, u(x, y,t) = w(a, y,t). 
Hence, the FCHE possess a unique solution. 


4 Application of the designed technique to the 
FCHE 


In this part of the article, we apply the proposed technique to the 
FCHE and we consider the following FCHE 


oDp u(x, y,t) + Bu(x,y,t) — Au(z,y,t) = f(x,y,t) (16) 
where (z,y,t) € 2(0,T],1 <a < 2, with 


u(2, 9,0) = g(a y), MEH) = 60,9), (2,9) €2 (17) 


Now, we apply ST on equation (16), we have 
S| sDtuz,y.t)] = STLAu(e, yt) — Gualesy.t) + Flea) 


From definition (2.3) and equation (17), we have 


1 1 1 Ou(z,y,@) _ 

wall lulz, y,t)|- ua y, 0) 3 yor Ot = ST[Au(z, y,t) 
_ Bus(x, y, t) as Tay; t)| 

1 il iL Ou(z,y,8) | 

abt lula, y, t)| ~ pa ule, y, 0) ! pont Ot ST|Au(z, y, t) 


an Bur(a, y, t) a f(x,y, t)] 


PRESS, LLC 
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ST[u(z, y, t)] = g(x,y) + ve(a, y) + v°ST[Au(z, y, t) — Bur(z, y, t) 
+ f(x,y, t)]. 


Applying ST inverse on above equation, we have 


u(z,y,t) = g(x,y) + ty(z,y,t) + Srf [ST Aula, 9.0 
(18) 
~~ Bulz,y, t) + Loy; nih 


Applying the Adomian decomposition method to equation (18), so 
we take 


u(x,y,t) = S— pula, y,t). 
n=0 
Hence, we get 


Ypulse, v4) = o(0,9) + to(a,9) + st) est Soe" 
n=0 


n=0 


Auin( 1st) — BY Prunelavant) + Feat) b 


(19) 


Comparing the coefficient of like powers of p of equation (19), we 
have 
uo(x, y, t) = g(x,y) +ty(z,y), (20) 


u1(x,y,t) = ST {v°ST[Auo(a, y, t) — B(uo)s(x, y, t) + f(a, y, en 
21 


ue(x, y,t) = ST~{v*ST[Au, (a, y, t) — B(ur):(2, y, t) + f(z, y, t)]}, 
(22) 


Ul’; Ys) = ST (v*ST[Aun_1(z, y, t) oa B(tty a) el@5 932) 


fle 4, 23) 
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The final solution is given by 


k 
u(x, y,t) = dim DY) un(2, 9, t). (24) 
n=0 


5 Error Analysis of the SADT 


The maximum error of the SADT is examined in this section. 
Theorem 5.1. If 4,0 < € < 1 such that |lun,si(2,y,t)|| < 
€|[Un(a,y,t)||, for all n and if the series )7)_) un(z,y,#) is the ap- 
proximate solution - y,t), then the maximum error is given by 


Proof: We have 


u(x, 9, £) — Yovalav fl 


| 32 un(e,y,t) 


n=r+1 


> |jein(a, 9, £) 


n=r+1 
oo 


de e*ljuole, a, 6) 
(YL + (6) + (2? + IIa, 9,4) 
—lluo(e, ¥, 1) 


IA 


IA 


IA 


IA 


Hence proved. 


6 Numerical Simulation 


Two examples of the FCHE have been solve in this section to validate 
the designed technique 
Application 6.1. Consider FCHE given in the article [36] 


a 6 
jDeule, yt)bulesyt)—Autesn.t) = (sp 


ices YP 
(jay * 


(25) 
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(x, y,t) € Q x (0,7), and the analytical solution of equation (25) at 
Ce 21s Wan) = ee: 


Solution. Here 6 = 1, f(a.y.t) = (S55 - 20° +30) e™, and 


I'(4—a) 
from the analytical solution we can find the initial conditions. Now, 
we apply SADT to equation (25) so, we get 
Uo(2, Y; t) = 0, 


er: 8 pat3 po+2 
ui(x,y,t) =e" ce 7 aacezy | 37a | : 
3 3 forts fe) por? p2e7+3 
| 


uny,t) =e on = 2T(at+4) 4I'(a+3) 4 Fa +4) 


B(a+2) ett (Ga +24) s204? 
ee ees te oe 


$3 fats pare p207+3 


F pat3 | (9a me 18) pat | (2la LL 15) p2o+2 
© (4a +12) (Qa +2) ° (2a+8) P(2a +3) 


T (3a +4) 


3a+3) (2a+2)(a+3) P(8a+1) 


—(Wat48, 8at12\ Be — 3Qa+1)(a+2) _ t% 
“\oat3 9a+4 / F( 


| (= + 12) (9a + 24)(2a + =) pot | 
Vers) (@+3)Ra +3) 7 


= T(3a + 2) 


The final solution is given by 


u(z, y,t) = Uo(x, y, t) + ur(x, y, t) + U2(x,y,t) + us(x,y,t)+... 
(26) 
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Table 1. Maximum absolute error for (x,y) € [0.01, 0.1] and distinct value of t and a 
for Ex. 6.1. 


t a=2 a= 1.95 
0.01/1.901724e~ °° /2.023245e °° 
0.02/2.115769e~ °° |2.279847e~ °° 
0.03] 9.413964~°° |2.023245e~°4 
0.04]2.856856e~ °*/3.085486e~ °4 
0.05]7.015689e~ °*/7.553783e~ °+ 
0.06] 1.505322e~°?|1.613395e~ °% 
0.07|2.939414e~°7|3.132917e~°% 
0.08]5.350787e~ °?|5.667438e~ °% 
0.09/9.220735e~ °?|9.701331e~ °% 
0.10/1.519915e~°7/1.519915e~ 07 


Table 2. The Comparative analysis of maximum absolute error for the SADT and 
existing methods for distinct value of t and a, for Ex. 6.1. 


t a = 1.45 a = 1.65 
Methods) SADT /RBF PU Method SADT |RBF PU Method 
1/40 |1.2520e-™ 1.45876" 7.6894e "7 1.9204e-™" 
1/80 [1.0872e—" 5.0793e 6.3571e © 7.6507e °° 
1/160 |1.0045e-% 1.7519e-” 5.7788e 0" 3.0822e-™ 
1/320 |9.6980e~"* 6.1028e 5.6512e 7% 1.2305e-”° 
1/640 |9.7131e-° 2.1131e~ 5.8764e 4,8922e~ 
1/1280 |1.0060e~ °° 7.2381e°" 6.4297e 7° 1.9304e~ °° 


Fig. 1. Approximate solution u(z,y,t) at z = 0.1 and a=2, for Ex. 6.1. 
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0.01 


Fig. 2. Analytical solution u(x, y,t) at x = 0.1 and a=2, for Ex. 6.1. 


= 
o 
= 
nN 


Absolute Error 
o 
= 


0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1 
t 


Fig. 3. Absolute error of SADT at xz = 0.1 and distinct value of a, for Ex. 6.1. 
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Application 6.2. Consider another form of FCHE given in the 


article [36] 
sDeu(z,y,t)-+ud(¢,y,t) — Au(a,y,t) = (—e 
u(x u(x — Au(x = (——_ 
Ot iY; tll, Y, Y; T(4—a) 
+ (2+ a)t?*? + 277477) sin(az) sin(zy) 


(27) 


Where (x, y,t) € 9 x (0,T], and the analytical solution of (27) is 
usyd) = sntreyeminy ye: 

Solution. Here f(z, y,t) = (5 + (2+ a)t t? + 277120 
sin(7x) sin(wy), 8 = 1, and from the analytical solution we can find 
the initial conditions. Now, we apply the proposed technique, SADT, 
to equation (27) so, we get 


uo(a, yt) = 0, 
male y8) = he ae gerne or 2) 
42nT(a+2)a 5 Gana) 
epie (pay teerla+3)) S a 7 He i 
a2 MED.) BEE) 
<Toeey t (224 a)r(a+2)) 
— ye Is 3) ra pres 5| 


x sin(7x) sin(7y), 


UE t= (= (2a + 2)I'(a+ 3) 24m? (a: + 2) 


(2a +3) (a+ 3)P(4—a) 
24(2a + 2) Mee nee I'(a+4 2) . et ge SOAS 
(Qa +3)P(4—a) © ES) T(2) ) P(3a+2) ‘Pr(4—a)- 
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te: Pore (12a + 2)(2a + 1) 
2S) aay ( (a +3)F(4—a)Qat2) | 

(a+2)2a+1)F(a+2)\ tH 48r? a 
(2a + 2) ) "T (3a +1) aon oe ra+3)) 
bere. 3 ae (a + 1)(a+2)I'(a + 2) 

P(3a+3) P(4a+1) (2a + 2) 

_ 2m? T(a+3)(2a+2)(3a+1)  2F(a+2)(a+2)(3a +1) 

I'(3a 4+ 2)(2a + 3) (3a + 2) 


12(a + 2) 


peor 


pore 


(e see) (ere) (a+3)r(4— =) T@a+2)' F(4—a) Fat) 


4 , Sati —4r*(2Qa+2)P(a+3) 4n°I'(2a + 3)(3a + 2) 
Ba a every ( (2a + 3) ~ (3a + 3) 
fT He% F(a +2) ee : : 
t4a“(2 + a) TQ) ) T4a+ 5 x sin(7x) sin(7y) 


The final solution is given by 


u(z,y,t) = uo(x, y, t) + ur(x, y, t) + u(x, y,t)+ us(x,y,t)+... 


Table 3. Maximum absolute error for (x,y) € [0.01,0.1] and distinct value of t and a 


for Ex. 6.2. 


a=2 


a= 1.95 


2.745706e 07 
4.393655e~ °° 
2.224556 °° 
7.031549e~ °° 
1.716896e~°4 
3.560595e°4 
6.597259e°4 
1.125603e~° 
1.803226e~ °° 
2.748749e~ °3 


5.304699e 07] 
7.142152e~°° 
3.269201e~ °° 
9.620824e~ °° 
2.222602e~°4 
4.405737e~°4 
7.857576e °4 
1.297095e7 3 
2.018378e7 °? 


2.997764e°3 
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Table 4. The Comparative analysis of maximum absolute error for the SADT and 
existing methods for distinct value of t and a, for Ex. 6.2. 


t a = 1.45 a = 1.65 
Methods) SADT |RBF PU Method SADT |RBF PU Method 
1/40 |1.6721e- 1.9018e- 8.6385e 75 8.5648e 7 
1/80 |1.9760e—%% 5.7019e~ "> 6.1827e— 73.9328e 7 
1/160 |2.2424e~° 1.7025e—"° 4.3288e 1° 1.7791e-"4 
1/320 ]2.4825e— 7% 4.9817e 3.0108e7 "7 8.12176” 
1/640 |2.7049e-™ 1.4812e—%6 2.0899e— 7 3.6646e~- "> 
1/1280 |2.9160e— 4.3706" 1.4497e 3 1.6309e~ °° 
x107 
1 
0.8 
_ 0.6 
FS 
& 
= 04 
0.2 
0 


Fig. 4. Approximate solution u(x, y,t) at ¢t = 0.1 and a=2, for Ex. 6.2. 
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x107 


1 


0.8 


0.6 


u(x,y,t) 


0.4 


0.2 


0 


0.04 
0.008 
0.006 
0.002 i 


0.10 


0.02 
0.04 
0.06 go8 
x 


Fig. 5. Analytical solution u(x, y,t) at t = 0.1, for Ex. 6.2. 


2.5 


1.5 


Absolute Error 


0.5 


0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1 
t 


Fig. 6. Absolute error of SADT at x=0.1 and distinct value of a, for Ex. 6.2. 
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7 Simulation results and discussion 


This article uses SADT to solve two FCHE examples. For Ex. 6.1 and 
Ex. 6.2, the maximum absolute errors are found for distinct value 
of a and t. The results are shown in tables 1 and 3, for Ex. 6.1 and 
Ex. 6.2. It is evident that the SADT has relatively small maximum 
absolute errors. The current techniques for Ex. 6.1 and Ex. 6.2 are 
compared with the maximum absolute errors of the SADT in Tables 
2 and 4. The results show that the SADT is more accurate than the 
existing techniques,with a maximum absolute errors that is lower 
than the RBF-PU approach. 

The exact solution and the approximate solution by the SADT are 
represented by graphs at y = 0.1 and distinct value of x,t, a in Fig. 
(1) — (2) for Ex. 6.1 and in Fig. (4) — (5) for Ex. 6.2. Figure 3 illus- 
trates the absolute, whereas Fig. 6 illustrates the absolute for Ex. 
6.2. It is evident that the precise answer and the numerical solution 
are almost identical in nature. Therefore, it is evident from the fig- 
ures and tables that the suggested method, SADT, is a very effective 
and efficient method for solving the fractional models. 


8 Conclusions 


In this article, we investigate the FCHE for analysing the conduction 
of heat in porous medium via Caputo fractional order operator. The 
existence and uniqueness is analysed by using the fixed point theo- 
rem and the highest errors of the designed method, SADT, is also 
analysed. Two different cases are solved, and the proposed approach, 
SADT, yields more accurate results than the existing methods; also, 
the maximum absolute errors for SADT are smaller than those of the 
existing method. This research will be beneficial for handling the is- 
sues of thermo-elastic in porous media since it provides an accurate 
forecast about the heat conduction and a mathematical explanation 
of how it works. Hence, we can conclude that the SADT is a highly 
efficient technique that can be used to find the solution of non-linear 
fractional order models arising in real life phenomena. 
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Abstract 
In this paper, the generalization of Simpson’s identity has been derived. This generalized 
identity has been used to obtain new Hermite-Hadamard inequalities for differentiable convex 
and quasi-convex functions. Also, the validation of the derived inequalities has been established 
using suitable examples. 
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1 Introduction 


The theory of inequality has many applications in mathematics, physical sciences and engineering 
fields. It includes the study of various inequalities such as Holder’s inequality, Jensen’ inequality, 
Azuma’s inequality, Boole’s inequality, Hermite-Hadamard inequality and many more well known 
inequalities. Hermite-Hadamard inequality is one of the most famous inequality in mathematics. 
It was derived independently by Charles Hermite and Jacques Hadamard. It is involved with the 
convexity of function. In 1998, Dragomir and Agarwal|{6] derived the inequality associated with 
the right hand side of Hermite-Hadamard inequality for differentiable convex function. Later on 
this estimate was improved by Pearce and Pecaric[21]. Kirmaci[17] discovered the inequality linked 
with the left hand side of Hermite-Hadamard inequality. By using the work of Dragomir et al. 
and Kirmaci many researcher have derived the inequalities associated with left side and right side 
of Hermite-Hadamard inequality. The Hermite-Hadamard integral inequality for convex functions 
is used in Kirmaci’s work to present a number of inequalities for differentiable convex functions. 
Kirmaci’s work employs the Hermite-Hadamard integral inequality holding for convex functions to 
describe a few inequalities for differentiable convex functions. Additionally, certain applications to 
unique real number means were offered, and some midway formula error estimates were discovered. 
Later, the inequality related to right hand side of Hermite-Hadamard inequality for quasi-convex 
function was discovered by D. A Ion.[15] 

Before discussing the the main findings of the paper, some prilimianary concepts that are useful 
for the better understanding of the research. We begin with the Hermite-Hadamard inequality. 


o( BS) < Af ofoyds < So) () 


2 21 — Yi Yi 2 


Next, we define convex and quasi convex function. 


Definition 1. A function 0: ZI — R is said to be conver if 


o(yix t+ (1— x)21) < xe(y1) + 1 — *)o(z1), 


for allyi,z1 € LZ and0< x <1. 
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Definition 2. A function @:Z — R is said to be quasi-convex if 
o(yix + (1 — x)z1) < max{o(y1), o(a)}, 
for allyi,z1 €L and0< x <1. 
In [20](page 3 , Lemma 1), Alomari et al. has derived the following identity. 


Lemma 1. Let Lily, 2,| denote the class of all Lebesgue integrable functions on [y, 2]. Let o: 
[y1, 21] > R be a differentiable function on (y1, 21) with yr < 21. If o! © Llyi, 21], then 


(25*) Gare of (#5*)| fe aids 
“fe Jel(032) enna) =e 2)eense—o 2) 


2 Main Results 


In this section, we generalize the identity obtained by Alomari et al.[20]. Also, with the help of 
this generalized identity, several Hermite-Hadamard-type inequalities have been derived. Also, the 
validity of derived inequalities has been derived. 


Theorem 1. Let @: [yi, 21] > R be a differentiable function on (y1, 21) with yi. < 21. Ifo’ € Lys, 21], 
then the following equality holds: 


2(zi-yijo(z) , @-m)olm) , (a —x)o(a) i 


+ 


d 
; ; Fi o(s)ds 


1 


stem m) (x= 5) dort asd (ay fl (ep )olaen + — wad 


(3) 
Proof. By applying integration by parts two times, 
‘ 1 
i= / («- 5) eee + (1 — x)yi)dx 
) 
1 1- i 1 : 
= (« 5) ta x)y1) oa [ o(xa + (1 — x)yi)dx 
0 

2o(t) oly) 1 i 7 

Blew)! Re-m) em) l, PTO ud e 


Making use of change of the variable s = xx + (1 — x)y; and multiplying by (x — y)? both sides, 
we have 


x 


(enh = 5e~ mole) + sewer) — f ols)ds. (5) 


Y1 
Similarly, 
Z1 


(0 ~ 21a = F(a — a)o(e) + 521 —2)0le1)— f als)as. (6) 


x 


By adding (5) and (6) we have required identity. 
Remark 1. By setting x = “+ in Theorem1, the identity (3) becomes the identity (2) 


Next, the certain estimates associated with RHS of (3) are given. 
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Theorem 2. Let 0: [y1, 21] > R be a differentiable function on (y1,21) with yr < 21. Tf |o'| is 
convex on [y1, 21], then the following inequality holds: 


! . 
3 3 3 - 


PAE up (Fee aa Gi op (Ag + Mee). 


Pe ~yijo(z) . (e«-y)o(y) , G1 —2z)o(a) is o(s)ds 


162. 81 81 162 


Proof. Using Theorem 1 and the convexity of |o’|, we have 
Wz, — = 
| (i-y)o(x) , («-y)o(y) sade 


(z1 — 2)o(z1) te 
3 : 3 is 3 i: 


1 


<(e—u)® fl oe sll (oe + (1 xan) lie + (21 — a)? f [ne— jie Orr + (1 2a) ee 
<(e-mn) f be 51le@)|-+ 0 - le wax 
+(— a) fla Flea) + 29lel@)lae 


=(%-1)? lew f |x — : d+ oi fa — x)|x — sla 


bana) len fo be Fibs le ol fo — 29 Ele 


of 29|o'(z)| _ 8le’(w)I\ , of 8lo'(z)| , 29/o"(z)| 
a n?( 162° 81 )+G o( 81 | 162 ), 


This completes the proof. 


Example 1. Let the function f be defined as f(x) = x°. Then the function f is convex on [1,2]. We 
have 


2° 2 508 


3 +pta) = ®&) 


2(z1 —yijo(z) , (t@-y)oly) | 1 —x)o(a) = 
| 3 oe 3 / 


and 


T 


co (ete ey) 6 (a op (See eee) 


162 81 81 162 

7 2 (16 , 29|2/°\ | 5/d12 29a] 

=(¢-1) (3+ yy) t@-a)(S +). (9) 
3 
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Figure 1: 


Here Curve 1 and Curve 2 represents the expression (8) and (9) respectively. Figure 1 depicts 
that the Curve 1 is below Curve 2. Hence, it also refers to our calculation where the value of the 
expression (8) is less than the expression (9). This validates the inequality (7). 


Theorem 3. Let 0: [y1, 21] ~ R be a differentiable function on (yi, 21) with y < 21. If |o'|% is 
convex on [y1, 21], then the following inequality holds: 


ES — y:)o(x) s (x — yi )o(y1) m (21 — x) o(21) i, atte 


3 3 3 


ae et 2(| of q f q\ a 2(\ 0! q f a\a 
<( Goa) elem Pleo +e +a -or(e@l+leen)*]. G9 


Proof. Using Theorem 1, Holder’s inequality and the convexity of |o’|¢, we have 


ae _(@=)oly) , Ga —2)o(Z1) i o(s)ds 


3 3 3 


af 


< emp fe jlle en + (1 syne + (aa 2)? fae 2 Io (sean + (I~ 2e)0) de 
1 1|? . 1 z 
<te-n)*( fi pe- 3] a)" (fle cer+ 0x u)ltax) 
tana x2 Vf even +0 2nitax)' 
<tr)’ ( [Heel + — saidtwnl yee)’ 
we 9?( PEEL) "( [ ctetent +0 let@ieee)' 


p+ $ . 
- (Grass) ; [& mn) (lo )It + le’ @)I4)* + (1 - (lo @)It + eet? 


This completes the proof. 
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Example 2. Let the function f be defined as f(x) = 2+. Then the function f is convex on [0,1]. We 
have 


2(z1 — 1) (x) Ce 1) ( 1) (21 — 2) (21) Z1 Qn4 2 ig 
| eae ane 7: [ o(s)ds|=|- + -3] Gl) 
and 
gptl iy > 1 2 / q / qd _ 2 ! q , é 4 
< (Grom) c y1)?(lo’ (yr) |? + lo (w)|2) * + (21 — 2)? (lo (2) |? + fo (21) 9) | 
= tal + (el +182? — (el? + (el? +198) + (lel + (el +178). (2) 


—) 
°o 
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—) 
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Curve 1 Curve 2 


Figure 2: 


Here Curve 1 and Curve 2 represents the expression (11) and (12) respectively. Figure 2 depicts 
that the Curve 1 is below Curve 2. Hence, it also refers to our calculation where the value of the 
expression (11) is less than the expression (12). This validates the inequality (10). 


Theorem 4. Let @: [y1, 21] > R be a differentiable function on (y1, 21) with yy < 2. If |o'|% is 
convex on [y1, 21], then the following inequality holds: 


pe = sn)ela) ae ee , = ele) [ seins 


: (8) [ce nye (Sew | asta ie, »p(sier | “et, (13) 
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Proof. Using Theorem 1, Power-mean inequality and the convexity of |o’|’, we have 


3 3 3 


<(e-mp f 


Paes _(e@-yiolyi) . (4 — 2)o(4) ie o(s)ds 


Yl 


i glleoar + 0 2unleee+ ex ay? [ 
wal) «CL 
se) «(Cf 

se 5] (ele!) + (1 — sel d)aee) 
so) UL | 
= te 0°(Z)" (ffx Flec@raes [a] Fe wnreax)’ 
vta—a7(2)'([4e—3ecoiees fc “fe 2a (a)Pae) 


- (2)'[e up(Aeer aE; ta ape(st alee) 


This completes the proof. 


2 
nu Fle oe + (1— x)x)|dx. 


1 q 
un slle'« +(1- ne) 


wn slice +(1- 70) |") 


1 


v= FII(el adit + (1 slot)" te 


Fr} 


Example 3. Let the function f be defined as f(x) = x3. Then the function f is convex on [0,1]. We 


have 
z1—y1)o(x L—- Yi 1 21 —-2x)0(2 “A x? x 
> ae raed wal ala ) i pias = ae (14) 
and 
5\? of Slo')I? _, 29le/(@)I2) 7, of glo’(a)lt , 29lo'(a)I2)* 
(3) E n?( 81 162 ) ne) (s sl’ 162 )"] 
= (2 + 1)?(29|a|3 + 16)4 (15) 
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Curve 1 Curve 2 


Figure 3: 


Here Curve 1 and Curve 2 represents the expression (14) and (15) respectively. Figure 3 depicts 
that the Curve 1 is below Curve 2. Hence, it also refers to our calculation where the value of the 
expression (14) is less than the expression (15). This validates the inequality (18). 


Theorem 5. Let 0: [y1,2z1] > R be a differentiable function on (yi, 21) with y. < 21. If |o’| is 
quasi-convex on [yi, 21], then the following inequality holds: 


3 7 3 3 


eH mare (e)) len) )) + = marl 2)ole eI) (16) 


Proof. Using Theorem 1 and the quasi-convexity of |o’|, we have 


— —n)ete) | (o= neta) 4 (41 - ele) is o(s)ds 


Ee —yi)o(x) | («x — y)o(y1) | (z1 — )o(z1) i ie 


Yl 


ve 


< 


Y¥1 


< @-np fi - slle+ a somdidoet a —a? 


co)? [fe 3]mactee ld endlhdeet Ga —a? 


= ew naxla'(0)h lo"(ua Ib + oe 


This completes the proof. 


2 
nw sles + (1 — x)a)|dx. 


IA 


ve — $f maclo (2x) (a) he 


max{|o'(z1), |o(x)|} 


Example 4. Let the function f be defined as f(x) = x°. Then the function f is convex on {[—3, 5]. 
We have 


21 — U1 ax r— Yi 1 21 —2@ 21 ed x x 
Aer wdole , (emda) , (a —alle) fyi] = SE - BOE MB) ay 
and 
WY maar{lo'(2)| |o!(w)I} + maclo (21) lel) 
= aaa a | gi ee (18) 
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Curve 1 


Figure 4: 


Here Curve 1 and Curve 2 represents the expression (17) and (18) respectively. Figure 4 depicts 
that the Curve 1 is below Curve 2. Hence, it also refers to our calculation where the value of the 
expression (17) is less than the expression (18). This validates the inequality (16). 


Theorem 6. Let @: [y1, 21] > R be a differentiable function on (y1, 21) with yr < 21. If |o'|% is 
quasi-convex on [y1, 21], then the following inequality holds: 


Ae = Ha) ; (x — we) + (z1 — Hat) f ieee 


YL 


ae z 1 
< (=n) (RE) (mactle' lewd")? 
p+1 3 i 
ra 2)" Ge) "(mace ele @)* (19) 


Proof. Using Theorem 1, Holder’s inequality and the quasi-convexity of |o’|’, we have 


Ae — y1)0(x) (x — yi) o(y1) 4 (21 — ©)o0(21) [ o(s)ds 


3 3 3 


<(e—ny fi 
<(e-ny( fi 


1 1 
n— slice + (1 — 2)y1)|dx + (21 — x) f 
0 


: de) Cf lo (vex + ( (stax) 
=| a “(fie eer ae sae 
cea 


3p+ cz (maz{|o/(2)|*. |e! (y1)I3)* 


2 
wn Flee + (1— x)x)|dx. 


BlR 


p+ i 1 
a) (arte) (max{|o'(21)|%,|o'(@)|"}) 7 


(20) 


This completes the proof. 
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Example 5. Let the function f be defined as f(x) = x". Then the function f is convex on [—2, 1]. 
We have 


Mer —mlle wa), 2-2) f gaya] 
and 
atl \e er mee 
(= 0) (Gage) (mar{le@). 1d 9) 
of ti +1 ? / @ [pf (a\|G1) 4 
+ (aa 0)? (OE) " (malls 9) 
= (a + 2)?(max{200704, 49x!2})? + (1 — x)?(max{49, 49x'2})?. (22) 


Curve | 


Figure 5: 


Here Curve 1 and Curve 2 represents the expression (21) and (22) respectively. Figure 5 depicts 
that the Curve 5 is below Curve 2. Hence, it also refers to our calculation where the value of the 
expression (21) is less than the expression (22). This validates the inequality (19). 


Theorem 7. Let @: [yi1, 21] > R be a differentiable function on (y1, 21) with yr < 21. If |o'|% is 
quasi-convex on [yi, 21], then the following inequality holds: 


2(ai —yijo(z) | (@-yioly) , G—2)o(a) = 
| 4 3 7 3 / 


< 5(@ — yn)? 


PE (mactlo()"sle wth) +A S (mactlea)l*slel)". 3) 
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Proof. Using Theorem 1, Power-mean inequality and the quasi-convexity of |o'|?, we have 


per mee awe), Get) _ [ ois)as 


3 3 3 
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= BF" (rmae{le (e))* le a)i*}) + ASAE (mactle' dle") (24) 


This completes the proof. 


Example 6. Let the function f be defined as f(x) = x?. Then the function f is convex on [—8, —2]. 
We have 


Pe _@a=m)oy) , Gi — 2)o(a) a 


= |4r? — 1682 — 34 2 
3 3 3 |4a 68x — 340| (25) 


o(s)ds 


1 


and 
1 1 
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Figure 6: 
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Here Curve 1 and Curve 2 represents the expression (25) and (26) respectively. Figure 6 depicts 
that the Curve 1 is below Curve 2. Hence, it also refers to our calculation where the value of the 
expression (25) is less than the expression (26). This validates the inequality (23). 
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Abstract 


Due to the great success of hypergeometric functions, we provide the analytical solutions of certain definite 
logarithmic integrals and Nielsen-type integrals in terms of multi-variable Kampé de Fériet functions with 
suitable convergence conditions and higher harmonic sums by using series rearrangement technique and 
incomplete Gamma function. 

Further we also obtain the solution of other related logarithmic integrals in terms of generalized hy- 
pergeometric functions and Kummer’s confluent hypergeometric functions by using series rearrangement 
technique. 

The results presented in the paper and comparable outcomes are hoped to be supplied by the use of 
computer-aid programs, for example, Mathematica. 


Key Words and Phrases. Polylogarithm functions; Harmonic sums; Finite Mellin transforms; Nielsen- 
type integrals. 
2020 Mathematics Subject Classification. 33B15, 33B30, 33C20, 33C99. 


1. Introduction, definitions and known results 


Here and elsewhere, we use the following standard notations, let R and C denote the sets of real and 
complex numbers, respectively. Also let 
No = Nu {0} , N = {1,2,3,...} =No\{0} , 
Zo = {0,—-1,-2,...}=Z U{o} , Z” = {-1,-2,-3,...}, 
and Z= Zp ) UN being the sets of integers. 
The incomplete gamma function is denoted by y(z,a) ({23) p.127, Question (2)], see also [13] p. 15, 


Question. (10)]) and is defined by : 
V(z, a) =| ee dk :(R(z) > 0, Jarg(a)| < 7), 
0 


~ “inf ,8 -a. an 


z+1; 
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The polylogarithm function (also known as Jonquiére’s function) ((27| pp.197—198], see also and [15]) 
Li,(z), is defined for any complex s and 2z; 


; co gn co gntl 
Li,(z) = F(z, s) = PolyLog|s, z] := ‘> oe S- mei sAl, 


n=1 n=0 


(Iz! < 1,8 € C\{1};|2| =1,2 £1, R(s) > 0;2 =1,R(s) > 1). 


The polylogarithm integrals ({3] p.79, Equation (14)], see also p.1232, Equation (1.1)]) are given by: 


ASS aS aa | (en(2))"-?én(1 ge, 


(n EN\{1}; ve c). 
The Nielsen-integrals ([3) p. 77, Equation (4)], see also [10] p. 647, Equation (1)], p.1232, Equation 
(1.3)] and [18]) are given by: 


Sn,p(L) = al [ln(2))"*en(1 — za))Pdz, 


(nen; eC). 


Generalized Nielsen-integrals (3) p. 80, Equation (18)], see also [12], [24]) are given by: 


Snp,q(t) = ae | “[en(2)" "ent — zx)|?[én(1 + zax)]%dz, (1.2) 


pneN; xEC; qENo}. 
( 


2. Development of finite Mellin transform and harmonic sums 


The Development of finite Mellin transform and harmonic sums is in the continuation of ({20) p.1, 
Equations (1), (3) and (3’) and pp.4-5, Equations (6) and (7)], see also [7], [21]). 


One-sided or unilateral Laplace transform is defined by: 


Lif(t);2] = | ” ej (t)dt = (2), (2.1) 


then by the substitution t = —én(x), the one-sided Laplace transform (2.1) is converted into a finite 
Mellin transforms, given by (2.2): 


M([f(—en(x)); 2] = o(2) =| «7! f(—£n(2))de, (2.2) 


provided that the integrals (2.1) and (2.2) exist subject to suitable convergence condition on real part of 
complex parameter z. 
The infinite Mellin transform is defined by: 


Mlg(z);2] = / “gaa = 0), (2.3) 


provided that above integral exist. 
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This integral transform is closely connected to the theory of Dirichlet series, and is often used in number 
theory, mathematical statistics and the theory of asymptotic expansions, it is closely related to the 
Laplace transform and the Fourier transform, and the theory of the Gamma function and allied special 
functions. Also the Mellin transform is extremely useful for certain applications including solving Laplace 
equation in polar coordinates, as well as for estimating integrals. 

The substitution x = e~* transforms into two-sided Laplace transforms or into the sum of two, 
one-sided Laplace transforms (2.5), therefore 


+00 
W(z) =[ e '*g(e ‘dt, (2.4) 
= a e et “ e t(-2) et } ' 
[ ctate nar f g(et)at (2.5) 


In the literature one often defines the transform shifted over ”one” as in [34] p.2042, Equation (30)]. One 
may consider the Mellin-transformation ({4] p.1, Equation (2)], see also [16] p. 159]) for the function 
f(z), in the form: 


M{f(2);N} = | 2-1 F(a), 


provided that the above integral exists. Here N denotes the integer moment-index, (which is even or odd 
positive integers depending on the quantity being studied). 

The Mellin transform of just a power of @n(1 — z) can be replaced immediately using the formula, ([3} 
p.89, Equation (84)], [34] pp.2042-2043, Equations (35) and (36))]): 


1 
| z'™bnP (1 — z)dz = -S}  4(m+1), (2.6) 
0 “SS m’” 


in which the S-function has p indices that are all 1. 
[7, p137, Equation (1) and p. 312, Equation (1)] see also [20], [21] 
oe rT 
| eye a) ; (R(a) > 0, R(s) > 0). (2.7) 
0 a 
Using suitable substitution in equation (2.7) and further adjustment of parameters, we can derive the 
following integral: 


, M fyP _ (=bPC 1) 
| zen? (z)dz = “Gn F1yPr (2.8) 


(R(m) > —1, R(p) > -1). 


The functions emerging in perturbation calculations in massless Quantum Field Theories belong to the 
class discussed by Nielsen [18] and their Mellin-convolutions. By explicit calculation we will show that 
the Mellin-transforms of such functions can be represented by linear combinations of the finite harmonic 
sums (see [3] p.77, Equation (3)], [4] p.1, Equation (4)]). 


N 7 ny 4 Nm-1 4 
7 (sign(ki1))™ (sign(k2))” (sign(Kim))"™ 
joys ye See ene eo 
ny=1 ny ng=1 No Nm=l1 Mm 
The notation that is used for the various functions and series in this paper is closely related to how 
useful it can be for a computer program. This notation stays as closely as possible to existing ones. The 


harmonic series [34] p.2037, Equations (1) and (2)] is defined by: 
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3 


i=1 
in which m > 0. The general single harmonic sums Siz(N), k > 0 [4] p. 3, Equations (14), (15), (16) 


and (17)] are obtained by : 
a (—1)*-1 1 is e# aN —] ’ 
sin) = ef temtayyt+ (SS) a 


S_4(N) = ar | ‘[en(a)) (a) di, 


xr+1 
Nok f-1 pe N 
a. (1) (2-1 
de ~ (@—1)! 7, [en(a)]" ( go] ) ae, 
N 
(—2x)* _ (—1)*-? x a (—z)N 1 
», a= on. [en(z)|* (5 ) ae 


One can define higher harmonic series pp.2037-2038, Equations (3), (4) and (5)] given by: 


with the same conditions on m. The m and the j;, (1 < i < p) are referred to as the indices of the 
harmonic series. Hence 


3 
Ps 


S1,-5,3() = zt es 


a 
ee 


For numerical computations one may use the recursion relations [4] p.22, Equations (163) and (164)] for 
complex values of N, in terms of products of single harmonic sums only 


k k-£ 


The finite harmonic sums are connected by various algebraic relations. We will only consider the multiple 
harmonic sums into a single sum: [4] p.19, Equation (126)] see also [B4] p. 2056, Equation (92)] 


1.10) = 5 [S2(N) + S2()] 
[4| p.20, Equation (144)] see also [84] p. 2056, Equation (93)] 
S12.a(N) = 258) + 5S1()S2(N) + 555(N). 
[4 p.21, Equation (156)] see also [34] p. 2056, Equation (94)] 


Siiaia(N) =  §4(N) + 59) + 798) Si(N) + 792) S2() + 55h). 


4 
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The multi-variable extension of Kampé de Fériet double hypergeometric function [28} p. 454] see also 
[9], 31) pp.65-66], [32] p. 1127, Eq. (4.1)] is given in the form: 


secics.ti, | MOBS Ca MeO): | 
Taconic ihe @1,.+-48n 
1 n 
(cee) = (Brat); -» 5 (Bhd); 
ee x15) Ini” 
= > Alen $n) — a (2.9) 
S1 5-065 Sn = 
where 
7 rT A rT 4”) 
icare +8n [[@; )si [[@ )sn 
j=1 j=1 =1 
A(si, tens Sn) = = = = ’ 
1 n 
[[Gidatten [] a --- T]6)s, 
j=l j=l j=l 
and, for convergence of the multiple hypergeometric series in (2.9), 
When 1+0+m,-—p-— qd, > 0, k=1,...,n 
then |x| < 00,...,|@n| < co. 
When 1+l4+m,-p-q, =9, k=1,...,n; p> 
then |axq |?! +... + arn [PZ <1. 
When 14+24+m,-p-q, = 0, k=1,...,n;5 pe 


then max{|ri|,.-.,|@n|} <1. 

For absolutely and conditionally convergence of above multiple series (2.9), the readers and researchers 
can refer a beautiful paper of Hai et al. {8} pp.113-114, Theorums 4, 5 and 6], when 21, 22, ...,%, € {—1, 1}. 
Niukkanen [19] discovers several possible applications of such multiple hypergeometric functions (2.9). 


For positive integers m1,™m2,™m3,...,™Mr (r > 1), the following multiple series identity p.102, Equation 
(16)], holds true: 


»( yey (ba ha)) 


n=0 ki =0 k2=0 k,p=0 


love) kimitkomet...tkpmp<n 


=> ye Ne O(ki1,ko,..., kn myky make see mrky) 5 (2.10) 
n=0 ky ,ka,...,kr=0 


provided that the above multiple series are absolutely convergent. 


The paper considers Kampé de Fériet and related (generalized) hypergeometric functions at special 
(constants) arguments implied by Mellin transforms of special ordinary harmonic Polylogarithm. Some 
of the integrals are related to Mellin transforms of Nielsen integrals. 


The present article is motivated by the work of the researchers: Bliimlein et.al [4], [5], Kolbig et.al [10], 
[11], [12], Nielsen [18], Qureshi-Baboo [22], Remiddi et.al [24] and Vermaseren [34], see also sharma et.al 


[25], 26] and Tyagi et.al {33}. 


e Insections 3 and 4, we provide the analytical solution of the logarithmic integral: i 2™(én[1 — 2])*(én[i+ 
z])*dz in terms of multi-variable Kampé de Fériet function and higher harmonic sums. 
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In section 5, we also yield the solution of Nielsen-type integrals and related integrals: i 4[én(z)]”~* [én(1— 
zx)|P[én(1 + za)|¢dz in terms of multi-variable Kampé de Fériet function with suitable convergence 
conditions. 


In section 6, we evaluate special integrals: i (enti re)" dz de" eal [te 


hypergeometric functions using series rearrangement fecha Gud. 


(in[i+2])"™ q~ in terms of generalized 


b : 
(entre) az in terms of Kummer’s 


In section 7, we obtain the solution of the general integral: re 
confluent hypergeometric function using incomplete Gamma function 


3. Evaluation of fo 2 ™(én{1 — z])*(én{1 + z])'dz in terms of multi- 
variable Kampé de Fériet function ; where k,@¢ N and mE C 


Theorem 3.1. The following result holds true: 


1 k 
—1) 
Ii = z™(én[1 — z])*(en{1 + pay 
= fe (enlt - a) en + afd = 
k e 
a 
lt+m+k+2@:1,1;...31,151,1;...51,1; 
Mears De De cise 1,...,1,-1,...,- 
x eT _—S——e_eoeo os” ; (3.1) 
k £ 
2+m+k+el: 2 ; De a aga 2 
eed a 
k £ 


where R(m +k + £) A -1,-2,-3,..... ; 


Remark: In view of the theorem of Hai et al.[8] pp 113-114, Theorem 4, Equations (3.1), (3.2) and 
(3.3)], the right hand side (i.e. multiple hypergeometric series) of equation is absolutely convergent 
since arguments € {—1, 1}. 

Proof: Since 


(1) 29 
in(l+2)=-y7 -l<z<l, 
q=1 . 
id= 2)=-02 
nl—-z)=—- —; -l<z<l. 
p=1 p 
Therefore ; 
Ty =| (€n[1 — z])*(€n[1 + z])*dz 
0 


_ om bass zPl Leas) zP2 hae zPk co (-1)%1 241 (- — (- me 
fe CEe)CEe)-CEe)CESr) CES) CES): 


co. OU 


PS ee 


Pi=lp2=1 pr= je ‘Pk qg=lqe=1  ge=l 


jn +qot+..-+4e 
a gMtPitPp2.+Pr+U+d2t-.-+4e Gy 
0 


qitqet+...+4e 


Ht SS. So £5 1) . 


pelea). ‘ga er q192---Ge 
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1 
x 
(l+m-+pi + po. + peta t+d2+..+ 4) 


[ooo 2) lo e} 


yh 1)u tar. +40 
2 Dae Da (1 + p1) ae -(1 + pe) oe oD a SikEne (144) 


pi=0p2=0  pr=0 qi=0q2=0  ge= 


1 
x 
{(l+m+k+0)4+ (pi t+pot+..-+prt+aqat+at...+q)} 


= (oF > a oS > ee yr, (1)p: (1) pope ar 1) ao+-Dae 63 
G+m+k+2 


p1=0 po=0 pr=0 qi1=0 q2=0 qe=0 Om on : (2 Pk (2) a1 (2)qa-++-(2) ae 
+m+k+ Dov 


x rP27---TPkRTd11Tq2T---1Tde (LR eet tee (—1)2t2t--F9¢ 
(2 +m+k+ Oise t.hpe-bai tga bae 
( = (1) (1) ()p, (Var 1)ao---Dae 
so ———_ — X 
cl 
x Vai (pass On. (Nai Dae (Mae 
p1!po!...-Dr! a1! 42!...-de! 
x (lim+k+ ln, pot... +prtqtaet...+90 (1)P1tP2 +--+ PK (1) tet +90, 
(2 m+k-+ ln, p2t...+pr+qitgq2et...+qe 


Now applying the definition (2.9) of multi-variable extension of Kampé de Fériet function, we obtain the 
right hand side of the integral L,. 


4. Evaluation of hz ™(én{1 — z])*(¢n{1 + z])‘dz in terms of har- 
monic sums; where k,¢ and m€EN 


Theorem 4.1. The following results hold true: 
Case I: When @ > 2, then 


— fe (enty — 2)¥(tn 2])*dz 
in= [ (Cn{ — 2])*(en{ + 26 


Sypd+mt+el+q) 
ie) qoat+qst...t+ge<qi ee) 
= year Pe ae 3 


Se cae oe (1+ 91 — G2 — 93 — - — Ge)(1 + G2)..-(1 + ge) +m+é+q) 


(4.1) 
Case II: When ¢ = 1, then 


L3 = | 2™ (én[1 — z])*(én[1 + z])dz 


Co 


_ ae 
suctel @+ga+tmigt 1 2+m+4q) 
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Proof of case I: Since @n(1 + 2) = — 7%, —**: 1<z< 1, therefore 


— fe nf — 2)*(en z))£dz 
in= [ (¢n[1 — 2])*(enfi + 2))*a 


as & 1)a tat. -+4e 
= (-1) “ff gma tdat +98 (Pall — z])"dz. 
pape el. “ye q192-- 0 


Now using the integral (2.6), we have 


uy yy 
= q192---4e 


(-1)* kt 


(l+m+qm+q+-.-+ 4) 


511d +mt+atat.. +4). 
—~o—” 
k 


Now replacing q, by 1+ qi, q2 by 1+ qo, g3 by 14+ qz, ... and qe by 1 + qe, we obtain 


ee ss i 1)f+a1t+424+--.+4¢ 
fn = (td > (Yo D7 _ 
= » Am Gta) t+ a)..l+a)\lt+m+l+n+art.. rT ie 
a= q2a= Ge 
XS] pdtmtltutat... +a) 
—~n”" 
k 
Now replacing q; by qi — 92 — 43 — .-. — g and applying multiple series identity (2.10), we get the right 


hand side of assertion (4.1). Similarly we can derive case second when ¢ = 1. 
Some deductions of case I: 
(i): When k = 1 and ¢ > 2, then 


i z™(én[1 — z])(én[1 + z])*dz 


(ye 


co 
q=0 


(ii): When & = 2 and ¢ > 2 and applying the harmonic series relation (2.6), we have 


eH Sy (1 +m+elt q) 


eee (1+ 1 —g2 — 493 —... — ge)(1 + g2)...(1 + ge)(1 + m+ £+ qi) 


7: 2™(en[1 — z])?(én[1 + z])*dz 


7 3 oY iy {S?(1+m+él+q)+5201+m+l+q)} 
a (1+ q1 — 42-493 — +. — q@e)(1+ 42)... +qe)(1+m+é+q) 


(iii): When k = 3 and ¢ > 2 and applying the harmonic series relation (2.7), we get 


[ z™(en[1 — z])3(én[1 + z])*dz 


co) = /q2t+q3t+...+qeSq 
_ l+q {$3 (8) + 381 (8) S2 (B) + 283 (B)} 
= arian OD OR a = NF) AIT em) 
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where 0 =1l+m+é4+q. 
(iv): When k = 4 and ¢ > 2 and applying the harmonic series relation (2.8), we obtain 


[ 2™ (én[1 — z])*(én[1 + 2])*dz 


Co (ata USN (_1)0 (69, (8) +352 (B) + 883 (8) Si (B) + 65 (8) S2 (8) +84 (8 
> ( 3 (—1)" {654 (8) (8) 3 (B) Si (8) (8) Sz (B) (B)t 


ee pes (1+ a1 — G2 — 93 — --. — Ge)(1 + G2).--(L + ge)(L + m + €+ a1) 


qi=0 
where G=1+m+é4+q. 
Some deductions of case II: 
(a): When k = 1 and @= 1, then 


yite 


[erent - 2pcent + 2daz ->(q7$ Si (2+ +4), 


q=0 


(b): When & = 2 and @ = 1, then 


oe af? cee). 


| 2 (en[1 — z])? (€n{1 + z])d fos ms a 


q=0 


(c): When & = 3 and ¢ = 1, then 


J z™(én[1 — z])3(én[1 + z])dz 


= € Pt £53 (a) 4. 35; (A) Sp (A) +253 a) | 


= re ewe q) 


where \=2+m+4q. 
(d): When & = 4 and @= 1, then 


| 2™ (én[1 — z])*(én[1 + 2])dz 


= 2 C z Ea Ty (654 (A) + 352 (A) + 853 (A) $1 (2) + 682 (A) St (A) + St a) 


where \=2+m+4q. 


5. Evaluation of Nielsen-type integrals and related integrals in 
terms of multi-variable Kampé de Fériet function; where 
n,p€N and gE No 


Theorem 5.1. The following result for Nielsen-type integrals holds true: 


— 1)rtpta-1 pl 
Sn,p,q(x) = a Dipld | *[en(2))" en — zx)]P[én(1 + zx) |4dz 


(—1)4aPt4 
~ (p+q)plq! 
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n Pp qd 
OO a aT 
pt+q,---,ptq BDA el ded lee Ty ds 
MDs GQ Qeect2 Dy vee Ly Ly wee —L 
x Pity cies et a — ’ (5.1) 
LP prawn lpg s 2 fan 2 Ye 2S ee Ds 
ea Oe NS 
n Pp q 
((a! Sle npeNn; gE No). 

Note: Spipo(£) = Snp(@) 3 Sn—1,1(x) = Li, (x) 
and Kélbig integrals[10) p.647, Equation (2)]: 

1 

| 21 [én(2)|!" 1 [en(1 — 2)|Pdz = (-1)""? 1 1)!p!S,)(1). 

0 
Proof 
Since 

Co ot 
én(l—z) =—- —; -l<z<1, 
r=1 f 
sess (—1)*2° 
én(l+z) = ; -—1 <1. 
n(1+ z) 2, , <2z< 
Therefore 
( Lyre : P i. n-1 p q 
Snp,q(t) = in i) pig | [én(z)]"*[én(1 — zax)]?[én(1 + zax)]%dz 
- (-1)"tPta-1 pig (ey?! elgg" Co. 2 P TP oe 1)°1 2°14 91 SS (-1)84 289 x4 2 
ee ee, 
(5.2 
(1-3 oo ae grit trp [jeer —* -+8q 
= ——____ “4 —___ x 
(n — 1)!plq! >» y (r1).-.(Tp 2 ya )...(8q) 


1. 
x | ite ttptsit.. F871 [én(z)]"—* dz 
0 


Now using the result (2.8), we get 


—1)51+- TS8qQhit--tTptsit..-+8q 


Sripq(@ =a a s y- Cry ss a + 8q)”(81)..-(8q)(171)..-(Tp) 


m=1 Tp=1 811 Sq 


Now replacing r; by 1+ 11, ro by 1+1r2, ..., Tp by 1+7rp, and s; by 14 51,52 by 1+ 89, ..., 8g by 14+ Sq, 
we obtain 


Co coo 0D Co 


= ~ ~ ~ ~ L)atsit- +8qyPtatrit.. s+rptsit...+8¢q 
Sn,pq(2) = 2c Se mx 
~ pla lias (ri +. + rp +81 +... + 8_)} 


Tp=05i1=0 s,=0 


+ at )rg++-(L)ry 1)s1 1) 59-1) sg 
(2) rs (2)ro---(2 Yop )os dean 


Now applying the definition (2.9) of multi-variable extension of Kampé de Fériet function, we get the 


required result (5.1). 
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6. Evaluation of ve (nlite)" dz, i (nl te))"" dz in terms of gener- 
alized hypergeometric functions; where 
mneéeN 


Theorem 6.1. The following results hold true: 
When m > n, then 


m+1 
0 1,1 1,n; 
1 m ? 2 ? b] 
i =| au +4) dz =(-1)"-"m! m42Fimn41 1}, (6.1) 
a . 2,2,...525 
m+1 
When m > 2, then 
? —m, 1; 
Ls = (€n[1 + 2])™dz = (—1)"*1m! + 2(én[2])™ oFo ay (€n[2])~1} , (6.2) 
0 ’ 
When m>n > 2, then 
m+1 
n—1,n—1 1 
1 (@n[1 + 2])™ (m)! i ea 
Lg = d m+ilm 1] - 
0 zn (n — 1)mt+t : 
Thy My oes 
—>>O—_’ 
k+1 
m wem\(enppym-® | RBA boa ky 
> 2?-1(n — 1)H1 +i FR 2 (6.3) 
k=0 N,N,...,N3 
— 


Independent proof of the integral (6.1): 

The integral can be solved by substituting 1+ 2 = e~' and using the result of Laplace 
transforms. 

Independent proof of the integral (6.2): 


1 
Suppose Ls = | (n[1 + z])"™dz. 
0 


Put 1+ z= e!, then we have 


én[2] 
Ls = i te’ dt. 
0 


Now integrating by parts, we get 


i= (3) (—1)°t™e? + (") (—1)te™-let + & (—1)7e-2et2! + (7) cnserse's hiede 
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or fg =(-1)™ ml + 2(¢n[2)" aFo | ™ (enfa? 


Independent proof of the integral (6.3): 


Suppose aA 


Now substitute 1+ z= e*, then we have 


oe / (€n{1 + z])™ 


3 


dz 


én[2] mot Ln[2] ie) én[2] 
Lé = | a dt = | pe —e*) "dt = S- (™)r i te tnr+r—-D aye 
o = (er—1)r 0 rl Jo 
r=0 


Further, integrate by parts with a= n+r-—1, we get 


Lg = S- a 


r=0 


(0) ter ~ (1) ee G) eae 


(a)? 


m\ t”—3e— 3! 
3 (a)* 


(wna) Ta Gn 


e tm! én[2] 
(a)ymtt é 


Ee) yh) er 2 eo) ee 


r=0 r=0 oa 
(nr (om \n2(m=1)! Amr (m)! 
d r! (., = :) 2°(a)m d rl 2@(qym+i + 
By (in) fs _ UC) (enf2]y" 
a d, opal yer d, r! bs ores +r | 


(m)! > ey (ables 


(1), 


= {(n—1),}"+! _(m)! 
= 2 (n—1)™+1p! {(n),}™ ra Qn-1 


=f ner 1)et irl 


Now using the well-known definition of generalized hypergeometric function »Fy, we obtain the desired 


result. 


7. Evaluation of oh (ol de in terms of Kummer’s confluent 
hypergeometric functions; where b > a > 0, R(d) > 1, R(c+1) > 


0 


Theorem 7.1. The following general result holds true: 


u c cs c+1 ; 
ty= | oe te-y eee vn [ otk 


c+1 


7 (én{1 + a])or? pl eth 
c+1 ae c+2; 


where R(c+ 1) > 0 and R(d) > 1. 
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—(d+r—1)enfl +] - 


~(d+r—1)énf1 + aj \ . ia 
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Independent proof of the integral (7.1): 
b 
ln{1 e 
Suppose Lz = | i ace 


Now substitute 1+ z =e, then we have 


én[1+b] én[1+] 
Lz =| tee t(4-D (4 (t= )~4dt = py ” tee? (d+r— 1) dt. 
én[1+a] r=0 a én[1+a] 


Further put t(d+r—1) = 2, we get 


ios) F | 7 (d+r—1)£n[1+}] 7 
Lz — S> ees / e *a°dx 
r=0 


dr 1 d+r—1)én[1+a] 


Now using the definition of incomplete Gamma function, we obtain 


Lr = ier {y(e+1,(d+r—Dén[1 + 4]) — (e+ 1, (d+r—1)én[1 +a))}. 


Now expressing incomplete Gamma in terms of hypergeometric notation (1.1), we get the right hand 
side of equation (7.1) which is always convergent, in view of convergence conditions of hypergeometric 
function ,F,(z) when p = q then |z| < oo. 


8. Concluding remarks and Future scope 


In this paper we have obtained some results involving hypergeometric functions and harmonic sums. We 
conclude our present investigation by observing that several other theorems of the similar types integrals 
related with other mathematical functions, different from the following integrals, are obtained in an 
analogous manner: 


nil + z})° 
[' As }) lz; 
© (@n[1 — z])¢ 1 > (én{1 + 2])° 
a ( ae )) lz 2 ef ( nt )) 1z; 


0 


| z™ (én[1 — z])*(én[1 + z])’dz = 1)" [ 2™(én[1 + z])*(én[l — 2})’dz 


-1 


and generalized Nielsen integrals with special cases. 

Moreover the results derived in this paper are quite significant and are expected to be beneficial for 
the researchers in the field of applied mathematics, mathematical sciences and other branches of science 
and engineering. The interested readers and researchers can consult an appendix (Section 7 on Mellin 
Transforms) of the beautiful paper by ” Bliimlein and Kurth” [4] pp.27-39] for the Mellin integrals, which 
are different from the present paper. 


Conflicts of interests: The authors declare that there are no conflicts of interests. 


Acknowledgments: The authors want to express their thanks to referees, for a very valuable remark. 


1445 Gupta et al 33-47 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 33, NO. 1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC 


References 


[1] Appell, P. and Kampé de Fériet, J. (1926). Fonctions Hypergéométriques et Hypersphérique 
Polyndmes d’Hermité, Gauthiers Villars, Paris. 


[2 


Baboo, M. S. (2017). Exact Solutions of Outstanding Problems and Novel Proofs Through Hyper- 
geometric Approach, Ph.D. Thesis, Jamia Millia Islamia, A Central University, New Delhi (India), 
August 2017. 


3] Blimlein, J. (2000). Analytic continuation of Mellin transforms up to two-loop order. Comput. 
Physics Commun., 133(1), 76-104. 


4| Bliimlein, J. and Kurth, S. (1999). Harmonic Sums and Mellin transforms up to two-loop order. 


arXiv: hep-ph/9810241v2, 31Aug2000, Phys.Rev., D-60, 014-018. 


5] Blimlein, J., Saragnese, M. and Schneider, C. (2021). Hypergeometric Structures in Feynman Inte- 


grals. arXiv:2111.15501v1 [math-ph] 


6] Bradley, D. M. (2001) Representations of Catalan’s constant, Research gate, |https://www. 
researchgate.net/publication/2325473RepresentationsofCatalan’ sConstant/citations 


7| Erdélyi, A., Magnus, W., Oberhettinger, F. and Tricomi, F. G. (1954). Tables of Integral Transforms, 
Vol. I, McGraw -Hill Book Company, New York, Toronto and London. 


8] Hai, N. T., Marichev O. I. and Srivastava, H. M. (1992). A note on the convergence of certain 
families of multiple hypergeometric series, J. Math. Anal. Appl. 164(1), 104-115. 
org/10.1016/0022-247X (92) 90147-6 


[9] Karlsson, P. W. (1973). Reduction of certain generalized Kampé de Fériet function, Math. Scand., 
32, 265-268. 


10] Kélbig, K. S. (1982). Closed expressions for [, t~[én(t)|"—1[én(1—t)]?dt , Math. Comput., 39(160), 
647-654. 


11] Kolbig, K. S. (1986). Nielsen’s generalized polylogarithms, Siam J. Math. Anal., 17(5), 1232-1258. 


12] Kolbig, K. S., Mignaco, J. A. and Remiddi, E. (1970). On Nielsen’s generalized polylogarithms and 
their numarical calculations, BIT, 10, 38-74. 


13] Lebedev, N. N. (1965). Special Functions and Their Applications,(Translated by R. A. Silverman) 
Prentice-Hall, Englewood Cliffs, New Jersey. 


14] Lewin, L. (1958). Dilogarithms and Associated Functions, Macdonald, London. 


15] Lewin, L. (1981). Polylogarithms and Associated Functions, Elsevier, North Holland, New York and 
London. 


16] Mellin, HJ. (1902). Uber den Zusammenhang Zwischen den Linearen Differential- und Differenzen- 
gleichungen. Acta Mathematica, 25, 139-164. doi:10.1007/bf02419024 


17] Meyer, J. L. (2007). A Generalization of an integral of Ramanujan, Ramanujan J., 14, 79-88. 


18] Nielsen, E. (1909). Der Eulersche Dilogarithmus und seine Verallgemeinerungen, Nova Acta Leopold., 
Vol. XC, Nr. 3, Halle, 123-211. 


19] Niukkanen, A. W. (1983). Generalized hypergeometric series ‘ F(21,...,2N) arising in physical and 
quantum chemical applications J. Phys. A, 16, 1813-1825. 


20] Oberhettinger, F. (1974). Tables of Mellin Transforms, Springer-Verlag, Berlin. 


21] Oberhettinger, F. and Badii, L. (1973). Tables of Laplace Transforms, Springer-Verlag, Berlin. 


146 Gupta et al 33-47 


as 


. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 33, NO. 1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC 


NO 
NX 


Qureshi, M. I. and Baboo, M. S. (2018). Power series and hypergeometric representations associated 
with positive integral powers of logarithm function, South Asian Journal of Mathematics, 8(3), 144— 
150. 


23] Rainville, E. D. (1971). Special Functions, The Macmillan Company, New York, 1960 ; Reprinted 
by Chelsea Publ. Co., Bronx, New York. 


24| Remiddi, E. and Vermaseren, J. A. M. (2000). Harmonic Polylogarithms, Int. J. Mod. Phys, A— 15, 
725-754. 


25] Sharma, R., Singh, J., Kumar, D. and Singh, Y. (2022). An application of incomplete I-Functions 
with two variables to solve the nonlinear differential equations using S-Function, Journal of Compu- 
tational analysis and Applications, 31, 80-95. 


[26] Sharma, R., Singh, J.. Kumar, D. and Singh, Y. (2022). Certain Unied Integrals Associated with 
Product of the General Class of Polynomials and Incomplete I-Functions, International Journal of 
Applied and Computational Mathematics, 8-7. 


[27 


Srivastava, H. M. and Choi, J.(2012). Zeta and q-Zeta Functions and Associated Series and Integrals, 
Elsevier Science Publishers, Amsterdam, London and New York. 


[28 


Srivastava, H. M. and Daoust, M. C. (1969). Certain generalized Neumann expansions associated 
with the Kampé de Fériet function, Nederl. Akad. Wetensch. Pros. Ser. A 72= Indag. Math., 31, 
449-457. 


[29 


Srivastava, H. M. and Daoust, M. C. (1972). A note on the convergence of Kampé de Fériet’s double 


hypergeometric series, Math. Nachr., 53, 151-159 https://doi.org/10.1002/mana. 19720530114 


Srivastava, H. M. and Karlsson, P. W. (1985). Multiple Gaussian Hypergeometric Series, Halsted 
Press (Ellis Horwood Limited, Chichester, U.K.), John Wiley and Sons, New York, Chichester, 
Brisbane and Toronto. 


[30 


[31 


Srivastava, H. M. and Manocha, H. L. (1984). A Treatise on Generating Functions, Halsted Press 
(Ellis Horwood Limited, Chichester), John Wiley and Sons, New York, Chichester, Brisbane and 
Toronto. 


[32] Srivastava, H. M. and Panda, R. (1975). Some analytic or asymptotic confluent expansions for 
functions of several variables, Math. Comput., (29), 1115-1128. 


[33 


Tyagi, S., Jain, M. and Singh, J. (2022) Large Deflection of a Circular Plate with Incomplete 
Aleph Functions Under Non-uniform Load, International Journal of Applied and Computational 
Mathematics, 8:267. 


[34 


Vermaseren, J. A. M.; Harmonic sums, Mellin transforms and Integrals, jarxiv:hep-ph/ 


9806280v1~5june1998) Int. J. Mod. Phys. A-14: (1999), 2037-2076. 


1547 Gupta et al 33-47 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 33, NO. 1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC 


Solution of Integral Equations of Fredholm Kind Involving 
Incomplete X-Function, Generalized Extended Mittag-Leffler 
Function and S-Function 


Devendra Kumar! and Rishi Dassani??* 


‘Department of Mathematics, University of Rajasthan, 
Jaipur-302004, Rajasthan, India 


Email: devendra.mathsQgmail.com 


?Department of Mathematics, University of Rajasthan, 
Jaipur-302004, Rajasthan, India 


3Kanoria PG Mahila Mahavidyalaya, Jaipur-302004, Rajasthan, India 
Email: rishidassani25@yahoo.com 


*Corresponding author 
ABSTRACT 


The main objective of this paper is to solve Fredholm integral equations (IEs) that involve S- 
function, generalized extended Mittag-Leffler function (GEMLF), and incomplete ’-function as the 
kernel. These types of integral equations appear frequently in applied mathematics, particularly 
in mathematical physics, engineering, and finance. To solve these integral equations, we employ 
two powerful mathematical tools, namely fractional calculus (FC) and integral transforms. Specif- 
ically, we use the Weyl operator and Mellin transform to solve the integral equation associated 
with S-functions, GEMLF, and incomplete N-functions. These techniques allow us to express the 
solution in a closed form, which is essential for practical applications. Moreover, we present several 
special cases of the solutions obtained, which provide additional insights into the behavior of the 
solutions. These results are significant for the study of integral equations, as they can be used to 
derive several known results. Furthermore, the techniques used in this study can be applied to 
other integral equations that involve different types of functions. 


Keywords: Integral equations of Fredholm kind, S- function, generalized extended Mittag-Leffler 
function, incomplete N- functions, Mellin inversion theorem, Weyl] fractional integral operator, 
Mellin transform. 


1. Introduction and Preliminaries 


Integral equation is an essential tool in solving problems related to science and engineering. The 
equations are highly versatile and are used in a diverse range of fields. In the problems related 
to heat and mass transfer, these equations are used to model and predict the behavior of thermal 
and fluid systems, such as the flow of fluids through pipes and the transfer of heat in buildings. In 
scattering theory, these equations are used to study how particles or waves interact with each other 
and with their environment. In the kinetic theory of gases, they are used to describe the behavior 
of gases on a microscopic level, including the motion and collisions of individual gas molecules. 
In integral geometry, these equations are used to study how geometric shapes interact with each 


Key words: Integral equations of Fredholm kind, S- function, generalized extended Mittag-Leffler function, in- 
complete X- functions, Mellin inversion theorem, Weyl fractional operator, Mellin transform. 
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other and with their surroundings. In construction science, they are used to understand how 
materials behave under different conditions, to optimize the design and construction of buildings 


and other structures. Many researchers have done notable work in these fields |3}/5/22|26}/32!35/36). 


Among the different types of integral equations, the Fredholm integral equation is particularly 
significant in the study of special functions. Incomplete special functions have a unique role in 
distribution theory, mathematical modeling, probability theory, and other fields. Its properties and 
applications have been extensively studied by many authors (1|/6}[9}{12}/16}/17}|20)/331/34}. 

A specific area of focus for mathematicians has been the study of Fredholm integral equations 
involving incomplete hypergeometric functions, incomplete J-functions, incomplete H-functions, 
and incomplete H-functions as kernels. Singh et. al. have done very novel work on applica- 
tions of the fractional differential equations associated with integral operators involving ’-function 
in the kernel. Motivated by the work mentioned above, we have now turned our attention to inves- 
tigating the Fredholm integral equation that involves the multiplication of incomplete N-functions, 
GEMLF, and S-function as the kernel. This research will advance our understanding of the prop- 
erties and applications of these functions and their role in solving complex problems in various fields. 


Definition 1: L. Euler investigated the Gamma function as the extension of the factorial 
operation given below: 


T(n+1)=nl. (1.1) 
The Gamma function is defined by a convergent improper integral as: 


jo ee dt, (R(A) > 0) 
T(0) = (1.2) 


“Oe (9€C\Zo;w E No). 


where (@),, is the Pochhammer symbol |2} and is defined as: 


(0) _T@+w)_ fi, (w = 0;0 € C \ {0}) 
“  T()  — -)a(9+1)...(0@+k-1), (w=kEN;O EC). 


(1.3) 


Definition 2: The incomplete gamma function is widely applicable in various fields, including 
physics and medical sciences. The properties of the real incomplete gamma functions are commonly 
used in complex analysis. 

The upper and lower incomplete gamma functions are defined as: 


ici [ vle"dy  (R(u) > 0;a > 0), (1.4) 
bad 
F(u,2) = [ vle—"dy (x > 0; R(u) > 0), (1.5) 
where 
viieey Rte = Te): Cia) S0). (1.6) 
2 
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Definition 3: Sdland et. al. have introduced a new concept called the X-function. This func- 
tion has recently been expanded upon by Bansal et. al. [19], who have introduced the incomplete 
N-function. This new function is a generalization of the original N-function, which leads to further 
advancements in mathematical theory and applications. 


(61, B1, 2), (6;, By)y ny » [8 (652, By) yar p, 


D)\.M,N D)\,M,N 
: NP O:duR [2] = NP. O:5R = 
(05,25) 1 ae > [5 (aye, AG) v41,a, (1.7) 
1 
= — | ®O(v,2)z “dy, 
201 


where z 4 0 and 


T (1 — 6; — Byy, 2) Tj, T (aj + Av) [jee T (1 — 6; — Byv) 


&(v, 2) = — = = = (1.8) 
iat 4 ee D1 = age — Ajev) [Tpingr P (bj + Byiv) 
sacien ere (by, Bi, x), (6;, By )y ny 5 [5s (Oj, Bit) asp, 
: NP. O:.6i0R a= NP O:.5:.R e 
(aj, Wi) vw (64 (aya, Ai) s1.Q; (1.9) 
= — | V(v,2)z "dy, 
271 Jr 
where where z 4 0 and 
== Sie ae eee ob ee 
Uv, 2) = v4 1 1 )TTja1 (a j )TTj=2 ( J jv) (1.10) 


wie bi TT Fixe T (1 = ay: — Ayer) pias T (Oy + Bjiv)| 


The both incomplete N-functions (Orin, 5,:R [2] and ON as R ) given by Eq. (1.7) and 
Eq. (1.9) exist for all « > 0 with the following conditions: 


e The contour £ extends from C — too to C +100 on the complex plane, C € &. 


e Poles of (1 — 6; — 8j¢), 7 = 2,N never match exactly with the poles of I (a; + 2j¢), 
7=Lm. 


e The parameters M, N, P;,Q; are non negative integers that satisfy O< N<P,0<M<Q; 
andi=1,R. 


e Parameters %,, 2;, Bij, 2; are positive real numbers and b,, a;, bj, aj, are complex numbers. 


e All the poles of ®(¢,y) and W(¢,y) are supposed to be simple, and the null product is 
considered as unity. 


3, >0, Jarg(z)| < oi and (6;)+1<0, i=LR, (1.11) 
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where 
=>) Bi +) a - > Bie + > Wii}. (1.12) 
j=l j=l j=N+1 j=M4+1 
M N Qi P; 1 
Bi= dj aj—) by + >> Bi- Dy Wis +5 (Pi- Qi). (1.13) 
j=l j=l j=M-+1 j=N+1 


Definition 4: GEMLF is defined by Bansal et al. as: 


[ee) BY“ (¢+m,p— 4) ( ) m 
BY : oe y & P)m y 
as (u bb, ) B(¢, p — ¢) T(um +A) (mj! (1.14) 


(€ = 0,R(p) > R(G) > 0, R(w) > 0, R(A) > 0). 
Here BY (a, 8) is generalized beta function (|. 


m=0 


Definition 5: The S-function is defined as follows: 


= (G1) n(G2)n-++(Gonl€)nre 
om he Opi lt Le Agi y| = ae 7 . 
Si ne ihashanotait] = Le geet a” ON 
where the «-Pochhammer symbol is defined as: 
T..(Kn+e) Cc 
aCe (keRee im) 
(nyc = (1.16) 


e(e+h)...(e+(n—1)k), (neEN,e€C). 


Definition 6: The Mellin transforms of incomplete N-functions are investigated by Bansal et. 
al. in following manner: 


eee (61, Bi, x) , (6;, By)o ny 5 [di (6j¢, Byi) | aap, Rel fp 
mM NP. 0:,5::R & iP ll »v i, 
(a5, 25). » [51 (ayi, Ais) 41.9, 
(1.17) 
and 
we (61, B1, 2x) , (6;, By)o ny » [5 (67, Bye) a1 p, KPH fy 
M4 ORE O.50n | be" spe = Vv —,x}, 
(05,25) ng 7 18: (4s Ai e419, ‘ 
(1.18) 
where ® and W are defined by Eq.(1.8) and Eq. (1.10) respectively. 
Definition 7: The Weyl fractional integral operator of order 6 is defined as: 
| [oe 
WEE) =f -s 8G), — (RIB) > 0.5 € A), (1.19) 
3 


here A indicates the space of all functions ¥ defined on R = [0, co) 
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2. Solution of Integral Equation of Fredholm Kind Involving In- 
complete X-function, GEMLF and S-Function 


In this section, we will be applying the Mellin transform method as well as the Weyl fractional 
integral operator to solve the Fredholm integral equation which involves incomplete '-function, 
GEMLF, and S-function. By utilizing these mathematical techniques, we aim to provide a com- 
prehensive and precise solution to the problem. 


Lemma 1. Let 


(i) The parameters M, N, P;,Q; are non negative integers that satisfy0 << N<P,,0<M<Q; 
andi=1,R. 


(ii) R(a—s)>0; R(G;)+1<0 (¢=1,R) where &; is given by Eq. (1.13). 
(iii) c>0,6>OandaeC. 
(iv) |arg(C)| < 3; where §; is given by Eq. (1.12). 

Then, 


weed wo é, dv, w)S BOL, gay. Opi his hay» -yhgi | 


x CP) yn 


7 B (61, B1, 2), (6;, By)y ny » [5 (67, By) yay p, 
P;,Qi,6i,R o( ) 


u 
(05,25) 1 ap» 15s (Oye, Ayo) arr, 


oa Sy za bau $) (pm (9) n(92)m-+ (Gp) (nr ut” 
2» 23 Bie —) Famed (i)n(h2)n-+- (hg) ,P (no +) min! 


m=0 n=0 


B (61, 51,2) ’ (1 —stm+n, 6), (6;, Bion ’ (6; (655, Bit) nit, 


a et 904, U 


(2.1) 


Proof. To attain the desired result, we commence our process by expressing the incomplete N- 
function in terms of the Mellin Barne contour integral. Afterward, we proceed to expand the 
GEMLF and S-function in series form and then change the order of integral and summation. 
At last, we apply the Weyl operator, interpret the result using the definition of the incomplete 
N-function, and get the desired result. 


Lemma 2. Let 


(i) The parameters M, N, P;,Q; are non negative integers that satisfy0 << N<P,,0<M<Q; 
andi=1,R. 


(ii) R(a—s)>0; R(G;)+1<0 (¢@=1,R) where &; is given by Eq. (1.13). 
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(iii) c>0,6>OandaeC. 
(iv) | arg(C)| < $3; where §; is given by Eq. (1.12). 
Then, 


weed wot £,,w) SEM 9, 25.5 dpi Pry ha, «++ hgit 


() Mn 


ne (61, Bi, x) , (6;, By )o ny 5 [5s (O54, Bit) | aap, 
. P;,Qi,6i,R o() 


(05,25) 1 ap 15s (O90 Ayo) ars1.a, 


oS BEY (d+m,p—4) — (p) (91) n(92)n «++ (Gp) (€) ymtn 
a8 E P)m 1) n\G2)n DP) ym \©) nt,6 
232. Bip Kum+a (hi), (h2)y -- (Rg) x(n +) min! 


m=0 n=0 
a| (61, B1,2),(1-s+m-+n, 8), (6;,B;j)o ny [6 (671, B5i) | vat. p, 
x (MyMN+1 c(4) 
P,+1,Qi+1,6,R u 


(45,5) ne > (9: (O54, Aj) arsig, 1 -—atm-+n, B) 
(2.2) 


Proof. To attain the desired result, we commence our process by expressing the incomplete N- 
function in terms of the Mellin Barne contour integral. Afterward, we proceed to expand the 
GEMLF and S-function in series form and then change the order of integral and summation. 
At last, we apply the Weyl operator, interpret the result using the definition of the incomplete 
N-function, and get the desired result. 


Theorem 2.1 Let 


(i) The parameters M, N, P;,Q; are non negative integers that satisfyO <N<P;,,0<M<Q; 
andi=1,R 


(it) Rla—s)>0; R(G)+1<0 (¢=1,R) where 6; is given by (1.13) 
(iti) c>0,8B>0andaeC 


Then, the relation given below holds : 
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OF ee BY “(o+m,p—$)  (p)m (91) (92) «+ (Gp) (Onn meen 
f 7 UUs Bio,e—¢)  T(um+A) (hi)_(ha)n ++ (hg) pl (no +) min! 


aoe at (6, Bi,2),1—s+m-+n, 8), (bj, Byj)o ny 5 [bi (Oj, Bye) vt p, 
x VIN? ( ) 
U 


P,+1,Q:41,6:,R g(u)du 
(05,25) ae» [08 (O54, Aji) apsi.g, lL -atm-+n, B) 
= | uw ERS (w; ae Y, w) Spay’ ve [ou ge, +299 9p; hy, ha, naag hg; U 
0 

ae y\8 (61, B1, x), (6;, By)y ny» [5 (672, Bye) at. p, 

ON ae o(4) D> {g(u)}du, 
(4j,%j)4 ) [6 (aji, Aji) +1.9, 
(2.3) 


provided that § € A andy > 0. 


Proof. Let I refers to the left-hand side of Eq. (2.3), then 


I= [oe =5 > 00 SBE m,p—)  (p)m (91)n(92)m «+ (9p)y(Onne  umtn 
m= pe 6 Be,e-—¢%) Pum +A) (hi) n(ha)n ++ (Ra)nPe(ne +) min! 


i (61, Bi, x) ’ (1 —srm+ nm, BY, (6;, Bion ) (0; (654, By) wisp, 


y 


(07,25). ne» 19: (O54, Aj) rsi.g, (lL -atm-+n, B) 


-| Puedes € vy, w)S BOL, gay -+ 5 Opi is hay» gi | 
0 


x 


(using Eq. (2.1)) 


aN? (61, Bi, x) , (6;, By )o ny 5 (5: (652, Byi) | a1 p, 
Oe: aoe c(4) du 
a Uae U 
(05, 5). ap > 1s (yas Ai arys.a, 


Using Eq. (1.19) and changing the order of integration, we obtain 


p= f° ee Ete 18,4.) SER [gigas gpiltas has seal 
0 


(DMN y B (61, Bi, x), (6), By)o ny + [i (O74, Bi) aap, t(¢-—y)o-s1 
_ o(%) hw 


Pi,Qi i,k t 
(05,5), ap» [0s (Oye, Ay ary1.a, 
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Afterward, by utilizing Riemann-Liouville’s fractional derivative (14, we get 


[oe 
1= [ eo £,u, w) SER G1, 905 --- Gps tisha, --shgit] 
0 


git )y Mo 


P;,Q;,61,R 


y\? (61, Bi, x) , (6;, By )o ny 5 (5: (672, Byi) | 41 p, 
o(4) D9 {g(t} 


(05, %j)1 ve» (8: (yas Ai arate, 


which is the right-hand side of Eq. (2.3). 


Theorem 2.2 Let 


(i) The parameters M,N, P;,Q; are non negative integers that satisfy0O < N< P;,,0<M<Q; 
andi =1,R. 


(ii) R(a—s)>0; R(G)+1<0 (=1,R) where 6; is given by (1.13). 
(iit) c >0, 8 >0 anda eC. 


Then, the relation given below holds : 


fre > 2 5 BE +m,p—¢)  (p)m (Gt) n(G2)n «++ (Gp)n(nre ut” 
B(¢,p— ¢) P(um + X) (hi), (hay -. (Ag) ,Pe(na +) min! 


dd 


pee y B (61, B1,2),(L—st+m-+n, B), (bj, By)o y + [6 (651, By) nate, 
. np. +1,Qi+1,6;,R o(4) gua 
(05, %j)y ag 15: (Oye, Aja) vara, l -a +m +n, B) 


fore) 
24 un EBS (us 8, a, w) SE oiygaian 15 Gob Mis Bay a hi 
0 


x DRM 


y? (61, B1, 2), (6;, By)y ny » [i (652, Bye) vit. p, 
P;,Qi,6i,R o(4) 


D>“ {g(u)}du, 
(05,25) ny > [8% (ys Ais) vrata, 


provided that § € A andy > 0. 


Proof. The proof of this theorem follows a similar process to that of Theorem [2.1] 


3. Conclusions 


Our research yields significant implications across a wide range of fields. Our methodology involves 
the solution of an integral equation of Fredholm kind, which includes S-function, generalized ex- 
tended Mittag-Leffler function (GEMLF), and incomplete X-function in the kernel. Specifically, we 
have discovered that a vast array of results as derived by authors (1.2\[21}/34}/35), can be obtained 
by setting specific values for different parameters of the S-function, generalized extended Mittag- 
Leffler function (GEMLF), and incomplete N-function. As a result, the outcomes presented in this 
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article have the potential to contribute to numerous advancements in science and engineering by 
providing valuable insights into the behavior of special functions relevant to these fields. 
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Abstract: This study considers in depth the flow of the boundary layer of 
an incompressible, viscous, and steady Casson fluid through an expanding sur- 
face when thermal radiation, heat source, Soret, and Dufour effects are present. 
Using suitable similarity transformations, the governing non-linear partial dif- 
ferential equations are converted into coupled ordinary differential equations 
and then estimated using the MATLAB software bvp4c using a shooting pro- 
cess. Variable values of the parameters employed in the current inquiry are 
offered, together with solutions for the parameters of momentum, temperature, 
concentration, coefficient of local skin friction, and local Nusselt number. It is 
observed that the Casson fluid parameter improves fluid velocity and decreases 
the temperature. Also, it is found that thermal radiation and the presence of a 
heat source/sink increase the temperature of the fluid. We compared the present 
investigation with previously published papers and found them harmonious. 


Keywords: Casson fluid; Heat source/sink, Thermal radiation; Enlarging 
sheet; Soret and Dufour effects. 


1 Introduction 


A few examples of industries where the viscous non-Newtonian fluid in the 
boundary layer province caused by an expanding flat plate has extensive techni- 
cal applications include the cooling and drying of paper, aerodynamic extrusion, 
production of glass fibres, wire drawing, glass blowing, polymer and metal pro- 
cessing industries, and hot rolling. 

Nadeem et al. [1] investigated the influences of thermal radiation on a Jeffery 
fluid’s boundary layer along a planar sheet that was expanding exponentially. 
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They discovered that local skin friction is a declining function of the local suc- 
tion parameter, and the heat transfer rate is a reducing function of the suction 
parameter and Eckert number while a rising function of the Prandtl number 
and radiation parameter. Hiemenz [2] was most likely the first to investigate 
2D stagnation flow to transform the NS equations to non-linear ODEs. Crane 
[3] conducted ground-breaking research on constant boundary layers caused by 
a linearly expanding sheet. Similarity solutions are also permitted for the flow 
brought on by stretching sheets, which is significant in extrusion issues. Wang 
[4] found similar solutions for the axisymmetric situation. The most common 
fluid model nowadays is the Casson fluid, described as a fluid that thins under 
shear and has infinite viscosity at zero shear rates. Fredrickson [5] discovered the 
Casson fluid’s continuous flow property in a pipe. Boyd et al. [6] analyzed the 
oscillatory blood flow while accounting for Casson fluid. They discovered that 
Casson and Carreau- Yasuda flow display remarkable changes in the steady flow 
compared to equivalent Newtonian-type flows. Casson fluids are non-Newtonian 
in nature. The constitutive equation for Casson fluid includes shear stress since 
it acts like elastic materials like tomato sauce, jelly, soup, honey, and concen- 
trated fruit liquids. Another example of a Casson fluid is human blood. Later 
on, the MHD flow of a non-Newtonian fluid caused by an exponentially con- 
tracting surface was discovered by Nadeem et al. [7]. They found that the issue 
in the provided situation becomes a Newtonian scenario if the fluid parameter 
approaches infinity. Casson fluid flow analysis due to a permeable contracting 
surface with viscous dissipation was explored by Qasim and Nooren [8]. Bhat- 
tacharyya et al. [9] created the critical solution of the magnetohydrodynamic 
porous flow of a Casson fluid along an enlarging sheet. This investigation found 
that the partial slip strongly affects the velocity. A drop in the mass suction 
parameter is shown for the Casson fluid flow as the boundary slip parameter is 
raised. Nandy [10] provided a solution for the MHD Casson fluid flow approach- 
ing a stagnation point toward a stretched plate in the presence of a partial slip. 
To analyse how radiation influenced the fluid mass and heat transfer assessment 
of a Casson fluid along an unevenly stretched sheet. Swati [11] used the suc- 
tion and blowing effects. She found that the fluid velocity initially falls when 
the unsteadiness parameter is raised. Additionally, it is discovered that as the 
Casson parameter increases, the fluid temperature rises, the fluid velocity field 
is suppressed, and thermal radiation improves the thermal diffusivity of the 
fluid, taken into consideration. Peri et al. [12] investigated the dual solutions 
of Casson fluid flow over a stretching or shrinking sheet. They demonstrated 
that the Dufour number enhances the velocity and temperature throughout the 
boundary layer. The concentration boundary layer thickness is enhanced by an 
increase in the Soret number. The shrinking ratio reduces the velocity of the 
fluid but enhances the concentration. The skin friction, heat and mass transfer 
rates increase with the Casson parameter. Many more researchers [13-16] did 
pioneer work in analytic solutions of ODEs and PDEs and mathematical mod- 
eling. Sushila et al. [17] analyzed a hybrid analytical model for thin film in 
fluid dynamics for non-Newtonian fluids. They found that the homotopy per- 
turbation Elzaki transform method leads over the Elzaki decomposition method 
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since the non-linear problems are solved without utilizing Adomian polynomi- 
als. Moreover, Singh et al.[18] discovered computational analysis of Fractional 
Lienard’s equation with exponential Memory. 

The current paper aims to investigate the Casson fluid flow across a stretched 
sheet. The modified similarity equation’s numerical solution is achieved for the 
stretching sheet. Plots are provided and analyzed in detail for the emerging 
physical parameters incorporated in the suggested problem. 


2 Mathematical construction of the problem 


Nakamura and Sawada [19] provided a definition of the rheological equation of 
Casson fluid flow as given under: 


(ur + ety) 2e4;, T > Te 
(1) 


5 ae +=T, ) 
LB 7, Jar. Y viene T <The 


where jp is used for the Casson fluid’s plastic dynamic viscosity, Ty is taken as 
the yield stress, 7 is considered as deformation rate, and it is 7 = e;;e;;, where 
the component of the deformation at (i, jy position is e;;. T. expresses the 
critical value of 7. 
Consider 2D steady and incompressible Casson fluid flow near the stagnation 
point on a permeable enlarging plane surface. The direction of the plane surface 
is along the X, and the Y axis is taken normal to the surface. The axial velocity 
components in the above directions are u and v, respectively. The sheet is 
stretched by applying two equal pressures in the x direction immediately to 
produce the flow. The plane surface is extended with a linear velocity of the 
form u(x) = cx while preserving the origin fixed, where c is a constant and it 
is taken as c > 0 for an expanding surface, for shrinking sheet c < 0 and c=0 
for a static surface. 
Under the aforementioned assumptions, for this Casson fluid flow, the stable 
boundary layer equations for incompressible stagnation-point flow are given as 
follows: 

Equation of Continuity: 


Ou Ou 
eeu ee 2 
a Dy 0, (2) 
Equation of Momentum: 
Ou Ou due 1\ 0?u 
ae T "Oi tie T (1 T 5) aye + 98x (P— Too) (3) 


Equation of Energy: 


61 Neemawat et al 59-72 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 33, NO. 1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC 


oT | OT OT | DmKr OC 1 Om | Qo 
Oy? CsCp Oy? pC, Oy — pCp 


Equation of Concentration: 


(Oe ple _p PC | DmKr PT 
Ox dy Oy? Tm CO? 


The following are the borderline circumstances for equations (2) to (5): 


u=ac, v=0, T-Ty = ab, C—-Cy =a2d, when y = 0, (6) 
u raza, TOT, C3 Cyo, asyon. , 


where Uy (x) = cx is the fluid velocity at the wall and c is a constant, 
Ue (x) = ax is the ambient fluid velocity where a is a constant, 8 = weV27-/Ty 
symbolizes the Casson fluid parameter, Gr is used for the coefficient of thermal 
expansion, T’ expresses the fluid temperature, T,, represents the temperature of 
the sheet, JT, is constant, and it is considered as uniform ambient temperature, 
g is taken as gravitational acceleration, a, expresses the effective thermal dif- 
fusivity, the mean temperature of fluid is T;,, the effective solutal diffusivity is 
Dm, Kr is used for the ratio of thermal diffusion, C, is taken as the specific 
heat at constant pressure, and C’, is the concentration susceptibility. 
The stream function w is defined as 


where = = \/avxf (ny), dimensionless stream function is f (7) and similarity 
variable is 7 = y/Z . Solving this, we get the values of velocity components in 
both directions are given by 


u=saf' (n), 
v= —vVavf (n). (7) 


The Casson fluid temperature and concentration are taken as 


T-—Ty C-—Cx 
O(n) = AT and $(n) = AG? (8) 


where 0 (7) and ¢(n) are dimensionless temperature and concentration respec- 


tively. Equations (2) to (5) become the subsequent two-point boundary value 
problem when equations (7) and (8) are used: 


(1+ 671) f+ ff" — f? +0 = -1, (9) 
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4 
Pr7* (1 + a) 6” + fo’ — f'0+ Deo" + Q0=0, (10) 
Sc7'¢" + fb’ — f'o+ Sro” — Ko =0, (11) 
The transformed borderline circumstances are: 
f 0, iy es 0 1, @ 1 at n= 0, (12) 
f'7-1, 630, ¢30 as n>@ ; 


where prime (’) indicates differentiation with respect to similarity variable 7. 
The non-dimensional parameters used in this article are as follows: 


A= age (Buoyancy parameter), Pr = ae (Prandtl number), Se = 7+ 


(Schmidt number), Dy = e-p¢r=rz) (Dufour parameter), Sr = ET ee 


* m3 
(Soret parameter), R = aCe (Radiation parameter), Q = ate (Heat 


source/sink parameter) and K = £2 (Chemical reaction parameter). 


Significant physical entities of a particular flow field, temperature field, and 
concentration are presented graphically and tabularly in terms of skin friction, 
local Sherwood number, and Nusselt number, considering engineering and prac- 
tical value and uses. These are the three measures of attention in the present 
study. 

The surface shearing stress is shown by Ty and calculated using 


The term for the local skin-friction coefficient is C's, and its definition is 


Tw 


Cf Puen?’ (14) 
Using equation (13) in equation (14), we get 
"ny —1) ¢" 
Resl2C; = (1+ B-*) f” (0). (15) 


The formula for the wall’s rate of heat transmission is 


_ OT = a, 16a* Ts a,, 
qw = (Sr) ot G0 =—k (Ti, i Tyo) |“ (0) 3k* (Tw Tes) |“ (0), 


(16) 
The local Nusselt number, represented by the symbol Nu,, is defined as 
Tw 
Nu, = —>——; 1 
ek he) oe 
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Using equations (16) and (17), the local Nusselt number can be expressed as 
follows 


Nuz 4 
See al dR)! (0) (18) 
ly 3 
Rex 
Gm stands for the mass flow at the wall and is defined as 
Oc 
dy } y=0 y 
The local Sherwood number is denoted by Sh, and is defined as 
Ldm 
hy = ————., 2 


Using equations (19) and (20), the Sherwood number can be expressed as follows 


= = 4! (0). (21) 


Here Re, = *¥s is taken as the local Reynolds number. 


3 Influence of diverse restrictions on the flow 


The given system of coupled ODEs from (9) to (11) with borderline circum- 
stances given in equation (12) was solved using the MATLAB coding package 
named bvp4c ODEs solver. This portion of the text discusses the effects or influ- 
ences of several physical non-dimensional parameters on the profiles of energy, 
momentum, concentration, skin friction, and rate of change of heat transfer. To 
authorize the outcomes of our numerical method, the values of (1 + 8~') f”(0) 
were compared with values obtained by the researchers Peri [12], Bhattacharyya 
[20], and Ishak et al. [21] and they are found in very good agreement. Figures 
in the form of line graphs from 2 to 10 are used to display the distribution of 
axial velocity, temperature, and concentration. The following is a summary of 
the findings. 

The comparison of the current results to those that have been published is 
shown in table 1. It is found to an excellent reliability between the present and 
published results. It also confirms the validity of the method used in the present 
paper. It can be shown from this table that when stretching parameter values 
increase, the local skin friction coefficient decreases. 

Table 2 contains tabular values of —6’ (0) for various stretching/shrinking pa- 
rameter values corresponding to specific fixed values of the other considered 
parameters. The data show that heat transport reduces as the stretching pa- 
rameter values increase. 

Figure 1 shows that for some fixed values of the stretching parameter, fluid 
velocity increases as the Casson parameter increases. Also, as the stretching 
parameter rises, fluid velocity rises in figure 2. 
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The energy profiles are shown in figures 3 to 7. It is examined that Casson fluid 
temperature increases as the radiation parameter and heat source parameter 
increase. Also, temperature decreases for increasing values of the stretching 
parameter, Prandtl number, and Casson parameter. 

Figures 8 and 9 show the concentration distribution of the Casson fluid flow. 
We noticed that the fluid concentration falls when the stretching parameter and 
Schmidt number are increased for some fixed values of other parameters. 

The effects of temperature and mass distribution on the stretching sheet pa- 
rameter are depicted in figures 4 and 8. The stretching parameter affects the 
temperature and mass distributions in the opposite direction. We discovered 
that the temperature and mass distributions reduce as the stretching parame- 
ter increases. This is due to the stretching parameter’s direct relationship with 
the heated fluid’s heat transfer coefficient. The amount of convective energy 
transferred is inversely correlated with the thermal resistance of the warm fluid. 
As the stretching parameter rises, the warm fluid convection resistance falls, 
lowering the surface temperature. 


4 Conclusion 


This paper studies the flow of Casson fluid past an enlarging surface with ther- 
mal radiation and heat source/sink in the presence of Buoyancy effects. The 
Soret and Dufour effects on a Casson fluid are investigated about a stagnation 
point on a stretching sheet. The momentum, temperature, and concentration 
equations are written as a system of ordinary differential equations using a suit- 
able similarity transformation and then solved numerically using a code-named 
MATLAB bvp4c solver. It is found that heat transport reduces as the stretching 
parameter increases. Also, fluid velocity rises with the Casson and stretching 
parameters. For the temperature of the fluid, it is seen that it increases with 
radiation parameter and decreases with increasing Prandtl number and stretch- 
ing parameter values. 

Here are some future scope suggestions for the paper entitled “Investigation 
of Casson fluid flow past an enlarging surface with thermal radiation and heat 
source/sink in the presence of buoyancy effects” : 

1. Examine other non-Newtonian fluid models, apart from Casson fluid, to com- 
prehend how variations in fluid rheology impact the flow properties. 

2. Examine the effects of adding nanoparticles to the Casson fluid to produce 
Casson-based nanofluids. Examine how heat sources, sinks, and thermal radia- 
tion affect these nanofluid systems. 

3. To capture flow patterns and heat transfer characteristics that are more re- 
alistic, expand the current work to three-dimensional simulations. This might 
offer a more realistic depiction of the actual mechanism. 

4. Examine how the system under study affects the environment, considering 
energy efficiency, sustainability, and possible uses in eco-friendly technologies. 
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Table 1: Assessment of (1 + i) f” (0) with Peri [12], Bhattacharyya [20], and 


Ishak et al. [21] for \ = Pr = Dy =0 = Sc= Sr and 8 = 108 
c/a Present Peri [12] Bhattacharyya | Ishak et al. 
study [20] [21] 

-0.25 1.40224031 1.4022408 1.4022405 1.402241 
-0.50 1.49566920 1.4956698 1.4956697 1.495670 
-0.75 1.48929749 1.4892982 1.4892981 1.489298 
-1.00 1.32881613 1.3288169 1.3288169 1.328817 
-1.15 1.08223159 1.0822312 1.0822316 1.082231 
-1.20 0.93247562 0.9324734 0.9324728 0.932474 
-1.2465 0.58428232 0.5842817 0.5842915 0.584295 
0.0 1.23258722 - - - 

0.2 1.05112962 - - - 

0.4 0.83407188 - - - 

0.6 0.58483595 - - - 

0.8 0.30609469 - - - 


Table 2: —6' (0) for various values of 8 = 3.5, A = 0.01, Dy = Sr = Sc = 
0.1,Pr=0.72,K =Q=R=02 


c/a —0 (0) 

0.0 1.4034650 
0.2 1.19728995 
0.4 0.95082859 
0.6 0.66793854 
0.8 0.35163572 
-0.25 1.59653352 
-0.5 1.70350740 
-0.75 1.69804589 
-1.00 1.520163541 
-1.15 1.248976011 
-1.20 1.08891235 
-1.2465 0.81579824 
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B = 2.0, 3.0, 4.0, 5.0 


c/a = 0.2, 0.4, 0.6, 0.8 


~0 0.5 1 1.4 2 2.5 % 3.5 
| 


Figure 2: f’ (7) for unlike facts of c/a 
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B = 2.0, A = 0.01, Df = Sr = Sc = 0.1, 
Pr=0.72,K=Q=0.2 


c/a = 0.2, 0.4, 0.6, 0.8 


| 
Figure 4: 6 (7) for unlike facts of c/a 
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2 = 0.01, Df= Sr = Sc = 0.1, 
Pr=0.72,K=Q=R=0.2 


B = 2.0, 3.0, 4.0, 5.0 


2 = 0.01, B = 3.0, Df=Sr=Sc = 0.1, 
Pr=0.72,K=c/a=0.2 


| 
Figure 6: 6 (7) for unlike facts of Q 
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T 

Pr = 0.023 
Pr=0.1 
Pr=0.72 


cla=0.2,04,06,0.6 


| 


Figure 8: ¢(7) for unlike facts of c/a 
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3.0, A = 0.01, Df = Sr = 0.1, 
Pr=0.72,K=Q=R=0.2 


Sc = 0.10.5, 0.8, 1.0 


Figure 9: ¢(7) for unlike facts of Sc 
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Abstract. In this study, the position tracking control problem of a non- 
holonomic mobile robots with system uncertainties and external distur- 
bances is examined. In the design approach, a fractional-order sliding 
surface is presented that offers asymptotic stability of the system states 
towards their equilibrium points. A fractional order sliding mode con- 
troller is developed based on the presented sliding surface in order to 
handle system uncertainties and external disturbances in a robust man- 
ner. A radial basis function neural network is used to approximate the 
nonlinearities of the dynamic structure. The weighted matrices of neural 
networks are updated in an online mode. The controller’s adaptive bound 
portion is used to manage neural network reconstruction error and pro- 
vide upper bounds on disturbances and uncertainty. Using the Lyapunov 
technique and Barbalat’s Lemma, the asymptotic stability of the control 
system is evaluated. Moreover, a numerical simulation study is carried 
out to illustrate the effectiveness of the proposed control approach by 
comparing the results with the existing control approaches. 


Keywords: Nonholonomic mobile robots, Fractional order sliding sur- 
face; Sliding mode control; Neural networks 


1 Introduction 


Because of their wide applications in the field of medical profes- 
sion, industries, military operations, and many other areas [1]2)3], 
trajectory tracking control of nonholonomic mobile robots has be- 
come a very intriguing study area in recent years. Nonholonomic mo- 
bile robots are the mechatronic structures that are extremely non- 
linear, coupled, and time-varying. Because of these nonlinearities, 
uncertainties, and external disruptions, there are several practical 
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challenges in managing them. To address these challenges, various 
classical control schemes such as Model-based controllers, PID con- 
trollers, Back-stepping based controllers, Sliding mode controllers, 
Adaptive controllers, etc. have been presented in the litera- 
ture to control these systems. 

Among these, sliding mode controllers (SMC) [7] are the most com- 
monly used controllers because of their inherent capacity to resist 
uncertainty and external disturbances. The intrinsic adaptability at- 
tribute of the sliding mode control scheme is that when the sys- 
tem is operated on the sliding manifold, it functions independently 
of the system dynamics. In sliding mode controller, a sliding syr- 
face is utilized to assure the convergence of tracking errors toward 
zero. For superior controller performance, linear and nonlinear slid- 
ing surfaces are now utilized in SMCs. Using linear sliding surface, 
Linear sliding mode controllers [8] (LSMC) have been presented in 
the study. LSMC investigates the asymptotic convergence of the tra- 
jectory tracking error even when the finite-time trajectory tracking 
error cannot be solved by these controllers. Terminal sliding mode 
controllers (TSMC) [9] have been presented in the literary texts 
to solve this issue. In TSMC, a non-linear sliding manifold is em- 
ployed instead of a linear sliding manifold. These controllers guar- 
antee tracking error convergence in a finite amount of time, but 
occasionally they pose singularity problems that result in unbound- 
edly high control input values. The Non-singular Terminal Sliding 
Mode Controller (NTSMC) [10], which restricts the non-linear slid- 
ing manifold’s parameters, has been proposed as a modified con- 
troller to handle this problem. The singularity problem is solved in 
NTSMC, although it has a slow convergence rate at the equilibrium 
point due to the presence of the term e’/*,r > s in the sliding man- 
ifold, resulting in a reduction in the convergence rate’s magnitude 
away from the equilibrium. 

For the enhanced and precise performance of controllers, different 
combinations of sliding mode controllers with Fractional Calculus 
[1712/73] have been presented in the literature. Because of their 
greater order convergence speed, fractional-order controllers outper- 
form integer-order controllers [14J15/16]. The study on integrating 
the fractional-order derivative with SMC begins with applying 
the fractional order derivative to LSMC , which is known as the 
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fractional-order sliding mode controller (FoSMC) [18]. These con- 
trollers give superior tracking performance as compared to simple 
sliding mode controllers. The reason for this is that the fractional- 
order system’s mathematical solution has a faster order convergence 
speed than the integer-order system. As fractional order sliding mode 
controllers are very efficient controller but the presence of uncer- 
tainties and disturbances in the dynamic structure of the manipu- 
lator causes many real-time difficulties. So, the employment of in- 
telligent approaches such as neural networks [19/20/21) and fuzzy 
logics [22/23] improves the controller’s suitability for real-world de- 
ployments. In the article [24], the design of a fractional-order sliding 
mode controller with a time-varying sliding surface is presented for 
trajectory tracking problem of robot manipulators. In this paper au- 
thors prove asymptotic convergence of tracking errors towards their 
system states. Authors of the article present a fractional adap- 
tation law for sliding mode control scheme for multi-input multi- 
output nonlinear dynamic system. In the article 26] authors present 
a coupled fractional-order sliding mode control scheme using ob- 
stacle avoidance for the control of a four-wheeled steerable mobile 
robot. A new fractional-order global sliding mode control scheme for 
nonholonomic mobile robot systems under external disturbances is 
presented in article [27|. While many studies have been conducted 
on the position tracking problem of dynamic systems under the in- 
fluence of external disturbances and system uncertainties, relatively 
few of these studies combine intelligent techniques with the advan- 
tageous features of fractional-order sliding mode controllers for the 
control of nonholonomic mobile robots. So, the novelty of the pre- 
sented work lies on the combination of fractional order sliding surface 
and the presented contoller that enhances the performance of the dy- 
namical system in a robust manner. 

In this paper to enhance the performance of the controller, a neural 
network based fractional-order sliding mode controller is presented 
for the position control problem of nonholonomic mobile robots un- 
der the influence of uncertainties and disturbances. The radial basis 
function neural network (RBFNN) is utlized in the developed con- 
troller to resemble the nonlinearity of the dynamic structure, and 
the exponential reaching rule is utilized when the system is inde- 
pendent of its general dynamics. The designed controller’s adaptive 
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compensator part handles the neural networks reconstruction error 
and upper bounds on disturbances. The Lyapunov stability criterion 
and Barbalat’s lemma are used to examine the asymptotic conver- 
gence of tracking errors towards their equilibrium states. Moreover, 
simulation studies are performed to validate the proposed controller’s 
performance in a comparative manner 

The main contribution of the presented work is as follows: 


1. A new combination of fractional order sliding surface with neu- 
ral network based fractional order sliding mode controller is pre- 
sented. 

2. The position tracking problem for nonholonomic mobile manip- 
ulators under the influence of system uncertainties and external 
disturbances is discussed. 

3. The stability and asymptotic convergence of tracking errors is ex- 
amined using Lyapunov stability criterion and Barbalat’s lemma. 

4. Simulation studies are used to compare the performance of the 
proposed controller to that of existing controllers. 


The remaining part of the paper is divided as follows. Sections 2 
offer a dynamic model for a nonholonomic mobile robot. Section 3 
presents the controller design, while section 4 contains the stability 
analysis. Section 5 offers a simulation study, and section 6 concludes 
the article. 


2 Dynamics of nonholonomic mobile robots 


The dynamics equation for 3-dof nonholonomic mobile robots with 
generalized cordinates g = [x,y,6]’ satisfies the Euler-Lagrange 
equation is given by: 


M(QG+Vnla a+ FQ) + Ta = Big)t + AT(QA (1) 


where M(q) € R?*? be inertial matrix, V(q,q) € R°*? be centripetal- 
coriolis matrix, F(q) € R®*! be friction vector, T; € R°*! be un- 
known bounded disturbance, B(q) € R°*? be input transformation 
matrix, T € R3*! be control input, A7(q) € R°*! be constraint as- 
sociated matrix and A € R be Langranges multiplier. 
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With M(q) = | 0 m —m2| ,Vn(q,4@) = |00 mi@ | AT) = 
m1 —™Mg I 00 0 
— sind cos @/r cos @/r 
cos@ | ,B(q) = | sin@/r sind/r | ,m, = mhsind, m2 = mhcos 6 
0 b/r —b/r 


where m is total mass of nonholonomic mobile base, J is moment of 
inertia of mobile base. 

Let the mobile robot system is subject to the following nonholonomic 
kinematic constraint. 


A(q)q = 0 (2) 
These constraints are limitations on the dynamic equation of mo- 


bile robots to the manifold Sg as Sg = {(¢,q)|B(q)¢ = 0}. From 
equation (2), we can get the full rank matrix P(q) € R®*? as: 


P?(q)A"(q) =0 (3) 


From constraints given in equations (2) and (3), we have a new vector 
o € R? satisfies the following condition 


q= P(q)o (4) 
Differentiating equation (4), we have 
G= P(gb+ Pao (5) 


Putting equation (4) and (5) in equation (1) and multiplying the 
obtained equation by P” we get 


M,i+V;o+ Fp + tra = Por (6) 


where M; = P™M(q)P,V; = P™M(q)P+P'Vn(q,@P, Fy = PTF(Q), 
T fd = PTT. 

Let the dynamics equation (6) of nonholonomic mobile robots satisfy 
the following properties and assumptions. 

Property 1 The Inertial matrix M; is symmetric, bounded positive- 
definite and invertible,. 

Property 2 The term A = (My; — 2V;) satisfies skew-symmetric 
property i.e. 27Ax=0 Va € R”. 
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Assumption 1 Fy < a; + ag||0|| for arbitrary positive constants 
a1,Qa2. 

Assumption 2 ||7;a|| < a3 for arbitrary positive constant a3. 
Assumption 3 If v = [y,6]’ € R? is uniformally bounded and con- 
tinuous, then all the jacobian matrices are also uniformally bounded 
and continuous. 


3 Controller Structure 


3.1 Fractional-order sliding surface 


The proposed fractional-order sliding surface is given as 
S(t) = D°n(t) + H(t) + Ant) (7) 


where a € (0,1), n(t) = va(t) — v(t) denotes position tracking error, 
va(t) € R? denotes desired trajectory, \ = diag[A1, 2] € R?*? with 
A1,A2 > 0, and S(t) = [$,(t), S9(t)]* € R? be sliding variable. The 
j element of the proposed sliding surface is written as 


S;(£) = D***nj(t) + ry (t) + An; (£) (8) 


where 7 = 1,2 
On differentiating equation (8), we have 


S;(t) = D°*?nj(t) + 1; (t) + ANj (8) (9) 


The reduced dynamics equation for nonholonomic mobile robots in 
terms of sliding variable S(t) € R? can be written as 


M,S =—V;S — P?r + f(y) + Ta t+ Fy(0) (10) 


where, f(y) = My[D&+n(t) + tia + \i(t)] + Vp(v, 8) ba + DOM H(t) + 
An(t)] be non-linear dynamics part comprises of two factors as f(y) = 
fly) + f(y) in which ti (y) is known dynamic part of the system 
and f(y) is uncertain part of the dynamic system. For approximat- 
ing this non-linear function f(y), radial basis function neural net- 
works ( RBFNN) has been utilized. The input vector y during ap- 
proximation of non-linear function f(y) by RBFNN is choosen as 
y= no De ae 
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3.2 RBFNN 


Due to the adaptive nature of RBFNN [28], it is utilized to reproduce 
the non-linear part of the manipulator’s dynamics. Let the function 
approximation on a simply connected compact set of the continuous 
function f(y) be 

f(y) =W*E(y) + ely) (11) 


where, W € R%*° demonstrates weight matrix, it will update on- 
line in an adaptive manner, €(-): R — R™ denotes predefine basis 
array, €(y): R — R° denotes reconstruction error, N denotes the 
no. of nodes used in the structure of neural-networks. So, we have 
lle(y)\|<en for some €y>0. 
For larger values of N, e(y) may be reduced to very small value. 
In the structure of RBFNN, the Gaussian function €(y) [29], has 
been used which is given as 
2 

&(y) = exp( ah), 6=1,2...N. (12) 
Putting the value of function f(y) from (11) into (10). then, the 
reduced error dynamical equation be given by 


MyS = —V;S— P?’r + WTE(y) +e(y) + 7ya+ Fy(b) (13) 


3.3. Adaptive bound 


From assumptions 1,2 and the upper bound €y, we have 
II7¢a + Fy) + €(y)|| < a1 + Gallo] + a3 + ew (14) 


As an adaptive bound, define ps = a1 + ag||0|| + a3 + En 


p= [1 [fol] 11] [ar az a3 ew)” = HT (\lall)o (15) 


where H € R™ is known vector function and ¢ € R™ be the param- 
eter vector. 

To compensate the influence of friction, reconstruction error, and 
disturbances, the adaptive compensator is chosen as 


jes 


= AST +6 ne) 


xX 
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where 6 = —66, 6(0) > 0,8 >0and f= H™¢. 
The control input law is offered as follows to reach the reference 
trajectory 


with K,, Ky as gain matrices and t = [71,72]? € R? 
Using equation (17), the reduced dynamics equation in form of slid- 
ing variable S(t) can be given as 


MsS = -V;S+W7E(y) — KiS — Kosign(S) + €(y) + 77a + Fy (0) — x 


- : (18) 
where W =W —W 
4 Stability analysis 
4.1 Asymptotical convergence of tracking error and 
boundedness of signals 
If we select the update laws for varying parameters as: 
W = AyE(y)S? (19) 
$= AgH||S| (20) 


where A, = AZ € RN*% and Ag = AR € R™*™ are positive-definite 
matrices. Then, the trajectory tracking error asymptotically con- 
verges to zero along with the boundedness of signals. 

Proof: Let the Lyapunov function be 


Dita aces oe, eee - 
ie 59) M;S - 5tr(Wh AW) + 5tr(¢" Ag) + : (21) 


where W =W-—W andd=¢-4. 
Differentiating equation (21), we get 


1 as — : ~ 47% ~ = r) 
L= 55 MyS + 87 MysS + tr(W7 AW) + tr(g7 A5*d) + 3 (22) 
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Putting equation (18) into equation (22) with W = —-W,¢ = —4, 
and 6 = —(0, we get 


i =55" (My — 2V;)8 + STWTE(y) — STS + Kasign(S)) + STF, 


a2 . : 
: = pes TT j—-117 iT ,-13 
0) + e(y) + Tra) — ———) -tr(W* A, W) —- tr(¢’ AZo) — 6 
(23) 
From equations (19), (20), and property 2, equation (23) can be 
written as 
L =— 87(K,S + Kysign(S)) + S7(F,(v) + €(y) + Ta) — Ele 
Pane / All| +6 
go H\\S|| — 4 
(24) 
Using adaptive bound p, we get 
ST (Fy(b) + €(y) + Ta) < H™(b + B)I1S|| (25) 
From (25), we have equation (24) as 
: T A\2 2 . 
Pees RRS Kinyo OEE a isi =s 
AH? 6||S|| +6 
(26) 
T A 2 
pe soto ON ee 
H™4\|S|| +6 AH? 4||S|| +6 
(27) 
LesS kiS-< Kya \(5|? (28) 


where Kymin be the min. eigenvalue of matrix Ky. 

So, it is concluded that L,(S(0), W, @) and L1(S(t),W,¢) are both 
bounded functions with L,(S(¢),W,@) as non-increasing function . 
Thus, it has been shown that S(t), W, and ¢ are all bounded. As 
S(t) is function of location and velocity tracking error, so bounded 
value of S(t) leads to the boundedness of these tracking errors. 


Differentiating equation (28), we have L < —2S7K,S. As S(t) and 
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S(t) (Equation (18)) are both bounded implies L, is also bounded, 
that means L, is uniformly continuous. Using to Barbalat’s lemma, 
the position tracking errors approaches to zero in an asymptotic 
manner. 


5 Simulation 


To show the effecient performance of the designed controller, a sim- 
ulation study is carried out on a nonholonomic mobile robot. The 
dynamic structure and parameters used in this study for position 
tracking problem of nonholonomic mobile robot is given in . The 
non-holonomic constraint applied on mobile robot system is con- 
sidered as: —a sin(@) + ycos(@) = 0. The simulation study on non- 
holonomic mobile robot is carried out using Matlab. ODE45 Matlab 
solver is utilized to solve ordinary differential equation. For calculat- 
ing fractional order derivative, definition of Grunwald-Letnikov(GL) 
derivative has been used. 

To show the effectiveness and robustness of the proposed control 
scheme, the performance of the proposed control scheme is compared 
with the existing controller given in article [32], proposed controller 
by taking adaptive compensator is equal to zero and with desired 
trajectory. Figures 1-6 show how well the suggested control tech- 
nique for a nonholonomic mobile robot system works. Figures 1 and 
2 compare the location and velocity tracking errors of the proposed 
controller. These data demonstrate that the trajectory tracking er- 
rors for the proposed control method converge rapidly when com- 
pared to the existing controller. The location tracking performance 
is displayed in Figures 3 and 4. In the second case 72.e. proposed 
controller with A = 0, due to the presence of the disturbances and 
reconstruction error, there is some fluctuations during the tracking of 
reference trajectory but the performance of the proposed controller 
is very smooth that shows the robustness of the proposed controll 
approach. These Figures shows that the dynamic system tracks the 
desired trajectory very efficiently for the proposed case as compare 
to the other two cases. In Figures 5 and 6, velocity tracking perfor- 
mance is given that shows in the initial phase, the velocity of the 
mobile robot system fluctuates but after a very small duration, it 
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tracks the reference velocity very smoothly for the proposed ap- 
proach while for other two cases, the trajectory achieve after some 
time. From these figures, We get to the conclusion that the proposed 
controller precisely and quickly tracks the reference trajectory in a 
robust manner. 

Further to compare the performance of controllers statistically, L? 
norm error analysis is presented in tabular form by comparing these 
parameters with existing controllers. Formula used for L? norm is 


given as 
2 1 f 
Pn = / In(t) 2a (29) 
tf a to to 


Table 1. L?-norm of position tracking error 


Controllers L? Ini] L? [ng] 
Existing controller [32] 0.1548 0.2180 
Proposed controller with A = 0 0.0997 0.0696 
Proposed Controller 0.0100 0.0150 


A lower value of L*[7] shows a lower tracking error, which demon- 
strates the effectiveness of the control strategy. 


6 Conclusions 


In this article, a neural network based fractional-order sliding mode 
controller is designed for the trajectory tracking problem of non- 
holonomic mobile robots. In the designed controller, RBFNN is used 
for approximation of the nonlinear part of dynamic structure, and 
an exponential reaching law is adopted. An adaptive compensator 
makes up for reconstruction error and disturbance upper limits. In 
order to analyze the convergence of tracking errors asymptotically, 
the Lyapunov stability criterion and Barbalat’s lemma are used. To 
show the effectiveness and robustness of the presented controller, a 
simulation study is carried out in a comparative manner. It can be 
evident from the simulated data and statistical analysis that the ef- 
ficiency of the proposed controller is enhanced. Further this control 
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approach can be implemented to another dynamical systems such 
as mobile manipulator systems, cart-pendulum systems, constrained 
reconfigurable dynamical systems ect. 
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Abstract 


Mathematical models are being used to investigate the dynamics of disease 
dissemination, forecast future trends, and access the most effective preventative 
measures to minimise the extent of epidemic outbreaks. This study formulates an 
eight compartmental epidemiological model to analyze the COVID-19 dynamics. 
The stability analysis of infection-free equilibrium is performed. The parameters are 
estimated by fitting this model to reported confirmed COVID-19 cases in India for 
350 days. Sensitivity analysis is executed to identify the most sensitive parameters 
in this model. An optimal control analysis for India is implemented by incorporating 
four controls: 1) Public awareness initiatives using the media and civic society 
to persuade uninfected people not to interact with infected ones, 2) the effort of 
vaccinating susceptible individuals by supposing all of the susceptible people who 
got their vaccination are promptly moved to the recovered class 3) encouraging 
those who are infected with COVID-19 disease to stay at home or join in quarantine 
centres, as well as encouraging the severe cases admit in the hospital. The results 
are demonstrated that employing all four control measures significantly reduced the 
proportion of COVID-19 infections. 


Keywords: : Mathematical model, Stability analysis, Sensitivity analysis, optimal con- 
trol. 
Subject Classification: 92D30, 37N25, 34D20, 49J15. 


1 Introduction 


The most current and dangerous virus is COVID-19, a new coronavirus that initially 
emerged in early 2020 and is still uncontrolled. Although the first cases are found on 
31 December, 2019, in Wuhan, China, the disease’s biological origin has not yet been 
fully determined. Later, the WHO designated the novel coronavirus disease as COVID- 
19 [i]. On January 30, 2020, the WHO is declared the outbreak a significant global 
public concern. The COVID-19 pandemic, which is now the major public health issue 
confronting the world after the Second World War, has already reached 767,972,961 
infected cases and more than 6,950,655 fatalities as of July 12, 2023 [2]. Numerous 
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studies demonstrate that COVID-19 may have been a zoonotic (transmitted from animal 
to human). The significant increase in COVID-19 cases also highlights the crucial fact 
that secondary dissemination occurs from person to person through direct contact or via 
particles of the virus dispersed by an infected person’s coughing or sneezing. 
Mathematical models are used to analyze the dissemination dynamics of epidemic 
infections with appropriate structures. Among the various models used in the study of 
epidemic diseases, compartmental models are widely used for the disease dissemination 
dynamics by subdividing into several compartments based on the need of the investiga- 
tion [3]. Nowadays researchers prefer the compartmental models for their controllable 
and simple nature. An overview of several compartmental models is given in [4]. By 
applying a classical SIR, (Susceptible, Infected, Recovered) model to various lockdown 
situations, Bagal et al. [5] are provided a complete study on COVID-19 spread in lock- 
down periods. Anand et al [6] are predicted the COVID-19 dissemination in India using 
the SIR model by considering isolation and testing parameters. This study also analyses 
the effects of lockdown before and after an rising the COVID-19 cases. At the beginning 
of the pandemic, the data shown that some infected populations, who has not show any 
symptoms have capable to spread COVID-19. These individuals are corresponding to the 
asymptomatic class. The asymptomatic individuals become symptomatic on an average 
period of three [7]. Similarly, a mathematical model [8] containing 22 compartments 
was introduced which related to susceptible, exposed, asymptomatic, pre-symptomatic, 
mildly symptomatic, severely symptomatic, detected, undetected, hospitalized, critical, 
recovered, dead compartments, etc. These extended models are accurate in defining the 
process of reality but they could not find perfect values for unknown parameters [9]. In 
recent years, the researchers are adopted various mathematical modeling approaches us- 
ing real incidence datasets (especially in the case of COVID-19) with different parameters 
of the outbreak throughout the world. The concept of optimal control [10], transmis- 
sible illnesses must be controlled by giving appropriate dosages at the proper times for 
preventative measures. In contrast, mathematical modelling of transmissible illnesses 
has shown that the combination of vaccination, isolation, hospitalisation, and awareness 
campaigns are required to completely eradicate transmissible illnesses. The implemen- 
tation of non-pharmaceutical intervention techniques can be a crucial factor in lowering 
the prevalence of infected populations. Investigating the dissemination of COVID-19 
using the theory of optimum control techniques, Silva et al are demonstrated that 
the diseases require optimal doses to be controlled. Mondal et al are examined the 
COVID-19 disease dissemination dynamics employing vaccination as a control factor. 
Dupey et al. [82] devised an effective computer technique called the Sumudu residual 
power series method for solving fractional Bloch equations arising in NMR flow. Alshehri 
et al [33] apply the local fractional natural homotopy perturbation technique to solve 
specific local fractional partial differential equations with fractal beginning conditions 
that arise in the physical sciences within the fractal domain. Dupey et al. have con- 
structed a mathematical model for hepatitis E that incorporates a fractional derivative to 
describe the viral dynamics. Dupey et al. [34] are constructed a model to analyzed using 
a combination of semi-analytical techniques, including homotopy polynomial equations 
as well as the Sumudu transform method. Dupey et al.[35] investigated a fractional order 
model of the phytoplankton-toxic phytoplankton-zooplankton system using the Caputo 
fractional derivative. They employed three computational methods to investigate this 
model: the residual power series method, the homotopy perturbation Sumudu transform 
method, and the homotopy analysis Sumudu transform method. Dupey et al. [86] have 
created a fractional model that describes the changes in atmospheric CO2 content. They 
explored this model using a combination of a semi-analytical homotopy scheme, Sumudu 
transform, and homotopy polynomials. Devendra et al. devised a hybrid local frac- 
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Figure 1: Flow chart of SEAIJHRD model. 


tional method for solving certain local fractional partial differential equations. Fractal 
models can be effectively represented by local fractional derivatives in partial differential 
equations. 

In this study, we are developed a deterministic mathematical model with eight 
compartments to analyse the COVID-19 dissemination dynamics in India. This model 
extends to optimal control approach incorporating three distinct control strategies to 
lower the COVID-19 dissemination. The rest of the article structured as follows: a 
full explanation of the model formulation is provided in Section [2] The stability analysis 
of the infection equilibrium is performed and the fundamental reproduction number 
is determined in Section 3} The model calibration, sensitivity analysis, and effect of 
parameters on infected classes are performed in Section [4] The optimal control technique 
with four distinct controls and their numerical simulations are discussed in Section[5] The 
final section [6]ends with conclusion. 


2 Model formulation 


In this study we formulate a deterministic mathematical model with eight compart- 
ments to analyze the dissemination dynamics of COVID-19. The total population N(t) 
in this model divided into Susceptible population (S(t)), Exposed population (E(t)), 
Asymptomatic infected population (A(t)), Symptomatic infected population (I(t)), iso- 
lated population (J(¢)), Hospitalized population (H(t)), Recovered population (R(t)) 
and Deceased population (D(t)). Then 
N (t) =S (t) + E(t) + A (t) + I(t) + J (t) + H(t) + R (t)4+D(t). 

Dynamics of susceptible population S(t): A susceptible population are those who 
is at risk of becoming infected by a virus after moving closed with the infected person. 
This population increased by a constant inflow rate 7 and diminished by a natural mor- 
tality rate yw. In this case BC, and 8¢, denote the dissemination coefficients of susceptible 
to asymptomatic and symptomatic populations where ¢, and ¢, adjustment factors for 
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asymptomatic infected and symptomatic infected populations. So the susceptible popu- 
lation decreases at the rates 8¢, and §¢, respectively. The rate of change of susceptible 
population can be expressed as 

a i B(CaA + C51) 2 — ps. 

Dynamics of exposed population E(t): It is the group of people who have been 
exposed to COVID-19 but have not yet exhibited any symptoms. As a result of the 
susceptible individuals exposure to infection, this population grows. At a rate of w, a 
portion 6 of the exposed population moves to the asymptomatic population (A) and the 
remaining portion (1 — 6) moves to the symptomatic infected population (I). So the ex- 
posed population decreases at rate w and also it reduces by yw. Hence the rate of change 
of exposed population is represented as 

dE — B(CA+ C1)S — (w+ pb. 

Dynamics of asymptomatic infected population A(t): Asymptomatic infected 
individuals are those who exposed to the virus but does not shows any symptoms. Since 
the exposed population transition to the asymptomatic population at the rate w by a 
constant proportion 6, this population grows at a portion Ow. Since some individuals of 
the asymptomatic population are recovered themselves at rate Yq while others become 
symptomatic at rate e by exhibiting symptoms, this population reduces at rates yq and 
e. This population also diminishes by natural death rate . So the rate of change of 
asymptomatic population is defined by 

TA = 0wE —(€+7a+p)A. 

Dynamics of symptomatic infected population I(t): Symptomatic infected indi- 
viduals are those who exposed to COVID-19 virus and are able to spread the disease are 
considered to be symptomatic. This population grows at the rate (1 — @) because the 
constant portion (1—0)w of exposed population exhibits symptomatic at rate w. Due to 
some of this population being isolation at a rate A, of and some other population being 
hospitalised at a rate 7, because of severe illness, this symptomatic population decreases 
by A, and 7, rates. Since some of asymptomatic populations exhibits symptoms at the 
rate €, the symptomatic individuals decreases at rate «. Also this population diminishes 
by both symptomatic individuals death rate 4, and natural death rate yw. As results the 
rate of change of symptomatic population is stated as 

a — (1-0)wE+eA—(Astns tus + wl. 

Dynamics of isolated population J(t): Infected population who are join in isolation 
centers or placed in self-isolation comprise the isolated population. Since some of symp- 
tomatic infected individuals are joined in isolation centers at a rate A,, this population 
increases by the rate \,. As some of these isolated individuals recovered at a rate y; and 
some are joined in hospitals at the rate 7; due to severe illness, this population decreases 
at the rates y; and 7;. This population also decreases by natural mortality rate pz. So 
that, the rate of change in the isolated population can be represented by 

4f — I — (nj +7; +h). 

Dynamics of hospitalization population H(t): The hospitalized individuals are 
those who have developed COVID-19 clinical symptoms and are admitted to the hos- 
pital for treatment. Due to severity of illness some of symptomatic infected population 
and some of isolation population are hospitalized at the rates 7, and 7;. So that this 
population enhanced by the rates 7, and 7;. Since some of this population recovered 
at the rate y, while other some of this population died at the rate yp, this population 
decreases by the rates 7, and f,.The rate of natural death py also diminished their pop- 
ulation. Hence the rate of change of hospitalized population can be articulated as 

Ge = Nel +I — (nt un tu )H. 

Dynamics of recovered population R(t): These are the individuals who have cured 
from the asymptomatic infected, isolated, and hospitalized populations. Since some of 


93 Rao et al 90-108 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 33, NO. 1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC 


the individuals from asymptomatic infected, isolation, and hospitalized populations are 
recovered from COVID-19 at the rates ya, yj and yp, this population grows by the rates 
Ya, Yj and yz. This population also reduces by natural mortality rate w. Thus the rate 
of change of recovered population can be represented as 

ue = VaA+yjJ +H — pR. 

Dynamics of deceased population D(t): These are the individuals who died at 
severeness of COVID-19 disease. This population increases at the mortality rate uu, of 
symptomatic infected individuals and at the mortality rate ju, of hospitalised individu- 
als. Hence the rate of change of deceased population is defined as 


ee = Usl + pn. 


Using all of the aforementioned biological hypotheses, we provide a graphical depic- 
tion of the proposed model in Figure [1] and then the model is governed by the following 
eight nonlinear system of differential equations as follows : 


dS s 

dt =T7 B(GaA T Cs!) ps, 
dE S 

FT AGA + GD — (w+ WE, 
dA 

GE = OWE —(€+74a+u)A, 

dI 

Gm (1 - OWE + eA (As + me + ts + WL, 
dJ 

Ewe — (m+ + ws, 

dH 

a nol + 73J — (Yn + bn t+ B)A, 
dR 

a YaA+ VJ + nH — ph, 

dD 


— =pu,1 H. 
a + Lh, 


(1) 
with the primary conditions 
S(0) > 0, £0) > 0, A(0) > 0, 1(0) > 0, .7(0) > 0, H(0) > 0, RO) > 0,&D(0) > 0. (2) 


The information of the various parameters used in the proposed model are listed in 


Table 


3 SEAIJHRD model analysis 


3.1 Positivity and boundedness 


Theorem 1. For t > 0, all the solutions (S(t), E(t), A(t), I(t), J(t), H(t), R(t), D(t)) € 
R. of the system with primary conditions are non-negative and uniformly bounded 
in the specified region Q. 


Proof. Let (S(t), E(t), A(t), I(t), J(t), H(t), R(t), D(t)) € R4. be a solution of system 
for t € [0, to], where to > 0. 
From the first equation of (1), we get 


dS (At Col)& — US = 7 — O(t)S, where ®(t) = B(CoA + Col) +p. 
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Table 1: Complete depiction of model parameters of the SEAIJHRD model. 


Parameter Description Value Source 
T Net inflow of susceptible population varies - 
0 Proportion of exposed population 0.7 
Ww Conversion rate from exposed to infected population 0.4 14) 
Gas Adjustment factor for asymptomatic infected population 0.3 [16] 
Cy Adjustment factor for symptomatic infected population 0.4 [T7] 
B Infection dissemination rate 0.5313 Estimated 
€ The transition rate of asymptomatic infected individuals 0.0168 [18] 
to symptomatic infected individuals 
Xs Isolation rate from symptomatic infected population 0.0828 
"Ns Hospitalization rate of symptomatic infected population 0.0094 Estimated 
nj Hospitalization rate of isolated population 0.1125 Estimated 
Ya Recovery rate of asymptomatic population 0.1302 [20] 
Vy Recovery rate of isolated population 0.017 
Vh Recovery rate of hospitalized population 0.07048 
Ls Mortality rate of symptomatic infected population 0.00001945 = [23] 
Lh Mortality rate of hospitalization population 0.00001945 [23] 
Lb Natural death rate 0.0000391 = [24] 


Following integration, we obtain 

S(t) = So exp (- i. ®(s) ds) +7 exp (- i ®(s) ds) i eSo Pu) du dg > 0, 
From the second equation of (i), we have 

Ge = (CAt GLH —(W+ WE > -w+He, 

which leads to E(t) = Eo exp(— i (w + ps) ds) > 0. 

The third equation of gives 

G4 = OwE — (vate + mA>-(Yatet+ uA, 

which implies to A(t) = Ap exp(— INGE +e+p)ds)>0. 

Similarly we can prove that from remaining equations of (i), I(t) > 0, J(t) > 0, H(t) > 0, 
R(t) > 0 and D(t) > 0. 

We now establish the system solutions’ boundedness. 

consider the total populationN =S+HE+A+I4+J+H+R+D. 

Taking the differentiation of above equation and using (1), we get ue =7—- LN, 
which leads to N(t) = N(0)e~#* + ate er), 

Hence N(t) < ok N(0) < i 

Consequently if N(0) > ie then N(t) approaches to a and the amount of infections in E, 
A, I, J and H shall be zero as t + oo. 

ThereforeS+H+A+I/+4+J+H+R+D< if 

Hence all solution trajectories (S, E, A, I, J, H, R, D) are uniformly bounded in the region 
0 = {(S,E,A,I,J,H,R,D)e R§:S+E+A+I+J+H+R4+D< atk 


3.2 Infection-free equilibrium and fundamental reproduction 
number 


The first seven equations in system are independent of the final equation, so it can 
be eliminated. By equating the right-hand side of the system of equations to zero 
and then using EH = A = I = J = H = 0, the infection-free equilibrium (E°) of the 
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model system is obtained. Therefore E° = (f, 0,0, 0,0, 0,0). 

One of the most important measures in contagious diseases is the fundamental 
reproduction number Ao. It is defined as the average number of secondary cases that 
would be generated by a primary infected individual in an entire susceptible population. 
The total number of infected cases will rise if Ro > 1, as it would at the beginning of 
an epidemic. Where Ro = 1, the illness is endemic, and if Ro < 1, the total number of 
cases will decrease. Through the next generation matrix method [25] 26], we determine 
the fundamental reproduction number Ro as follows: 


Bla + Bls (wW+WE 
Fa 0 and Y = —OwE + (e+ 7a+ pA 
The Jacobian matrices of F and Y at E° are expressed as 

0 Bla BCs w + pL 0 0 
F={0 0O 0 )&V= —0w €+ Ya + fb 0 

0 O 0 —(1-60)w —€ As +s + Ms + 


The fundamental reproduction number, the largest eigen value of the matrix FV~! is 


= OwBGa BCs[(e+¥atH)(1—-0)w+Owe] 
>t ea ten. i) 


Theorem 2. Jf Ry < 1 then the infection-free equilibrium E® = (7,0, 0, 0, 0, 0, 0) is 
locally asymptotically stable (LAS). 


Proof. The variation matrix corresponding to the system at E° is 


J( £0) = 

—H 0 — Bla — Bs 0 0 0 
0 wtp Bla BCs 0 0 0 
0 0 —(€+ Ya +H) 0 0 0 0 
0 Ow € —(As + 1s + Ms + 1) 0 0 0 
0 (1-4)w 0 As —(nj +5 +) 0 0 
0 0 0 Ns ny —(Yht+un+p) 0 
0 0 Ya 0 V5 Vh Hb 


The characteristic equation | Jgo — AI |= 0 is represented by 

(A+ (nj +75 +A + Yn + Ba + KOA + BPO? + ar? + a2d + az) = 0, 
where ay = (€ + 7a +p) + As +s + Us +h) + (wtp), 

ag = ((e+7a tH) +AstististH))(wt pe) + (E+ Yat M)As tis + ls +H) — (OwBCa + 
(1 — @)w8¢s), and 

a3 = (E+ 7a t+ M)As +s + Us + H)(w + w)(1 — Ro). 

There are seven eigenvalues, among that the first four values are —y, -p, -(n; +7; + 4), 
-(Yn + Un + w) and the remaining three eigen values are cube roots of an equation 
(3 + ayd7 + a2 + a3) = 0. 

Routh—Hurwitz Criteria asserts that theE® is LAS if a; > 0,a2 > 0,a3 > 0 and a,az > 
a3. 

Clearly a; > 0 and ag > 0. 

a3 = (€ r Yat L)(As Fs + Us 4 b)(w ore Ro) > 0 and 

a1a2—a3 = (E+ Yatp)+(Astististe)+(w+pe) (e+ ya tH) +AstnstHstH))(w+p) 
+ (€+ Ya + B)(As + 1s + Ms + 1) — (OwBCa + (1 — O)wBCs) — (€+ Ya + M)(As + 1s + Us + 
b)(w + u)(1— Ro) > Oif Ro <1. 
Hence F° is LAS if Ro < 1. 


96 Rao et al 90-108 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 33, NO. 1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC 


Theorem 3. The infection free equilibrium E° = (7,0, 0, 0, 0, 0, 0) of system is 
globally asymptotic stable (GAS) if Ro < 1. 


Proof. Based on equation (1), it is evident that S and R represent classes that are free 
from infection, while E, A, I, J, and H represent classes that are infected. Therefore 
can be expressed as 
a = U(X,Y), 
a¥ = V(X,Y), V(X,0) =0, 
where X = (5, R) € Ro denotes the disinfected population and Y = (£,A,I, J, H) € Ri 
represents the infected population. 
Thus E° = (X*,0) identified as the infection free equilibrium of system (ip. 
For the model (1), U(X, Y ) and V(X, Y ) are described as follows: 
ee 
' S OwE — (€+ 7a + bb 
U(X, Y)= (“ ace eee - & V(X, ¥)=| (1-OwE+eA—(Ay ++ he + wT 
Rea ce Wes he Asl = (nj +5 + H)T 
nel + 1gF — (Yn + Un +H) 
From the expression V(X, Y), easily show that V(X, 0) = 0 
To prove that E° is GAS, we verify the following two conditions 
(1). 4* = U(X,0) where X* is GAS. 
(II). V(X,Y) = KY —V(X,Y), V(X,Y) > 0, for (X,Y) € 
where K = Dy V(X*,0) is M- Matrix in the region 2. 
The deterministic model system stated in (I) can be expressed as 


(i Tr — pS 


a \R)~ \ —pR )’ 

=> S(t) = % + (S(0) — nee and R(t) = R(O0)e" 
As t + 00, S(t) = § and R(0) =0. 

Thus X* is GAS for 4“ = U(X,0) and hence the first condition (I) is satisfied for 
system (ip. 


Now the matrices K and V(X,Y) of model system can be expressed as K = 


—(wt pH) Ba BCs 0 0 
Ow —(€+%a + Ua +L) 0 0 0 
(1 —0)w € —(As + 5 + fs + 1) 0 0 
0 0 Xs —(nj +75 +) 0 
0 0 Ns yj —(%n ale Lh + 7) 
A GAI=) +Gl——) 
0 
& V(X,Y) = 0 
0 
0 


Since all non-diagonal elements of matrix K are non-negative, K is M- matrix and as 
S(t) < N(t), V(X, Y) > 0 for all (X,Y) €Q. 
Thus the (II) condition is satisfied. 


Hence E° is GAS for Ro < 1. 
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Figure 2: Model fitting based on reported data. 


4 Numerical simulation 


4.1 Model calibration 


In this section, the model (1) fits to confirmed COVID -19 cases for all over India 
acquired from official site COVID-19 India API (Application Programming Interface) 
[27] in time period between January 30, 2020, and January 12, 2021. The parameter 
values 6, 7, and n; are estimated by minimizing the sum of squared error (SSE) method 
(Isqnonlin function) in MATLAB. We minimize the sum of squared error (SSE) as SSE = 
ry ((Z(t) — ZW). : 
where Z(t) denotes the reported COVID-19 confirmed cases while Z(t) signifies the model 
(1) output respectively. The estimated parameter values and other fixed parameter values 
obtained from the literature are listed in Table[I] Figure [2|illustrates that the model fit 
with the daily COVID-19 confirmed cases in India. The model solution is represented 
by red circles, while the reported data is shown by a blue dotted line. 


4.2 Sensitivity analysis 


Sensitivity analysis performance is very important in detecting the influence of dif- 
ferent parameters in the spreading of the coronavirus. This method is very useful for 
discerning the increase and decrease in the Ro value with respect to different parame- 
ters. A complete report of dengue fever sensitivity is executed in [28]. The sensitivity 
of parameters defines whether the contagious diseases will spread throughout the popu- 
lation or not. Through sensitive analysis, we analyze the influence of parameters on the 
model. Whenever parameters are determined, different techniques can be carried out for 
attaining excellent results. Through the normalized forward sensitivity technique [29] a 
for Ro, normalized forward sensitivity index of significant parameter p is determined as 
ph — Cox 2 


The berneted on Ro that has a greater magnitude index is more sensitive. If 
the sensitivity index is positive, Ro grows as the parameter p grows. Similarly if the 
sensitivity index has a negative sign, in which case Ro falls as p grows. Thus, our 
sensitivity analysis yields the parameters ¢,, ¢;, w and @ have positive effect on Ro while 
the parameters 0, 5, 7s; Ya, fs and ps are the negative effect on Rp. Among these 
parameters ¢,, w and @ are more effective on rise of Ro whereas A, and 7, are more 
efficient on fall of Ro. 

Figure [4(a)] indicates the contour Plot of Ro in relation to virus dissemination rate 
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Sensitivity indices 


Parameters 


Figure 3: Sensitivity indices of Ro 
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Figure 4: Contour plots of Ro with respect to parameters (a)(6, 7.) and (b)(G, As). 
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Figure 5: Variations in infected population with respect to parameters (a) (As, 7;) and 
(b) (As, Ms). 


(8) and hospitalization rate (7,) from symptomatic infected population. This plot is 
revealed that whenever the contact rate(/3) decreases and the hospitalization rate(7;) 
increases, the basic reproduction number decreases. Figure indicates the contour 
Plot of Ro in relation to virus dissemination rate (3) and quarantine rate (\,) from 
symptomatic infected populations. This plot is demonstrated that whenever the contact 
rate (G3) decreases and quarantine rate (\,) increases, the Ro value decreases so that the 
spreading of virus decreases. 


4.3. COVID-19 Prevalence changes with significant parameters 


In this section, we analyse the effect of parameters on infected population. Figure [lis 
demonstrated that the infected population reduces when the isolation rate (A;) of symp- 
tomatic infected population and hospitalization rate (7;) of isolated population risen. 
Similarly the disease dissemination will be decreased if both isolation and hospitaliza- 
tion rates of symptomatic infected population increased. 


5 Optimal control 


5.1 Optimal control model 


In the fields of engineering, sciences, and economics, optimal control has major signifi- 
cance. Optimal control is used in detecting parameters that can control definite variables 
to yield the optimum result. By implementing the most effective intervention measures, 
we aim to reduce the number of infected, isolated, and hospitalised individuals. The 
system is extended to optimal control model by including four control variables u, v, 
wy, and wz. The control u involves awareness campaigns in the media and in civil society 
to encourage people to use face masks, sanitation and keep their distance from infected 
people to diminish the spread of disease. The second control v represents the effort of 
vaccinating susceptible individuals by supposing all of the susceptible people who got 
their vaccination are promptly moved to the recovered class. The last two controls w 
and we represent encouraging the asymptomatic infected individuals to join isolation 
and symptomatic infected individuals to join either hospitals or isolated. As a result, w 1 
and w2 are evaluated in comparison to improved medical facilities, such as an increase 
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in beds, ventilators, mobile isolation centres, etc. Therefore the set of four controls is 
defined as 


U = {u,v, WwW), W2 : Lebesgue integral and 0<u,v,wi,we <1, +t € [0,T}}. 


Taking into account all of the aforementioned presumptions, the formulated optimal 
control model is 


ds Ss 
O =m (1— ul) BGA + GL) — nS — vit)5, 
dE Ss 
ee sf ee E 
T= A MDOATGDS — Wt WE, 
dA 
i. OwE — (€+ 7a + WA wyi(t)A, 
dl 
a (1—O0)wEH+¢€A—(A, +5 + Us + p)I — wo(t)I, 
dJ 
an wi(t)A + Asl — (nj +5 + B)I + pwolt)l, 
dH 
Ge Met + 9 F — (On + Ma + WH + (1 — p)wa(t)d, 
dR 
ae = VA + VI + Wn = LR + v(t)S, 
dD 
— = pigl A. 
dt Ls + Uh 
(3) 
For the fixed T, the objective functional is presented by 
= i 
z=] (Ci A+ Col + C3J + CiH 4 5 (C5u” + Cev? + Crw? + Caw) dt. 
0 
(4) 


Here C1, Co, C3, C4, C5, Ce, C7 and Cg are non negative weight constants. 
The objective is to determine the control variables u*, v*, wf and w> such that 


T(u*,u*, wy, ws) = min J(u,v, Wy, We). 
U,v,W1,Ww2EU 


The Lagrangian of this model is 

L(S,E,A,I,J,H, R, D, u(t), v(t), wi(t), w2(t)) = C1 A + Col + C3J + Cx + 3 (Csu? + 
Cov? + Crw? + Cgw32). 

For this problem, the Hamiltonian function H is defined as 

H = CiA+C2I+C3J+C1H + $(Csu? + Cov? + Cpu? + Caw3) +18 + ro +344 
MG 4 A534 + re + Ap Age. 

where A; for i = 1,2,3,...8 are the adjoint variables. 


Theorem 4. If the couple (S*, E*, A*, I*, J*, H*, R*, D*) is solutions of the system 
that minimizes the objective functional with relation to optimal controls u*(t), 
u*(t), wi, ws © U, then there are adjoint variables A; for i =1,2,8,...8 satisfies the 
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canonical equations: 


OH. 1 
N= Hg = Ar — A2)BO — u) (Ga + Cal) aq + Ar — Av)u + AnH, 
0 
N= = hy i On ge 
rs) aS 
Ny = R= 01 + On — a) 81 — WE + (05 — Made t (As — As) + ds — Ar a + Ast 
OH. 3 
Ny = — SE = 02 + On — 22) BCL — WBS + (dg — Ag)Ae + a — Aa) ne + 2) 
+(A6 = As) pw + (v4 _ A7) [Ls + Ap, 
OH. 
3 = a7 = C3 + (As — As)ng + (As — Ar) yy + HAs, 
OH. 
Ay = ae —C4 + (As — Az) Yn + (As — As) ia + BA6, 
OH. 
“i = pony aeeanet 
Az —_ OR MAz, 
OH. 
/ a ee ee 


with the transversality conditions at time T: ;(T) = 0, for all i=1,2,3,...,8. Furthermore 
the corresponding optimal controls u*(t), u*(t), wy (t) and w(t) are given by 

u*(t) = min{1,max(0, NG; (Ar — A2)6S(GaA + C51))}, 

v*(t) = min{1, max(0, Cr 1 ((X; — A7)S))}, 

w;7(t) = min{1, max(0, Gr 1 ((\3 — As) A))}, and 

w3(t) = min{1, max(0, 2 (ra — Ag) + (Ae — As))/)}. 


Proof. We examine the necessary criteria for the control variables using the maximum 
principle of Pontryagin for the system (3). To achieve this, for all t € [0,7], we define 
the Hamiltonian H as 
H= CiA4 Col t C3J 4 C,H t 5(Csu? + Cgv? + Crwi + Cgw2) + Ai (a — (1 — 

u(t) B(CaA+ 6.1) & — pS —v(t)S) + do((1—u(t)) BoA +661) S — (w+ p)E) +3 (OE — 
(E+ 4a tm)A—wi(t)A)+A4((1-0)wH+€A—(Astns ths +p) —we(t)l) +A5(wi(t) A+ 
Asl — (nj +97 + Wd + pwe(t)l) + A6b(nsl + ny J — (Yn + bn + WH + (1 — p)we(t)D) + 
Ar (aA + Y3F + Yn — wR + v(t)S) + Ag(usl + und). 
Because of maximum principle of Pontryagin [0], there are co-states A, AS, Ay... AB 
that smyne the ibs canonical edveions 


= = — _ OH a — _ OH 
N= — 9B 2 = — 3B MG = Fa = Gt Ng = 35. 
with transversality conditions ;(T) = 0, for all i=1,2,3,...,8. 
Now we get the optimal controls by using the optimal condition, gH = 0, a = 0, 
= = 0 and gH =0. 


= Cy + BGA + GDS — alGaA+ GDH =0 
Then U= PS Ce At) (4 : 2) at u=u"*. 
= Cgv = ALS + A7)S = 
The v= ae (Ar — A7)S ee v=v*. 
oH = enna 3A +54 = 
Then w, = a (As —A5)A at wy = wy. 
a = Caw — (Aa — Aw) I — (As — As) pl = 0. 
Then w2 = Ze ((A4 — Xe) + p(Ae — As))L at wr = ws. 
By taking the bounds for u(t), v(t), wi(¢) and w(t), we characterize the optimal controls: 
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oO 
2 
a 
S 
c 
| 
- 
bo 
~—S’ 
D 
= 
I~ 
a 
aN 
+ 
%e 
— 
<< 
nae 


u*(t) = min{1, max 
o*(t) = min{1, max 
i(t) = min{1, max(0, 

$(t) = min{1, max(0, + 


5.2 Optimal control model simulation 


The model simulation is carried out in MATLAB during the time interval [0,400] using 
the model parameters listed in Table[I] The optimality system is solved by an iterative 
method. The extended system (3) is computed by using forward difference approximation 
[31] and then the adjoint system is calculated by using backward difference approxima- 
tion. Choose Cy = 1, Co = 1, C3 = 1, Cy = 1, Cs = 40, Cg = 50, C7 = 55 and Cg = 55 
with the initial conditions $(0) = 1217378052, E(0) = 13000, A(0) = 5,/(0) = 2, J(0) = 
1,H(0) = 1, R(O) = 0 and D(0) = 0. Figure [6] displays that variations in susceptible, 
exposed, asymptomatic infected, symptomatic infected, isolated, hospitalized, recovered 
and deceased populations within and without controls. This Figure is illustrated that 
the infected populations with controls swiftly decreased in comparison to the populations 
without controls, whereas the disinfected populations with controls rapidly increased in 
comparison to the disinfected population without controls. The optimal control variable 
profiles of u(t), v(t), wi(t) and we(t) are shown in Figure [7| From this Figure, it can 
be observed that, in comparison to w(t) and w2(t) controls, the controls u(t) and v(t) 
which related to awareness campaigns and vaccinating of susceptible population must 
be kept at 1 over a longer period of time. Figure [| illustrates the variations in control 
profile related cost for each control increases. This Figure is demonstrated that the time 
needed to maintain these controls at 1 decreases if the cost of each control variables is 
risen. 
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Figure 6: Variations in infected and disinfected populations with and without controls. 
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Figure 7: Optimal control variable profiles u(t), v(t), wi(¢) and we(t). 
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Figure 8: Variations in control variables with respect to relative costs. 
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6 Conclusion 


When precise diagnostic tests or medical facilities were unavailable, compartmental 
epidemiological models helped us understand how epidemic diseases spread and devise 
preventative measures. In this paper, SEAIJHRD model was formulated to observe the 
dissemination dynamics of COVID-19 spread in India. We first established the model’s 
positivity and boundedness, and then, Rp value was determined to be 1.682. The in- 
fection free equilibrium was both LAS and GAS for Ro < 1. By fitting the model to 
reported COVID-19 data, the infection dissemination rate, hospitalization rates of symp- 
tomatic infected and isolated populations were estimated. The sensitive analysis of Ro 
determined that both isolation rate (A,) and hospitalization rate (n,) of symptomatic 
individuals were more effective in reducing Rp. In addition, the proposed model was 
expanded to an optimal control problem by integrating four controls: 1) awareness pro- 
grams through media and civil society that the susceptible population do not interact 
with infected ones 2) vaccination process for susceptible population, and 3) urging the 
infected population to go into isolation or join hospitals. The combination of four con- 
trols had greater impact on reducing the number of infected individuals. Our model 
concludes that vaccination for susceptible individuals, isolation of the infected popula- 
tion, severe disinfection safeguards using, and social distance maintenance were effective 
roles in controlling virus spread in a community and may even eradicate the corona virus 
disease. In future, there will be possible to develop an epidemic model to examine the 
impact of COVID-19 on HIV/AIDS or TB infected individuals. 
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Abstract 


Hundreds of special functions have been employed in applied mathe- 
matics and computing sciences for many centuries due to their outstanding 
features and wide range of applications. When considering the relevance 
of these consequences in the evaluation of generalized integrals, applied 
physics, and many engineering areas, the illustration of image formulas in- 
volving one or more variable special functions is significant under various 
definite integrals. In this paper, it is devoted to study the various inte- 
gral identities involving incomplete Fox-Wright functions and Srivastava’s 
polynomials. It is shown that the integrals of the Fox-Wright functions 
are also the Fox-Wright functions but of greater order. Due to the fact 
that our results are unified, a substantial number of new results can be 
constructed as special instances from our leading results. The results 
obtained in this work are general in nature and very useful in science, 
engineering and finance. 
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1 Introduction and Preliminaries 


Several integral formulas have been established that include variety of special 
functions and play a major role in certain physical problems [21]. Such functions, 
in addition, are frequently connected to a variety of issues in various branches 
of mathematics. Therefore, a notable researcher has produced several integral 
formulas in turning a particular category of special functions [14], for instance 
Nisar et al. [9] evaluated unified integrals associated with the Struve function; 
Suthar et al. [19] evaluated unified integrals associated with the hypergeometric 
function; Choi et al. [2], Choi et al. [3], Menaria et al. [8], Nisar et al. [9], Suthar 
and Habenom [20] established certain integrals involving Bessel type functions. 

In this study, under certain known integrals, we look at the possibility of 
having some new integrals that include incomplete Fox-Wright functions as well 
as family of polynomials. The integral formulas established in the present work 
are very useful to obtain the transformations of various simpler special func- 
tions. The findings from this research are of a generic nature and are extremely 
beneficial in the fields of engineering, economics, and chemical sciences, digital 
signals, image processing, finance and ship target recognition by sonar system 
and radar signals. 

For our ends, we begin by looking back on the preceding incomplete Fox- 
Wright functions (see [18] also), pu and sar with both the p numerator 
and q denominator parameters, introduced by Choi et. al [4]: 


ig) Gah Fess = S y(fi + F124, 2) fa (fj + Fe) 24 
reg | (G;.8; igs 7 > [ji 0 (9; + $;4) a 


(1) 
and 


wy | (f1, 8152); (fy, Fj )a,p} u Sy EE Oil yD) = (Ff; + 352) 26 
pw, | (g;, Bi), ; . d ITs T(g; + 6,0) ral : 


(2) 
where, §;, 6; € R*, f;, g; € C and series converges absolutely Vz € C when 
A=1+4+>%_1 6; — 041 5; > 0 (see [7, 16]). 


The incomplete Fox-Wright functions, pul and pu) fulfill the decompo- 
sition formula given below: 


PUP le] + pUP lel = pValel, (3) 


where, ,Wq[z] is Fox-Wright function [22]. 
Srivastava’s polynomials [15] or broader category of polynomials of index 
n(n = 0,1, 2,...) are described as follows (see [1,13] also): 


[n/m] 
gm = (=n)ms 4 8 4 
n [at] = S- s! n,sU , (4) 
s=0 : 
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where m € Zt and An, (n, s > 0) are real or complex numbers arbitrary con- 
stant. The notations “[.]” and (—n)m, respectively represent greatest integer 
function and Pochhammer symbol. Numerous well-known polynomials are pro- 
vided by Srivastava’s polynomials as special cases for appropriately specializing 
the coefficient A, s. 

The rest of the paper is organized as follows. In section 2 incomplete Fox- 
Wright function and Srivastava polynomial are combined, and various integrals 
like: Oberhettinger type integrals, Lavoie type integral, MacRobert type in- 
tegral and integral defined by Srivastava and Panda have been established. In 
section 3, we develop the particular instances of the main findings by specializing 
the parameters. In section 4, the paper is completed by presenting concluding 
remark of the paper. 


2 Main Results 


In this part, we use some existing integral identities which shall be helpful to 
develop new results involving incomplete Fox-Wright functions, pu” and pu. 


2.1 Integral defined by Srivastava and Panda 
Srivastava and Panda [17] defined and studied the following integral 


/ um (uty) du = ey S (5) 
0 


with R(c) > R(w) > 0. 
Theorem 1. [f A, x, 0, 0, 2>0 and R(<) > R(w) > 0, then 


ih ura ‘As v)7S ST lu*(u 4 v) 72] pul) [z u?(u a v)~ 2 \du 
0 


info] (_ 
= y7s ye An, yr) x 
s=0 
py) (fi, 1,2), (w+ sx,¥), (6 wt s(o x), 22 v), 
(F355; ap; 9-2 6 
Gj, Opigs "" (6) 


Proof. To demonstrate the outcome (6), we begin with L.H.S. Let us consider 


r= fw turoys Sm lu%(u tv) 2] pW [zu"(utv) Pldu. (7) 
0 
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Using the definitions (2) and (4) in (7), we obtain 


oo [n/m] 
| ut "Hu tvs Se ( Mme 4, ue (u+u)% 
0 220 Ss. 
r a rie ue x) [fo V(fj + G2) 22 uv (u : y) 22 % 
ras jel T(g; + 6,0) £! 
7 > (=r)ms 4 ST +60) Gol +54 
a. al n,s am = L(g; + 652) 
x ie gr rere A v) 538 du 
0 
7 Sy) (<n) ms 4 co T(fz + $14, x) a2 iNGE + 4) st 
= s! oa 6 jot (gj + G56) a! 
Tiwo+se+ lor (st+so+lQ—w—sx—-l9) Cot s(e—0)40(9—2) . 
x Tot so +0) v , (using (5)) 
[n/m] oo P 
et ge SS SI ps2) S- (fi + sas zr) j=2 (fj + 5j4) 
s=0 2: ¢=0 j=l (gj + 65£) 
. (wt sx + QT (s — wt s(o— x) + (2 — 9) 22 VO-M 
T(¢ + so+ @2) ra , 


Next, using (2) we achieved the desired outcome (6). 


The proof of below theorem is similiar to Theorem 1, so it is claim here 
without proof. 


Theorem 2. If A, x, 0, 0, 2>0 and R(<s) > R(w) > 0, then 


| u™ (ut) S S™[u*(u+v) 2] pum [zu?(u + v)~?]du 
0 


infra (_) 
a ee ae 
s=0 
v™ isd, %), (ar $3260) (oa + slo = 24), 12 =), 
Brea (s + sg, 2), 
(hises 21g 3 zyo-@ | (8) 
(G7 OF) tees 


112 Nishant et al 109-123 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 33, NO. 1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC 


2.2 Oberhettinger type integral 


Oberhettinger [11] gives an integral formula as (see [10] also): 


is url (u +k+ Vib +2ku) ~ du = Ack-s (S) Pie@)Ee e) (9) 


2) Tiwt+s4+)) 


with w,¢ € C and 0 < (w+ @) < (¢ +9). 


Theorem 3. [fA >0, x >0,0>0,a@,5 €C and0 < (w+@) < (¢ +9), then 


| u™ (ut+tk+ Vu? + 2ku) Ss S™[u*] pu [zu”|du 
0 


= (h)-stuj2y7 5 ma, (BY 
a: = s! Mee ND 

py) (fi, 51,2), (Qu + 282, 20), (s —w— sx, =) G9: 85) 2e3 ky? 
ea a (l+a+¢+8x,9),(9;,63)1,¢3 2(3) 


Proof. To demonstrate the outcome (10), we begin with L.H.S. Let us consider 
I= i um (ut kt Vu? + 2ku)~s S™[u*] pw (zu? ]du. (11) 
0 


Using the definitions (2) and (4) in (11), after simplification we obtain 


7 Cnn, P+ Be2) TG +80 

s=0 s! = £=0 cea Tg; + 6;¢) el 

x i] ur textO-ly tk + vu? + 2ku)Sdu 
0 
= SS) (=r)ms 4 ; = P(fi + &f, x) j=2 (jj + 5) e 
a & = j=1 (gj + G52) A 
Byer T(2m + 28x + 200)T (6 — w — sx — LV) 
ae fh ; 
x Ick (5) Tires fe on 00) , (using (9)). 


Next, using (2) we achieved the desired outcome (10). 


The proof of below theorem is similiar to Theorem 3, so it is claim here 
without proof. 
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Theorem 4. [fA >0, x >0,0>0,@,¢ €C and0 < (w+@) < (¢ +9), then 


d, u™ (ut+k+ Vu? + 2ku) Ss S™[u*] pu [zu”|du 


0 


[n/m] Sx 
= a(t) -s(K2)* Yo Umea... (Z) x 


s=0 


su (f1, 51,2), (2 + 28x, 20), (¢ — w — sx, —¥), (f;, Fj )2, 03 z(#)° 
pr2 "qt (l+ma+¢+s,¥), (g;,6;)1,¢3 2 


2.3 Lavoie type integral 


Lavoie [5] gives an integral formula as: 


ig wet (1— ne (1- uj (1- ae du = (5) = (13) 


with 7,¢ € C and R(w), R(<) > 0. 


Theorem 5. [fA >0, #>0,0>0,0>0,2>0, 7,6 €C and R(w), R(s) > 
0, then 


i ye} (1 7 a (1 —u)?s-1 (1 = “i 


oo [n/m] 2sxu 
o\? (—n)ms 2 
=(3) Satan 3) 


(fi, 51,2), (@ + sx, 0), (s+ 80, £2) 3.49539 9.5 7 


(r) z(2 
(ape s(se-+.0), 0 + 2), (G5, 6; )a,45 2 


x pt 2a 


(14) 


Theorem 6. [fA >0, #>0,0>0,0>0,2>0, 7,6 €C and R(w), R(s) > 
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aw [n/m] 2su 
oN? (ares 2 
(3) “arts. (3) 


s=0 


x uw (fi, 81,2), (w+ 8x,¥), (6 + 80, 2), (fj, 53) 2,03 (ee 
Bea (w+ots(%+0),04+2),(9;,8j)1,q; 78 |’ 
(15) 


The proof of above theorems are immediate consequences of definitions (1), 
(2), (4) and (13), hence they are given without proof here. 


2.4 MacRobert type integral 


MacRobert [6] gives an integral formula as: 


1 T(@)I(s) 


1 
w-1(q _ ,,\s-1 — )|-2-S da, = 
i u~~*(1—u)*~* [au + b(1 — u)] du a= Fw +6) 


(16) 


with R(@w), R(s) > 0 and Jul < 1. 
Theorem 7. [fA >0, x>0,0>0,0>0,2> 0, R(w), Ro) > 0 and |u| < 1, 
then 
1 
| u” "(1 — u)*" [au + b(1 — u)|~7-S 
0 


x sm [u%(1 —_— u)? lau + b(1 — eee 
x pu) [z u?(1—u)@ [au + b(1 — uy ?-?] re 
[n/m] 


1 (=n) ms 1 
= A 
a® bs » s! nis as bse 
(T) (fi, 81,2), (w+ 8,0), (6 + 80, 2), (fj, Fj )a,p3 z 
x pp 2g Opa |° (17) 
(a + ¢ 4 s(x 0), 0 2) , (95, 85)1, 43 ss 


Theorem 8. [fA >0, x>0,0>0,0>0,2> 0, R(w), Rs) > 0 and |u| < 1, 


115 Nishant et al 109-123 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 33, NO. 1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC 


then 


| u?1(1 =u) Mau + 6(1 = w))7 2-5 
x Sm [u*(1 — u)?[au + b(1 — u)]~7*-*] 
x pum [zu”(1—u)?[au + b(1— u)J-?-?] du 


[n/m] 
1 (—n)ms 1 
cam An, s 
a™ bs d s! 7” @8% bse 
x vu (fis Sipe), (@ + sw), (6 is e,82)5 (faa 85)oc0 3 z (18) 
Pini (w+o+s(x%+ 0),0 +2), (9;,85)1,¢3 a® b? : 


The proof of above theorems are immediate consequences of definitions (1), 
(2), (4) and (16), hence they are given without proof here. 


3 Particular Cases 


By appropriately specializing the coefficient A,,,, specific special cases of de- 
rived findings can be developed to identify many spectrums of the existing poly- 
nomials. Only two special cases are given here and the remaining we kept for 
interested readers. If we put m = 2 and Ap, = (—1)* in the broad category 


of polynomials (i.e., $2[2] = «”/?H, (se): where H,,(a) is Hermite polyno- 
mial [1,15] ) of above theorems, then we obtain the following respective corol- 
laries. 


Corollary 1. If A, x, 0, J, 2>0 and R(s) > R(w) > 0, then 


ee n n 1 
| urte—ly 4 y)-S- 22H, eS pw zu" (utv)~?]du 
0 2,/u*(u+v)-2 
[n/2] . 
=v Sn! i) yr) x 
s!(n — 2s)! 
s=0 
y@)| (81,2), (@ + 8,0), (6-a@ + s(e— x), 2-9), 
Betas (s+ so, 2), 


(Fj, 87 )2,p3 ay 2 19 
(9), 83)1,43 } me 
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Corollary 2. If A> 0, x, 0, 3, 2>0 and R(s) > R(w) > 0, then 


love) “ 1 
urttxly sty a ———— WO z yu? utv) ?|du 
- (u+v) Taree ee 
{n/2] 


_(=1)* eee) 

n! yil4-@ 

“al > a s!(n — 2s)! n — 2s)! - 

uw) (fi, 81,2), (@+ sx, 9), (¢ -wt+s(o-—x),2-%), 

(ffs 83) 2:73 zyi-2 | (20) 
(g;, 6; )1, q> 

Corollary 3. If A>0, x >0,0>0, ~,>¢ € C and0 < (w+ 3) < (¢ +9), 

then 

[ urte—lutk+ Vu? + 2ku)* Hn os =) pu [zu" |du 

0 2Vu 

[n/2] 


—<¢ w (—1)? k id 
= 2¢(k)~$(k/2) p> Moa (5) x 
awe? (f1, 81,2), (2m + 28x, 28), (c -—w— sx, wy); (F555 )2, p 3 


0 
7 2(§) 
q (l+wt+s+tsx,¥),(9;,6,)1,¢3 ; 


Corollary 4. [f A >0, x >0,0>0, a7,>¢ € C and0 < (w+ 3) < (¢ +9), 
then 


i. umte*l(ytk+ Vu? + 2ku)-s Hy (<= 
0 


yo) [zu”|du 


2Vu =) 
[n/2] Su 
— —<>¢ w > (=1)7 k 


me , | (f1, 1,2), (Qa + 28%, 20), (s —w — sx, —V), Vi, 85)2,0: z(#)? 
pte ayi (lL+m+co+sx,0), (95, 5)1,¢3 2 


Corollary 5. [fA >0, «>0,0>0,0>0,2>0, 7,5 €C and R(w), R(s) > 
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S potent (1 Byrne (1 — u)2s+82)-1 (1 = en 


1 
"Kaye = 9) a= wpe (= 9)! 
x pul) E u? (1 - 3) (l—=2)?@ (1 - 7) | du 
on [APN pa Dex 
=(5) 3; ate (5) 


(f1, 31,2), (@ + 32,9), (6 + 80, 2), (f5, 55 )2, p3 (2)" 
(w+o4+s(x%+0),0+2),(9;,6;)1,.q3 ~ 8 , 


r 
x pee | 


(23) 
Corollary 6. [fA >0, «>0,0>0,0>0,2>0, 7,5 €C and R(w), R(s) > 
0, then 
i yueteel (1 = kena (1 — nyt 80-1 (1 = eee 
0 3 4 


1 
"Kayes (= 9)" = (I= 9)" 


x pum E Th (1 — =) dau? (1 - 7) | du 


x H 


(fi, 81,2), (w+ 52, ¥), (5 + 80, 2), (F5, 55 )2, 03 (2)? 
(w@+o4+s(%+e),0+ 2), (95, 65)1,¢3 : , 
(24) 


x pt2 wy | 


Corollary 7. If A > 0, x > 0,0 > 0,0 > 0,2 > 0, R(w), R(s) > 0 and 
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jul <1, then 


1 
i ur tert — y)st Fel [au + b(1 — u)]- 2 te) 
0 


x Hn : 
(aa — u)®[au + b(1 — =a] 
x pul) [zu"(1 —u)® [au + O11 — u)]-? | du 
al > (—1)8 1 
abs = s(n — 2s)! a8 bse 


(f1, 51,2), (@ + sx, V), (6 + 80, 2), (fj, Fj )2, p3 z 


pe) . (25 
pre (w+s+s(#+ 0),0+ 2), (9), 65)1,¢3 al ( ) 


qt+1 


Corollary 8. If A > 0, « > 0,0 > 0,0 > 0,2 > 0, R(w), Ris) > O and 
|u| <1, then 


1 
i uPt 1 yt Fel au + (1 — uy Ps 3 2) 
0 


1 
Hn 
x ————— 
x pW) [zu"(1—u)? [au + 011 — u)]-P 7] du 
ay 1 


az bs <= sl(n — 2s)! a8 bse 


(fi, 81,2), (w+ 8x, ¥), (5 + 0, 2), (F 5,55 )2, 03 x ie 
(a+¢o+s(#+0),0+2),(g;,6;)1,q; 0° 5° 


(—N)ms 
s #r in the general class of polynomials (i.e., $1[2] = 2”) of above theorems, 
then we obtain the following respective corollaries. 


Again, by setting m = 1 and A,,, = for s = rand A,,, = 0 for 


Corollary 9. If A> 0, x, 0, 3, 2>0 and R(s) > R(w) > 0, then 


| yr try + yy sore pul [z u”(u + v) ?\du 
0 


ies r ,81,0), (ow +rx,V), 
str( Dx p20) (fh, $1 eth ae 


(s-—w+r(o—x),2—9%), (fj, 52,03 zy 2 9” 
(95,65)1,93 ; sey 
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Corollary 10. If A > 0, x, 0, J, 2>0 and R(s) > R(w) > 0, then 
| urtr lay ty se pum [zu?(utv)~?]du 
0 


x OE ee T\wa— ,01,%), (Ww +rx, Vv), 
= ye str( Dx 942¥, (hb a. 


(s—w+r(o—x),2—%), (fj, 8j)2,p3  ,.0-2 
(9;,65)1,43 a‘ | ey 


Corollary 11. [fA >0, «>0,0>0, @7,¢ €C and0 < (w+ @B) < (6 +9), 
then 


| uPtr ly td kt Vu2 + 2ku)~s pul) [zu |du 


0 
= 2¢(k)~S(k/2)7 4x 


a) (fi, 81, 2), (2a + 2rx, 20), (6 — w — rx, —¥), (fj, 55 )2, 73 2(#)° 
pt2 41 (t+a+¢+rx,9), (9;,64)1,¢5 


Corollary 12. [fA >0, «>0,0>0,@,¢ €C and0 < (w+ @B) < (6 +9), 
then 


i uPtrely + kp Vu2 + 2ku)~s pum [zu |du 


= 2(k)-*(h/ 2) 


(f1, 81,2), (20 + 2r x, 20), (¢ -—-W-TH, —v), (F387 383 \! | 


gue Zz 
(ato 9).(Gj, Online: 


qt] 


Corollary 13. [If A > 0, « > 0,@ > 0,0 > 0,2 > 0, w~,> € C and 
R(w), R(o) > 0, then 


ii poe (1 7 ae a- py2stre)=1 (1 Z ares 
0 3 4 


x pul) E u (1 _ a (1— u)22 (1 _ i) | re Cue 


x yl) (fi, 81,2), (@+7rx,V), (5 + re, 2), (fj, 5s )2,p3 2Q\20 
paar (w+64+r(%+0),9+2),(9;,8))1,9; 748) | 


(31) 
Corollary 14. If A > 0, « > 0,0 > 0,0 > 0,2 > 0, w,> € C and 
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R(w), R(o) > 0, then 


[ yetrend (1 _ - aereys (1 — u)26tre)-1 (1 7 ae 
0 


x pum E u” (1 = a (1 —u)2? (1 _ " Soe oo 


(fi, 51, £),(w+rx, V),(s+7re, ), (fj, F5)2,03 9\2 
* roa | eee Gen 2 |: 


(32) 


Corollary 15. [fA > 0, x > 0,0 >0,0 > 0,2 > 0, R(w), R(s) > O and 
|u| <1, then 


1 
| Tice men (| = u)stre-lay oft b(1 _ a) Peete) 
0 


1 
x pul) [zu(1 —u)? faut db(1— uJ? 9] du = arate 
(Lr) (fi, 81,2), (w+rx, V),(s +7r@, 2), (F555) 2, ps Zz 
x pt2Voyr apa |- (33) 
(w+str(se+ 0),9+2),(9;,8;)1,q; oe 


Corollary 16. If A > 0, x > 0,0 > 0,0 > 0,2 > 0, R(@w), R(s) > 0 and 
Jul <1, then 


1 
| Tice cam 3 u)stre-lay fe b(1 _ u)|~ 2s ete) 
0 


a 1 
x p¥ [zu?(1— u)® [au + W(1 — u)}-?-2] du = arate 
(y) (fi, 81,2), (w+rx, V),(s+re, 22), (5, 5s )2, v3 z 
X pp2U 41 apa |- (34) 
(w+otr(%+0),9+2),(gj,8;)1,¢3 2% 


4 Concluding Remarks 


The integral formulas concerning combination of a general polynomial system 
and incomplete Fox-Wright functions are investigated and the outcomes are 
described in terms of those other incomplete Fox-Wright functions. When « = 
0, the incomplete Fox-Wright function mentioned by (2) reduces to the Fox- 
Wright function ,W,(t), whose particular cases are known to the number of 
special functions arising in the mathematical, physical and engineering sciences. 
In addition, a huge number of recognized polynomials may be obtained as a 
specific case of general class of polynomials by correctly specialization the factor 
A,,s. We conclude by stating that the findings mentioned here appear to be 
of broad importance and can lead to multiple integrals for a particular class of 
hypergeometric polynomials as well as other special functions, which we left for 
interested readers. 
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Abstract 


In this study, a computational analysis has been made for a steady, incompressible, MHD 
flow of the SWCNT-blood and the MWCNT-blood nanofluids past a non-linear stretch- 
ing sheet of variable thickness. Darcy porous medium has been considered for fluid flow. 
Consequences of homogeneous-heterogeneous chemical reactions on heat and mass transfer 
along with Joule heating and viscous dissipation have been explored. Appropriate similar- 
ity transformations have been applied to convert the governing equations of nanofluid flow 
into non-linear ordinary differential equations. Galerkin finite element scheme has been 
used to examine the resulting system with corresponding boundary conditions. Numerical 
solutions of equations are demonstrated via graphs for various physical parameters, and 
these graphs have also been analyzed. Comparison of velocity, thermal, and concentra- 
tion profiles of SWCNT-blood and MWCNT-blood nanofluids has been established. It is 
concluded that flow profiles of MWCNT-blood nanofluid dominate. Concentration profile 
declines with homogeneous and heterogeneous reaction parameters whereas increases with 
the Schimdt number for both nanofluids. Then, a comparison between present and the 
existing results was made, and they are in good agreement. After that, several physical 
quantities such as the local Nusselt number, skin friction coefficient, and concentration 
rate are exhibited in a table. 

Keywords: MHD; Carbon nanotubes; Nanofluid; Stretching sheet 
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Nomenclatures 


y 
Greek symbols 
a 


a* 


t) 


Chemical species 
Concentration of chemical species A* 
Positive constant 
Ratio parameter 
Dimensionless constant 
Small constant 
Magnitude of magnetic field strength 
Chemical species 
Concentration of chemical species B* 
Brinkman number 
Skin friction coefficient 
Heat capacity of the solid surface 
Specific heat at constant pressure 
Diffusion coefficients 
Eckert number 
Dimensionless stream function 
Rate constants 
Permeability of porous medium 
Homogeneous parameter 
Heterogeneous parameter 
Velocity power index parameter 
Melting parameter 
Local Nusselt number 
Prandtl number 
Magnetic parameter 
Local Reynolds number 
Schmidt number 
Temperature of the fluid within the boundary layer 
Melting surface temperature 
Ambient temperature 
Temperature of the solid surface 
Velocity component along x+—axis 
Non linear stretching velocity 
Free stream velocity 
Reference velocities 


Velocity component along y—axis 
Weight functions 


Direction parallel to the fluid flow 
Direction perpendicular to the fluid flow 


Thermal diffusivity 
Wall thickness parameter 
Ratio of diffusion coefficients 
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p Density 

Cec Electrical conductivity 

kK Thermal conductivity 
Latent heat of the nanofluid 
w Stream function 

Lb Viscosity 

V Kinematic viscosity 

0, B, Dimensionless concentration 
o) Solid volume fraction 

Ws Shape function 

0,0 Dimensionless temperature 
ie Similarity variable 
Subscripts 

bf Base fluid 

nf Nanofluid 

CNT Carbon nanotubes 
Superscripts 

/ Derivative of the function 


1 Introduction 


The investigation of fluid behavior of the electrically conducting fluid in a magnetic field is 
known as magnetohydrodynamics (MHD). The investigation of MHD has been fascinating 
due to its extensive range of applications in various fields and the property of good heat 
transfer performance. The applications of MHD flow can be seen in petroleum produc- 
tion, turbines, liquid metal blankets, tritium breeding, and astrophysics sensors. Davidson 
(2001) appraised the MHD flow problems and explored the basics of MHD and its appli- 
cations in engineering. After that, Bozkaya and Tezer-Sezgin (2007) brought an elemental 
solution for equations, which includes convection and diffusion. The impacts of thermal 
radiation on an unsteady flow are illustrated by Turkyilmazoglu (2011). Ellahi (2013) 
investigated the MHD non-Newtonian fluid flow. An MHD stagnation-point flow over a 
porous sheet has been examined by Jalilpour et al. (2014). Shehzad et al. (2015) perceived 
the impacts of convective heat on an MHD nanofluid flow. Numerical analysis of the MHD 
stagnation-point flow of a micropolar nanofluid using the Runge-Kutta fourth-order has 
been performed by Rashidi et al. (2016). Chaudhary et al. (2018) also discussed the MHD 
flow over a stretching sheet under the Newtonian and convective boundary restrictions. 
Chaudhary and Kanika (2020) scrutinized viscous dissipation and joule heating effects in 
a Marangoni boundary layer flow of an electrically conducting fluid in a magnetic field. 
Mehta et al. (2022) explored the MHD stagnation point stream flow past a vertical porous 
sheet along with heat generation, viscous dissipation, Joule heating, and thermal effect. 
Recently, Jain et al. (2023) investigated the MHD spinning fluid flow over a rotating disk 
with Brownian motion and inverse linear angular velocity. 

Nowadays, the applications of nanoproducts are seen significantly in industries, while 
carbon nanotubes (CNTs) are among them. CNTs having high specific surface areas, high 
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mechanical strength, and a good conductor of electricity have appreciable applications 
in industries and other areas, for instance, medicine, sensors, delivery of DNA into cells, 
and composite materials. Initially, CNTs were explored by Lijima (1991). Wen and Ding 
(2004) tested the aqueous suspension of carbon nanotubes (CNTs) experimentally and 
found significant results in enhancing thermal conductivity. After that, Ding et al. (2006) 
examined the heat transfer capabilities of multi-walled CNT nanofluids. Many studies 
found that the surface friction is inferior for CNTs, which has been experimentally verified 
by Whiteby and Quirke (2007). Wang et al. (2008) studied the thermal effects on the 
vibration of CNTs delegating fluid using the Bernoulli-Euler beam model. The authentic- 
ity of different types of theoretical beam models is explored by Wang (2010). Khan et al. 
(2013) discussed the fluid flow and heat transfer in CNTs nanofluid by applying the Navier 
slip boundary condition. Further, the Marangoni convective MHD flow with viscous dissi- 
pation and joule heating is illustrated by Mahanthesh et al. (2017). Recently, Chaudhary 
and Kanika (2019) have numerically illustrated the SWCNT and MWCNT-based MHD 
flow. 

To increase heat transfer capabilities, many efforts have been made by researchers. 
For the same, Choi and Eastman (1995) developed the notion of nanofluid. Nanofluid 
is a fluid composed of nanometer-sized solid nanoparticles and the base fluid. These 
nanoparticles are generally made of metals, oxides, and carbides such as Cu, Ag, and 
CuO. In various investigations, it has been spotted that the thermal conductivity of heat 
transfer fluid is enhanced when solid nanoparticles are added to traditional fluids. Due 
to the improved heat transfer capabilities, nanofluids have many applications in cancer 
therapy, microelectronics, and biomedicine. Initially, Zhou and Ni (2008) performed an 
experimental study to compute the specific heat capacity of nanofluid and indicated that 
nanoparticles and base fluid remain in equilibrium in the nanofluid system. The steady 
boundary layer of a nanofluid over a moving flat plate has been investigated analytically by 
Bachok et al. (2010). Ahmed et al. (2011) paid their attention to the enlargement in heat 
transfer in a corrugated channel due to nanofluids. They illustrated it for distinct values of 
the Reynolds number. The unsteady mixed convection flow and heat transfer of nanofluids 
past a stretching surface have been numerically analyzed by Mahdy (2012). Rashidi et al. 
(2014) demonstrated the Buoyancy impact on the MHD flow of an incompressible viscous 
nanofluid, and non-linear governing equations are numerically handled by the shooting 
technique. The impact of thermal radiation on an MHD nanofluid flow was explored 
by Sheikholeslami et al. (2015). They also investigated the heat transfer between two 
parallel plates. Further, Turkyilmazoglu (2016) explored the efficiency of direct absorption 
solar collectors using nanofluid, and Ghalandari et al. (2019) illustrated the numerical 
simulation of nanofluid flow. Chaudhary (2022) examined the impact of nanoparticle shape 
over a moving plate. The effect of thermal radiation, convective boundary condition, and 
Brownian motion on the electro-magnetohydrodynamic(EMHD) flow of nanofluid with the 
Darcy-Forchheimer porous medium has been reported by Chaudhary and Chouhan (2023). 
Jangid et al. (2023) discussed the MHD flow of Williamson nanofluid past a permeable 
stretching sheet with buoyancy force, thermal radiation, and Joule heating. 

The exploration of heat transformation through the boundary layer over a stretching 
sheet has attracted scientists to study the important concept due to its many practical uses 
in diverse fields of science and engineering. Some stretching surface applications include 
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thermal insulation, solar collectors, glass-fiber and paper production, food processing, and 
plasma studies. Initially, flow along a stretching sheet was reported by Crane (1970). 
Further, Mahapatra and Gupta (2002) investigated heat transfer in stagnation-point flow 
due to a stretching sheet stretched in its plane. The hydromagnetic flow of a micropolar 
fluid past a stretching surface is explored by Kumar (2009), and for solving the system of 
governing equations, he used the finite element method. Bachok et al. (2010) reported the 
steady stagnation-point flow numerically along with a linear stretching/shrinking sheet. A 
dusty fluid flow over a stretching sheet is illustrated by Gireesha et al. (2011) while consid- 
ering the influence of heat source/sink. Noghrehabadi et al. (2013) discussed the impacts 
of thermal convective boundary restrictions on boundary layer flow and heat transfer of 
nanofluids via a stretching sheet. Further, Noor et al. (2015) and Hsiao (2016) paid their 
attention to the mixed convection stagnation point flow having slip boundaries by taking 
different stretching sheets. After that, Chaudhary and Choudhary (2018) illustrated a 
flow problem along with a stretching sheet with thermal radiation. Recently, Kumar et al. 
(2023) reported the MHD flow of micropolar liquid over a porous stretching sheet along 
with heat source, thermal radiation, and slip boundary conditions. 

The review of the above-mentioned literature concludes that the study of the influence 
of homogeneous-heterogeneous chemical reaction on heat and mass transfer of an electro- 
hydrodynamic flow of nanofluid over a non-linear stretching sheet has not been explored 
yet. The thickness of the sheet is taken to be variable. The effect of Joule heating and 
viscous dissipation on heat transfer has been considered. The suspension of SWCNT and 
MWCNT in human blood has been taken into account. The CNTs have been chosen as 
nanoparticles due to their high thermal conductivity, exceptional corrosion resistance, and 
mechanical strength. The Galerkin finite element method is employed to numerically solve 
the system of equations. The consequences of various controlling parameters are shown 
visually for velocity, thermal, and concentration profiles. The numeric values of the local 
skin friction coefficient, Nusselt number, and Sherwood number are presented in the table. 
The accuracy of the results obtained in the present study is verified with already published 
work. 


2 Problem description 


Let us take a steady, two-dimensional, electro-hydrodynamic boundary layer flow of vis- 
cous, incompressible nanofluid over a porous non-linear stretching sheet with a variable 
thickness y = B(x + by B is a small constant, b is a non-dimensional constant, and 
m is a velocity power index. In addition, the flow is affected by viscous dissipation and 
ohmic heating. A combination of homogeneously distributed nanoparticles SWCNT and 
MWCNT in the base fluid— human blood is used as a nanofluid. As demonstrated in Fig. 
1, a cartesian coordinate system (x, y) is considered in which carbon nanotubes— SWCNT 
and MWCNT are also shown symbolically. The x—axis is taken in the direction of motion 
of the non-linear stretching surface, and the y—axis is vertical. The flow is bounded in 
the upper half-plane y > 0. A magnetic field of constant strength Bo is supposed to be 
used orthogonal to the surface. The induced magnetic field is negligible if the magnetic 
Reynolds number is minimal. The non-linear stretching velocity U,, = Uo(a +6)” and free 
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stream velocity U. = U(x +6)™ are considered, here Up and U, are the reference veloci- 

ties. Melting surface temperature Ti, is taken to be less than the ambient temperature 7. 

The heat produced throughout the irreversible chemical reaction is not taken into account. 
The homogeneous cubic autocatalytic reaction is 


A* + 2B* > 3B*, rate = kya*h™ (1) 
while on the catalyst surface, the heterogeneous reaction of the first order is as 
A* + B*, rate = k,a* (2) 


here a* and b* indicate the concentrations of chemical species A* and B*, respectively, while 
k, and k, are the rate constants. The reaction rate tends to be zero at the external and 
outer edges of the boundary layer flow. Under these assumptions, the governing equations 
for the problem are described as 


O4 , H a 
ve ag ge th (a guy] 
a, [ui ma BY Henao tr] 
we 5 = yeas — ka*b” (6) 

ue o = ae + kya*b* (7) 


with the boundary conditions 
y= Bir +d)? > u=U, (x), v=0, T=Ty, 


OT 
Knf Bz = Pas |A + Co(Tw — To)]v, 


: Z (8) 
LE ae ee ee 
Oy 


yoo: utvU.(z), ToT,, aa, 0 


Da 


In the above equation, subscript nf indicates the thermophysical characteristics of nanofluid, 
u, and v denote the velocity components along the x— and y— directions, respectively, 
v(= ) is the kinematic viscosity, ys is the dynamic viscosity, p is the density, k is the 
permeability of the porous medium, o, stands for the electrical conductivity, T’ indicate 
the temperature of nanofluid, C’, stands for the specific heat at constant pressure, & is in- 
dicating the thermal conductivity, D4, and Dg indicate diffusion coefficients, \ represent 
the latent heat of the nanofluid, c,, and 7p are the heat capacity of the solid surface and 
temperature, respectively, and ag is a positive constant. 
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Based on the theoretical model, physical properties of the CN7's—human blood nanofluid 
(represented in Table I) are mentioned by Khalid et al. (2018) as 


nf 1 
= 9 
pop (lo) (9) 
Pnf =1-@+ EONES (10) 
Pof Pof 
(gelonT —* 
(Gelaf —j4 3 | (ce)of 1 Q (11) 
Oe)b (gelont _ | (Ge)onTr _ 
(Ce) of 2+ Selon am 1] o 
C. C 
(p Pat 1 _ 4 4 POp)owr (12) 
(pCp) of (pCp)of 
Ki KONT +Kobf 
ting LO + erenrmmg tray? (13) 
Kot KONT+Kof 
Reg 1— p KONT—Kobf In 2Kp f 


where subscripts bf and CNT are used for base fluid human blood and carbon nanotubes, 
respectively, and ¢ indicates the volume fraction of CNTs. 


3 Transformations 


Utilizing the non-dimensional variables given by Hayat et al. (2016) are as follows. 


7 2 are 2 = m+1Uo(2+b)™1 2 
y= ma se lole + 6) | F(€), f= D Diy Y, (14) 


T=T,+ (Wee 3 Eg) OE), a= ay V(E), bt = ao O(€) 


here w(x, y) denotes the stream function, which identically satisfies the mass conservation 
Eq. (3) along with u = oT and: = —2 F°(€) is the dimensionless stream function, € is 
the similarity variable, O(€) is the dimensionless temperature and, J(€) and y(€) are the 
dimensionless concentrations. Because of the above similarity variables Eq. (14), the Eqs. 


(4) to (8) are reduced to 


1 2 2 


(-@ Pot 1+m Lane (15) 
2k* 1 ee ae 
“s = wilh =A) = 
muaeor mo cen ( )=0 
1 
Rng gs pp —g 4 PGIoNT ys) poy | _ ppp? 
, iedns BrRem(F' — A)? =0 
(ce)op 1+m 
1 2K 
— "4 Fy! — —__ 679 = 0 ig 
Sc ss 1l+m (17) 


130 Chaudhary et al 124-167 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 33, NO. 1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC 


) Qh 
6” + FO’ 4 Jb? = 0 18 
Sc 1l+m (18) 
with the transformed boundary conditions 
1 Up \? _ 
Pp Se a PSs. 626, 
2 Vo f 1 +m 
Knf pol PCNT ae 
“Lute + Pr (1- + ) (F- a) =0, 
Kof ? Pof we 1+m (19) 


2 \2 2 \2K 
Ref ae  Cpene soe fee Nee 
: (5) us (=) rid 


a—-+oo: F’SA, O71, 351, 50 


In the above expressions, prime (’ ) represents the derivatives of functions with respect 


to €, A (= 2) is the ratio parameter, k* 


a vot 7 is representing the permeability 


~ Uo (a+b) 
(c)p¢ Bo? (+0) 


of the porous media, Re», |= rate se 


is the magnetic parameter, Pr | (=), | is 


K 


the Prandtl number, Br (= PrEc) is the Brinkman number, Fc E j stands 


UD 
(Cp) of (Loo-Tw 
for the Eckert number, Sc (- a indicates the Schmidt number, kK E barter] is the 


homogeneous parameter, 6 (= pe) is the ratio of diffusion coefficients, a* (= &) is the wall 


(Cp)op (Too-Tw) 


thickness parameter, E [A+cs(Tw—To)| 


a 
| is the melting parameter, and K, 4 = Be 2] ‘| 


is the heterogeneous parameter. Additionally, in many applications, the diffusion coefh- 
cients D4 and Dz are equal, i.e., 6 = 1. Eqs. (17) and (18) are reduced to 


9” + ScF9 - “_K Sc 01-9)? =0 (20) 
l+m 
with v+0=1 
Applying F(é) = f(€é-—a*)=f(n), O(€) = (€ — a*) = O(n) 
and ®(€) = y(€ — a*) = y(n) 


Eqs. (15), (16) and (20) with boundary condition Eq. (19) give 


ie (1- 0+ 25) (47"- “mya om a’) 


(1-4) e Pos ie oe Pap (21) 
“1-G0son Glew 

a + Pr c —~o+ ea fo + Gaye fi? : 

! art Br Rem f AP a6 

yp" + Scfy' - a Se p(1— yy)? =0 (23) 


1l+m 
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along with the associated boundary conditions 


1—m 
=2 = =o et? Be 
1) tim ti y) y) 
“=Le'+ Pr (16+ POXt6) (t- Feo ) =i, 
Kot Pf 1+m (24) 


Kor Pf SA 3g O31 -% pared 


here, prime represents the differentiation with respect to 7. 


4 Physical Quantities 


Here, we discuss the physical quantities such as the local skin friction coefficient (Cy) and 
local Nusselt number (Nu,), which indicate the flow and heat transfer, respectively and 
symbolic as (mathematical notation) 


2bng (9 i" b) (aT 
Cy = me, (=) , Nu, =— fost ED) ( Ve 
pfUw \ Oy y=B(a-+b)(1—m)/2 Kep(Too — Tw) \ Oy B(x+b)(—m)/2 
By employing the similarity transformations Eq. (14), the Eq. (25) can be expressed as 


C 2 1 Ae Nue ied ie 
t= :( *) Oo), eee (=*) 6!(0) 
e,/? (1—@)?/ 2 ex! 


(25) 


(26) 


where, Re, E a is the local Reynolds number. 


Vof 


5 Computational method and accuracy 


Eqs. (21) to (23) with the boundary conditions Eq. (24) are handled numerically by em- 
ploying the Galerkin finite element scheme as depicted by the flow diagram in Fig. 2, which 
is a well-known computational approach for handling differential equations. The basic idea 
behind this technique is that the whole domain is discretized into linear elements, and af- 
ter that, equations are obtained for each element. Furthermore, element equations are 
assembled, and the equations have been reduced by applying boundary conditions. The 
remaining equations are handled by using the appropriate technique. 
Assume 


jf =p (27) 
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then Eqs. (21) to (23) are reduced into the below form 


1 " PCNT ; 2m 5 2m 45 
P| ies = A 
(1— 6)572” ( oe Pof pent) (4 itm? lar 


(28) 
2k* 1 (Oe) nf _ 
~1l4+m(1—-¢ py “Guin 
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=e Pr | Sok or 
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(Oe) nf 2 
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" / 2K 
) POS aa Scy(1—y)? =0 (30) 
and the changed boundary conditions are 
1 1/2 
=A f= (Ear pa), C= oe = (oe g ) Ky, 
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“Lg + (1 — 04 P26) pr | p— 3 ata'| =0 (31) 
Kof 


CS oo. pS. CS. eS 


If the values of 7 are taken larger than 6, then there are no further changes in the solutions 
of the system. Keeping this fact and limitations of computation, without loss of generality, 
7 — co is taken numerically as maz = 6. The flow domain is divided into 1,000 linear 
elements of equal sizes. A typical element (7,, 7,41) (say) is considered over this element, 
Eqs. (27) to (30) can be written in the variational form and are defined as follows 


r+ 
fo wlt-p)= (32) 
Nr 
oer 1 n PCNT ' 2m, 2M 42 
I, Area | (1-o+ Pos ‘) Ga | a) 
33 
2k* 1 (Celng \ ) 


~Ttm(1— 6)?" (oop +m 


vor Kn f gn (eCp)onr | i 12 
w34 —-6" + Pr |1—¢+ ~*~ 6] f0 + ——,, Br p 
I, i Kop (0Cp) of (1-9)? (34) 
(e)nf 2 
BrRe,,(p — A)” pdn = 0 
Geta (p — A)” edn 
Test 2K 
wile" + Se fo! — AE se p(t - )*|an=0 (35) 
ii 1+m 
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here wi, W2, w3, and w, are weight functions corresponding to the functions f, p, 8, and 


, respectively and these functions are given by: 


2 2 2 
i= DS fee, p= SS pith, = eo A, 
t=1 t=1 i=] 


; (36) 
SS ye pire 
t=1 
While wy -=-ws = wy; = wa = vy, 8: = 1,2,3,4 
The shape function ~,, for a typical element (7, , 741), is defined as: 
(a CE... ag Ee per ea (37) 
Dr+1 — "Mr Dr+1 — "Mr 
In matrix form the system of Eqs. (32)-(35) are represented by 
[Ai] [Ais] [Ais] [Au] {f} {b"} 
[Aoi] [Ave] [Avs] [Aoa] {p} | _ | {0} (38) 
[Asi] [Ase] [Ass] [Asa] {9} {b°} 
[Asi] [Asa] [Aas] [Aaa] {yp} {b*} 
where [A] and {b'}, i = 1, 2,3,4, are as follows: 
Nr+1 dy, 
A= fg. eat, 
Nr dn 
12 ve 
Ay =y wsvidn, 
Nr 
Af = A= AB =0, 
fe a eee 
OS Die (1— 9) dy dn 
=e, 2 
-- (1 — + pew) (ju. - pias) 
Pof dyn 1+m 
2k* 1 (Je) nf 2 
= Ss ~~ R mYs d ’ 
1+m(l — pn” ) (e)og 1+ Cm 4 1) 
Ay = Ay = Ay = 0, 
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(eC) of 
Ast = All = AB 48 = 0, 
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s=2 7 s=2 
f= >> feds , P=) _ Petbs, 
s=1 s=1 
s=2 s=2 
p= > op, 8) C=) Gebs 
s=1 s=1 


As mentioned, the whole domain is divided into 1,000 linear elements of equal sizes. There 
are 1001 nodes, and four functions are to be evaluated at each node. Hence, after assem- 
bling all the element equations, a matrix is obtained with the order of 4004 x 4004. After 
implementing boundary conditions, the system has 3,996 equations that are solved by the 
Gauss elimination technique while the accuracy of 1077 is maintained. 

To ensure precision, credibility, and consistency, we have compared our numerical out- 
comes with the reported data of Hayat et al. (2016) by imposing some conditions. The 
comparative results have been shown in Table II, and the accuracy of that validated our 
numerical computations. 


6 Analysis of the Results 


This part demonstrates the graphical rendition for viewing the effects of sundry parameters 
on the velocity, temperature, and concentration distributions of the SWCNT (single-wall 
carbon nanotube) and MWCNT (multi-wall carbon nanotube) suspended nanofluids by 
taking base fluid as blood. Also, the values of wall shear stress f’(0), wall heat flux 6’(0) 
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and concentration rate y’(0), corresponding to changes in physical parameters like power 
index parameter (m), wall thickness parameter (a*), ratio parameter (A), volume fraction 
parameter (¢), permeability parameter (k*), magnetic parameter (Re,,), the Brinkman 
number (Br), the heterogeneous parameter (K,), the Schmidt number (Sc), and the ho- 
mogeneous parameter (A), keeping the Prandtl number Pr(= 25) as constant are shown 
in Table II]. Other parameters are taken as constant for unveiling the effect of specific 
parameters. It is noticed that for the considered profiles as the velocity, temperature, and 
concentration, MWCNT nanofluid is dominated when compared with SWCNT nanofluid. 

Figs. 3—5 are sketched to see the behavior of flow velocity f’(7), temperature 6(7), and 
concentration y(7) distributions for various values of power index parameter m, respec- 
tively. We notice that velocity f’(7) decreases along with the increment in power index 
parameter m when 7 < 1.5 for both SWCNT and MWCNT, while the opposite behavior 
can be seen when 7 > 1.5. Increasing the power index parameter m reduces temperature 
distribution for SWCNT and MWCNT. The concentration profile is shown to have incre- 
ments along with incremental changes in power index parameter m for both SWCNT and 
MWCNT. Physically, the enhancement in the power index parameter leads to an increase 
in the wall thickness parameter. Due to this, a reduction in the stretching of the surface 
occurs; hence the flow velocity f’(7) decreases when 7 < 1.5, while if 7 > 1.5, there is an 
increment in the stretching of the surface, so the flow velocity f’(7) increases. Further- 
more, the reduction in the stretching surface leads to a reduction in the thermal boundary 
layer. Therefore the decrement happens in temperature. Similarly, the stretching of the 
surface is also a reason behind the increment in concentration profile. 

The effect of wall thickness parameter a* on the velocity f’(7), temperature 0(7), and 
concentration y(7) profiles are displayed in Figs. 6—8, respectively. The velocity of the 
fluid f’(7) enlarges along with the rising values of the wall thickness parameter a*, while 
a reduction in both temperature @(7) and concentration y(7) is observed for both types 
of nanofluids. As the wall thickness parameter enhances, the dynamic viscosity increases 
and as a consequence, velocity f’(7) grows significantly. In contrast, a reduction can be 
seen in temperature 6(7) and concentration y(n). 

Figs. 9-11 portray the impact of ratio parameter A on the flow field f’(7), temperature 
field 6(7), and concentration field y(n), respectively. It is noted that the flow field f’(7), 
temperature field 0(7), and concentration field y(7) enhance along with the increasing 
values of ratio parameter A for both types of nanofluids. Due to the enlargement in the 
ratio parameter, the free stream velocity increases to the stretching velocity. Hence, the 
flow changed in inverted boundary layer fabrication, resulting in the rise in velocity profile 
f'(n). At the same time, dynamic pressure increment leads to a fall off in the temperature 
profile 6(7). 

The impacts of various values of volume fraction parameter ¢ on the dimensionless 
velocity f’(7), temperature 0(7), and concentration y(n) are plotted in Figs. 12—14, re- 
spectively. These figures have shown that velocity f’(7j) and concentration y(n) have 
the behavior of acceleration with the enhancing values of volume fraction parameter @. 
In contrast, the dimensionless temperature decelerates for SWCNT and MWCNT. The 
nanoparticle volume fraction is directly related to convective flow, so velocity increment 
happens. Due to the convection effect, the heat transfers from the hot fluid flow to a 
relatively colder surface. Hence a reduction can be seen in the temperature profile. 
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Figs. 15—17 exhibit the variation of the permeability parameter k* on the velocity 
f'(n), temperature @(7), and concentration y(7) fields, respectively. As the permeability 
parameter k* increases, the flow velocity f’(7), temperature 6(7), and concentration y(7) 
decrease for SWCNT and MWCNT. Since the permeability is proportional to the fluid’s 
dynamic viscosity, its booming values retards the motion of the fluid. While the perme- 
ability is reversely proportional to the pressure difference, so for the increasing values of 
k*, the pressure difference decreases, resulting in the reduction in the temperature profile. 

The impact of magnetic parameter Re,, on the velocity, temperature, and concentra- 
tion are demonstrated in Figs. 18—20, respectively. The rising values of magnetic param- 
eter Re,, lead to a decrease in the velocity, temperature, and concentration profiles for 
SWCNT and MWCNT nanofluid. The fluid flow becomes more convective along with 
the escalating values of the magnetic parameter also it is generated by the Lorentz force. 
The Lorentz force and convective flow produce resistance for the fluidic flow which causes 
the de-escalation of fluid velocity, temperature, and concentration. Fig. 21 demonstrates 
the impact of Brinkman number Br on the temperature profile 6(7). The enlargement 
of Brinkman number Br leads to an increment in temperature 0(7). For both SWCNT 
and MWCNT, the increment in temperature has happened, so the thermal boundary layer 
also increases for both nanofluids. Physically, it occurs because the booming values of 
Brinkman number Br result in more heat generation by viscous dissipation and slower 
conduction of heat; subsequently, the temperature 6(7) increases significantly. 

The impact of heterogeneous parameter A, on the concentration profile y(7) is demon- 
strated in Fig. 22. It is monitored that the booming values of heterogeneous parameter 
K, lead to a fall off in the concentration profile y(n) for both SWCNT and MWCNT 
nanofluids. Since the heterogeneous parameter K, is reversely proportional to the mass 
diffusivity, the booming values of Kk, cause the reduction in mass diffusivity. Consequently, 
the decay can be seen in the concentration profile y(n). 

The variations of the concentration distribution y(n) for the distinct values of Schmidt 
number Sc are manifested in Fig. 23. The concentration profile y(7) grows along with 
the enlarging values of Schmidt number Sc for both nanofluids. It is to be noted that the 
Schmidt number Sc is the ratio of momentum diffusivity to mass diffusivity. Hence, the 
mass diffusivity decreases along with the increasing values of the Schmidt number Sc, and 
as a result, the concentration distribution (7) reduces. 

Fig. 24 depicts the impact of homogeneous parameter K on the concentration profile 
y(n). It is discovered that the rise of homogeneous parameter K’ results in a reduction in 
the concentration profile y(7) for both nanofluids. As homogeneous parameter K increases, 
the mass diffusion rate decays which in turn slows down the transportation of mass species 
which results in de-escalation of the mass distribution. 

Table III has demonstrated the effects of various parameters like m, a*, A, ¢, k*, Rem, 
Br, K,, Sc, and K on the wall shear stress f”(0), wall heat flux 0’(0), and the rate of 
concentration y'(0), with keeping Pr = 25 fixed. From Eq. (26), the skin friction coefficient 
and the local Nusselt number are proportional to the surface shear stress f”(0) and the 
surface heat flux 0’(0), respectively. It is observed that the increment in parameters m, k”, 
and Re,, leads to a reduction in surface shear stress f”(0) but reverse results are found if 
parameters a*, A, and @ are taken into account. The heat transfer rate grows along with 
the booming values of A and Br, while the opposite phenomenon arises for parameters m, 
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a*, , k*, and Re,,. Furthermore, the incremental changes in parameters A, ¢, K,, and 
Sc cause the enlargement in the rate of concentration y’(0). The reversal behavior is seen 
for parameters m, a*, k*, Re,,, and K. The MWCNT-blood nanofluid has higher surface 
shear stress f”(0), surface heat flux 0’(0), and rate of concentration y/(0) when compared 
with SWCNT-blood nanofluid. 


7 Conclusions 


In this work, the numerical examination of the influence of homogeneous-heterogeneous 
chemical reaction on the electro-hydrodynamic flow of nanofluid over a porous non-linear 
stretching sheet has been carried out. The effect of Joule heating and viscous dissipation 
on heat transfer has been considered. The Galerkin finite element scheme has been used 
to find the numerical solution. The main concluding remarks from this work are as follows. 


1. The velocity, temperature, concentration, surface shear stress, surface heat flux, and 
rate of concentration profiles for MWCNT-blood nanofluid are higher than SWCNT- 
blood nanofluid for all controlling parameters. 


2. The velocity reduces for enhancing values of the power index parameter when 7 < 1.5 
for both types of nanofluids. However, the opposite phenomenon occurs when 7 > 1.5. 
The temperature, surface shear stress, surface heat flux, and rate of concentration 
decrease, while the concentration profile increases for both nanofluids. 


3. There is a decrease in temperature, concentration, surface heat flux, and concen- 
tration rate as the wall thickness parameter is enhanced whereas the velocity and 
surface shear stress show opposite behavior for both nanofluids. 


4. Velocity, temperature, concentration, surface shear stress, surface heat flux, and rate 
of concentration increase along with the increment in ratio parameter. 


5. Velocity, concentration, surface shear stress, and rate of concentration are enhanced 
when the volume fraction parameter increases, but the temperature and surface heat 
flux decrease. 


6. Enlargement in permeability parameter and magnetic parameter are results of re- 
duction in the velocity, temperature, concentration, surface shear stress, surface heat 
flux, and rate of concentration profiles for SWCNT and MWCNT nanofluids. 


7. The thermal boundary layer thickness and surface heat flux enhance along with the 
booming values of the Brinkman number. 


8. Concentration profile declines while the concentration rate rises, corresponding to the 
rising values of the heterogeneous and homogeneous parameters whereas the opposite 
behavior can be seen for the Schimdt number. 
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Incorporating the Darcy-Forchheimer porous medium, inclined surface, adding hybrid 
nanofluids with different shapes, or calculating entropy generation could be the possi- 
ble direction of future research. 
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Table I: Thermophysical properties of used materials 
Properties Human Blood SWCNT MWCNT 


p(K g/m?) 1053 2600 1600 
o.(S/m) 0.8 10°—107 1.9x 10-4 
C,(J/KgK) 3594 425 796 
k(W/mK) 0.492 6600 3000 
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Microscopic view of SWCNT & MWCNT 


U, 2 f 


Figure 1: Sketch of the physical problem 


Table II: Comparison of — f’ (0) with previously data when m = 1, a* = may have any 


value, ¢ = 0, Rem = 0 


A k* Hayat et al. [2016] Present results 
0.1 0.0 0.969379 0.969436 
2 0.918106 0.918113 
0.5 0.667262 0.667264 
0.0 0.5 1.2247 1.224776 
1.0 1.4142 1.414216 
1.5 1.5811 1.581139 
2.0 1.7320 1.732051 
5.0 2.4494 2.449490 
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Figure 2: Flow chart of Galerkin finite element scheme 
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---- SWCNT-blood 
— MWCNT-blood 


m= 0.1, 1.0, 2.0, 3.0 


Figure 3: Impact of power index parameter m on velocity profile with a* = 0.1, A = 0.1, 
o=VAvk" = 0.1 and Re, = 0 
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---- SWCNT-blood 
— MWCNT-blood 


m=0.1, 1.0, 2.0, 3.0 


Figure 4: Impact of power index parameter m on temperature profile with a* = 0.1, A = 
Oo, OHO k= 0 He = Vale Pr = 25-and br 01 
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---- SWCNT-blood 
— MWCNT-blood 


m=0.1,1.0, 2.0, 3.0 


Figure 5: Impact of power index parameter m on concentration profile with a* = 0.1, A 
=o S01 ee =, Hee = 0. hea 1), Se 1.5 and K-05 
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---- SWCNT-blood 
— MWCNT-blood 


a” =0.1, 0.4, 0.7, 1.0 


Figure 6: Impact of wall thickness parameter a* on velocity profile with m = 2.0, A = 0.1, 
o= VA sk =0. Wand Ae, = 0.1 
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---- SWCNT-blood 
— MWCNT-blood 


a” =0.1, 0.4, 0.7, 1.0 


Figure 7: Impact of wall thickness parameter a* on temperature profile with m = 2.0, A 
=O, = ke = OL Re, = 01. Pr 25 and Br = 0A. 
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---- SWCNT-blood 
— MWCNT-blood 


Figure 8: Impact of wall thickness parameter a* on concentration profile with m = 2.0, A 
=O = 0k SL Hee SOL he 0 Se 1b and. A= 0.5 
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---- SWCNT-blood 
— MWCNT-blood 


A=0.1,0.3,0.5,0.7 


Figure 9: Impact of ratio parameter A on velocity profile with m = 2.0, a* = 0.1, 6 = 0.1, 
k= 0. land: Hes. = 01 
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---- SWCNT-blood 
— MWCNT-blood 


A=0.1 0.3. 0.5, 0.7 


Figure 10: Impact of ratio parameter A on temperature profile with m = 2.0, a* = 0.1, @ 
= dle ="Usl es == Ul PP 25 and. er 0a 
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---- SWCNT-blood 
— MWCNT-blood 


Figure 11: Impact of ratio parameter A on concentration profile with m = 2.0, a* = 0.1, 
o= Ob = 0 he =O hee 10 Se = 1.6 and. 05 
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---- SWCNT-blood 
—  MWCNT-blood 


Figure 12: Impact of volume fraction parameter ¢ on velocity profile with m = 2.0, a* = 
Olle Aa Ou ke = 0.1) and! Beg = 0.1 
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---- SWCNT-blood 
— MWCNT-blood 


¢ =0.01 0.04, 0.07, 0.10 


Figure 13: Impact of volume fraction parameter ¢@ on temperature profile with m = 2.0, 
Ca0L AHO he =j01, hey =O, Pr ]25 and Br 0.1 
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---- SWCNT-blood 
— MWCNT-blood 


¢ = 0.01, 0.04, 0.07, 0.10 


Figure 14: Impact of volume fraction parameter ¢ on concentration profile with m = 2.0, 
eH] 0A, A= OL k= 01, Ke, = U1. kK =" 0, Se = 16 and kK = 05 
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---- SWCNT-blood 
— MWCNT-blood 


k* =0.1, 0.2, 0.3, 0.4 


Figure 15: Impact of permeability parameter k* on velocity profile with m = 2.0, a* = 
0.1, A= 0.1, @ = 0.1 and Re, = 0.1 
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---- SWCNT-blood 
— MWCNT-blood 


k* =0.1,0.2,0.3,0.4 


Figure 16: Impact of permeability parameter k* on temperature profile with m = 2.0, a* 
=U. AS Ushio = 0.) Hen = 0. wer = 2oanG pr 1 
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---- SWCNT-blood 
— MWCNT-blood 


k* =0.1, 0.2, 0.3,0.4 


Figure 17: Impact of permeability parameter k* on concentration profile with m = 2.0, a* 
= 0.1, A= 0.1, ¢= 0.1; Re, = 0.1, Ks = 1.0, Se= 15 and K = 0.5 
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---- SWCNT-blood 
— MWCNT-blood 


Figure 18: Impact of magnetic parameter Re,, on velocity profile with m = 2.0, a* = 0.1, 


A=0.1, ¢=0.1 and k* =0.1 
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---- SWCNT-blood 
— MWCNT-blood 


Re, =0.1,04, 0.7, 1.0 


Figure 19: Impact of magnetic parameter Re,, on temperature profile with m = 2.0, a* = 
Ot, AsO. oO = 0b sk UL, Pr ae and Be Sd 
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---- SWCNT-blood 
— MWCNT-blood 


on) ——> 


Figure 20: Impact of magnetic parameter Re,, on concentration profile with m = 2.0, a* 
=O), ASU, S01 =the Ll sea toads = 0.5 


162 Chaudhary et al 124-167 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 33, NO. 1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC 


---- SWCNT-blood 
—— MWCNT-blood 


Br = 1,8, 15, 22 


Figure 21: Impact of Brinkman number Br on temperature profile with m = 2.0, a* = 
Oat A= O10. = 01, ie OL Re =O and Pr S25 
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---- SWCNT-blood 
— MWCNT-blood 


K, =0.5, 1.0, 1.5, 2.0 


Figure 22: Impact of heterogeneous parameter K, on concentration profile with m = 2.0, 
CHULA] oS 01k =H 01, he, = 0.1), Se=15 and kh =.05 
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---- SWCNT-blood 
— MWCNT-blood 


Figure 23: Impact of Schmidt number Sc on concentration profile with m = 2.0, a* = 0.1, 
ASV = Dilek = 0 he. =, he 1 and 1 =.05 


165 Chaudhary et al 124-167 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 33, NO. 1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC 


---- SWCNT-blood 
— MWCNT-blood 


Figure 24: Impact of homogeneous parameter K on concentration profile with m = 2.0, 
Oo = A = 0 = 0 a eg OL eg 0 ead Se 16 
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Table III: Computed values of f” (0), 6/(0) and y’(0) corresponding to various considered 
parameters for SWCNT—blood (SWCNT—b) and MWCNT-—blood (MWCNT—b) with 


Pr = 25 
maxX A @ k Ren Br K, Sc K —f (0) 6’(0) y’(0) 
SWCNT-b MWCNT-b SWCNT-b MWCNT-b SWCNT-b MWCNT-b 
0.1 0.1 0.1 0.10 0.1 O11 O1 1.0 1.5 0.5 0.885504 0.831434 2.4939 2.6089 0.44685 0.45354 
1.0 1.007564 0.957639 2.0356 2.1204 0.89740 0.40156 
2.0 1.053373 1.004705 1.8583 1.9318 0.36468 0.36780 
3.0 1.075546 1.027434 1.7720 1.8400 0.34119 0.34875 
2.0 0.4 1.014705 0.969169 1.3918 1.4357 0.33194 0.33556 
0.7 0.977555 0.934975 0.9902 1.0108 0.29657 0.30074 
1.0 0.941912 0.902115 0.6613 0.6658 0.25900 0.26372 
0.1 0.3 0.931354 0.890423 1.8888 1.9598 0.37987 0.38168 
0.5 0.742942 0.711969 1.9312 1.9997 0.39480 0.39580 
0.7 0.499347 0.480296 1.9810 2.0472 0.40845 0.40889 
0.1 0.01 .108167 1.102490 3.0066 3.0276 0.36116 0.36152 
0.04 .091644 1.070055 2.4754 2.5290 0.36220 0.36360 
0.07 073345 1.037454 2.1199 2.1870 0.36339 0.36569 
0.10 0.2 .085488 1.038288 1.8515 1.9248 0.36200 0.36506 
0.3 .116595 1.070738 1.8450 1.9180 0.35939 0.36237 
0.4 .146767 1.102143 1.8386 1.9114 0.35680 0.35974 
0.1 0.4 .128126 1.055586 1.8456 1.9232 0.35994 0.36457 
0.7 .198385 1.104210 1.8336 1.9149 0.35550 0.36148 
1.0 .264855 1.150847 1.8224 1.9070 0.35133 0.35853 
0.1 1.0 .053373 1.004705 1.9820 2.0518 0.36468 0.36780 
8.0 2.9443 2.9850 
15.0 3.9066 3.9183 
22.0 4.8688 4.8515 
0.1 0.5 0.25388 0.25532 
1.5 0.42743 0.43173 
2.0 0.46836 0.47350 
1.0 1.0 0.31166 0.31518 
2.0 0.40194 0.40468 
2.5 0.43004 0.43247 
1.5 1.0 0.33840 0.34258 
1.5 0.80425 0.31009 
2.0 0.25850 0.26700 
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Abstract 


The DTM-Pade approximation is used in the current work to analyze the thermal behavior 
and thermal stresses of an annular fin while accounting for temperature-dependent thermal 
conductivity and internal heat generation. The energy problem is converted into a 
nonlinear ordinary differential equation (ODE) using non-dimensional parameters, and the 
DTM-Pade approximation is then utilized to provide an approximate analytical solution. 
The impacts of various settings on the temperature field are also graphically analyzed. 
It has been found that increasing the heat generation parameter causes the temperature 
distribution to improve. The growing thermo-geometric parameter values lead to an 
improvement in fin efficiency. 


Keywords: Annular fin; DT M-Pade approximant method; Heat generation. 


Nomenclature: 
Yo Outer radius f Thicknesses of the fin 
Q Actual heat transfer de Temperature 
h Heat transfer coefficient Thermo-geometric parameter 
ay Nondimensional heat generation | a Heat generation parameter 
Ko Thermal conductivity at R Dimensionless outer radius 
ambient temperature 
1 
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0 Dimensionless temperature V Internal heat generation variation 
do Internal heat generation at LL Nondimensional heat generation 
ambient temperature variation 
es Ambient temperature k; Thermal conductivity of the fin 
¢ Dimensionless radius a; Base temperature 
Qmax | Maximum possible heat transfer | 1; Inner radius 
" Fin efficiency K Thermal conductivity variation 
o,,o04 | Radial and tangential stress xX Dimensionless coefficient of thermal 
expansion 
ax linear coefficient of thermal V Poisson’s ratio 
expansion 
€,,€4 | Radial and tangential strain d,,@4 | Dimensionless radial and 
tangential stress 
E Young’s modulus 


1 Introduction 


Annular fins are typical heat transfer components that are employed in a variety of 
engineering applications to improve surface heat dissipation. The circular shape of these 
fins promotes effective heat transfer while using the least amount of material. In real-world 
situations, materials’ thermal conductivities frequently change with temperature, and heat 
generation may take place within the fin structure for a variety of reasons. Optimizing the 
design and performance of annular fins with these complexities requires accurate analysis. 
Finned surfaces are widely used in electrical components, computer CPU heat sinks, 
heat exchangers, superheaters, electrical equipment, automobile radiators, compressor 
cylinders, and refrigeration because they can improve the convection heat transference 
between a solid surface and its surroundings. There are several ways to increase heat 
transfer, but one of the best is to mount a fin to the primary surface to offer more surface 
area. Numerous studies examine the behavior of thermal distribution through annular 
fins with standard profile shapes as triangular, rectangular, concave and hyperbolic, and 
convex parabolic fins. Recently, a number of researchers used numerical and analytical 
methods to examine the heat transfer properties of various fins. By taking into account 
the varied thermal conductivity, Darvishi et al. [1] investigated the thermal dispersion 
of an annular fin. Using a graphical illustration, Gaba et al. [2] addressed the heat 
transmission and effectiveness of annular fins with parabolic and exponential profiles. The 


differential evolution method was utilized by Ranjan et al. [3] to examine the radiative 
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phenomenon through an annular fin. By using the Durbin inverses Laplace transform 
approach, Bas and Keles [4] explained the thermal stress characteristics of one-dimensional 
annular extended surfaces. The property of temperature distribution across an annular 
fin was studied by Lee et al. in [5], and they also looked into the thermal stress of the 
fin. The heat distribution of a permeable fin submerged in a nanoliquid was examined by 
Sowmya et al. [6]. Baslem et al. [7] investigated the heat transfer of a straight porous fin 
positioned in a nanofluid while taking radiation and natural convection into account. The 
Homotopy Perturbation Method (HPM), Variational Iteration Method (VIM), Homotopy 
Analysis Method (HAM), and Adomian Decomposition Method (ADM) are some of the 
analytical techniques that can be used to address nonlinear differential problems. But the 
computations used in these methods are complicated. A technique that may effortlessly 
and without restrictions solve nonlinear terms is essential. This benefit is provided by 
the Differential Transformation Method (DTM), which may be used to expand a power 
series to find the analytical solution to differential equations that are both linear and 
nonlinear. By converting differential equations into algebraic equations, the numerical 
method known as DTM can solve differential equations. It offers an effective and precise 
approach to approximate the solutions of differential equations, particularly when closed- 
form solutions are not easily accessible. It is often used in conjunction with the Pade 
approximation. DTM with the Pade approximation can be used to get approximations 
of solutions for the temperature distribution T(r) in the context of the annular fin with 
temperature-dependent features. The Pade approximation is used to shorten the infinite 
series produced by DTM once the differential equation and boundary conditions are 
translated into algebraic equations. This approach expands the solution into Taylor’s 
series form. DTM was initially used by Zhou [8] to examine an electrical circuit by solving 
both linear and nonlinear initial value issues. By taking varying thermal conductivity 
into account, Ghasemi et al. [9] were able to get at the analytical solution for the heat 
distribution through a fin using the DTM’s attributes. In their study of the effects of 
radiation on a permeable extended surface (Moradi et al., [10], they used DTM to arrive 
at an analytical solution for the temperature field. Kundu and Lee [11] elaborated on heat 
transmission via an annular permeable extended surface, and DTM was used to solve 
the governing equation. For the temperature equation of the straight fin with varying 
thermal conductivity, Mosayebidorcheh et al. [12] used DTM. By using the DTM-Pade 
approximation, Christopher et al. [13] examined the hybrid nanoliquid stream across 
a cylindrical geometry. The creation of internal heat through a fin has been studied 
by several researchers. The significance of internal heat generation by an annular fin 
with temperature-dependent thermal conductivity was discussed by Ranjan and Mallick 


in [14]. The thermal behavior of a one-dimensional permeable rectangular fin with heat 
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generation was discussed by Hoseinzadeh et al. [15]. An analytical method was used by 
Ranjan et al. [16] to examine the thermal stresses and heat generation of an annular 
extended surface. By accounting for thermal conductivity, Kezzar et al. [17] investigated 
the features of heat generation over a longitudinal extended surface. Sowmya et al. [18] 
scrutinized the aspect of internal heat generation through a permeable fin immersed in 
a nanoliquid. The literature described above demonstrates that using the DTM-Pade 
approximant, no attempt has been made to examine the thermal distribution and thermal 
stresses of annular fins with internal heat generation and temperature-dependent thermal 
conductivity. A challenging issue in heat transfer and thermal engineering is analyzing the 
thermal behavior of an annular fin with temperature-dependent thermal conductivity and 
heat generation. Using a numerical method called the Differential Transformation Method 
(DTM) and Pade approximation, one can approximate the answers to such issues. Let’s 
dissect the elements of this issue and talk about how DTM-Pade approximation might 
be used. Also, we refer [27-31] for more information. Therefore, the main goal of this 
inquiry is to use the DTM-Pade approximant, a sophisticated mathematical technique, 
to solve the annular fin’s energy equation. Additionally, internal heat generation and 
thermal analysis of fins with temperature-dependent thermal conductivity are examined. 
The main advantage of this method is that it may be used directly on the issue without 
any linearization, perturbation, or discretization being necessary. Additionally, it offers 


more precise or exact solutions. 


2 Formulation in mathematics 


The following assumptions form the basis of the mathematical model: 


1. This study takes into account an axisymmetric thin annular fin with uniform 
thickness, uniform inner and outer radii, and homogenous isotropic material, as 


shown in Figure 1. 
2. The temperature of the surrounding liquid doesn’t change while the heat is rejected. 
3. At the tip of the fin, very little heat is lost. 


4. Heat conduction only happens in the radial direction since there are no thermal 


gradients in the circumferential or axial orientations. 
5. The base of the fin is maintained at a consistent temperature. 
6. Convective heat transfer’s coefficient is a fixed quantity. 


7. By convection, the fin loses heat to its surroundings. 
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8. The fin functions in a steady condition. 


Figure 1: Schematic of an annular fin. 


Under these assumptions, the energy equation derived from the law of conservation of 


energy for one-dimensional heat transfer is specified as [19]: 


ie acre 


rae 
dr 


| — 2hr(T, — To) +¢°(L)tr =0 (1) 


The following values for the thermal conductivity and internal heat generation are assumed 


to change linearly with temperature: 


co 
— 
ri 
rs 

| 


Ko{1 + K(Ty —_ Tos) 
oq) eT To) (2) 


Q 
* 
— 
re 
er 
| 


Therefore, the following boundary conditions for the energy balance equation can be 


obtained by implementing zero conductive heat resistance at the fin wall. 


ra yet, =, 
r=1o: & =). (3) 


The following non-dimensional parameters are utilized. 


Ty — Te hr; T= TR To 
2 = ——__ B=, = Ly Tea) =f Lge = Toe); =——, AS 
To Ta a B= K(T, ), w=v(T, eG fe Fs 
2 = 2hr? = gor? (4) 


kh? Eg — Te) 
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The governing equation (1) and boundary condition (3) are reduced into non-dimensional 


energy equation with the help of equation (2) and (4) and are given as: 


B 60’ 4 lg B(0’)? — 76+ a(1 + pO) = 0, (5) 


6” 66" 
pe Tee! Tae 


Here,¢=0 ; 6=1 
and;¢=]=R=1 3 .¢°=S0 (6) 


3 Discussion on Differential Transformation Method 
(DTM) 


The attributes of DTM were covered in this section. Using the Taylor’s series expression, 
this method can be used to find solutions for a system of linear and nonlinear differential 
equations as well as adequate beginning and boundary conditions. Taylor’s series has the 


following general form: 


dx4 


th a at le a 


q=0 
The differential transformation W(q) of a function w(l) is expressed as follows: 


aba 


dx4 


W(q)= 


=F 


In equation (7), W(q) is the transformed function of the original function w(1). 


Differential inverse transforms for W(q) is defined as: 
w(l) = > W(q)(h = bo)? (9) 
q=0 


The fundamental properties of DTM are specified in Table. 2 (see Zhou [20], Hassan [21], 
Jawad and Hamody [22]) 


Table 2: Properties of DTM 


Original function Transformed function 
W(1) = (2) + h(i) W(q) = Gq) + Hg) 
w(l) = ag(l) W (q) = CG(q), where C is the constant. 
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W() = 40 W(q) = (q+ l)A(¢+1) 
w(t) = “0 W(q) =(4+ (G41): (¢+n)H(q+n) 
a 1lq=m 
wl) =! W(q) = d(¢ mas ont 
w(l) = gMh(V) W(q) = Sore0 G(r) H(q — 1) 
w(t) = fADfrl)--- | W@) =p WIT Bg WE Wil) 
oe fe iN) Fall) W2(g2 — 1) --- Ws-1(4s-1 — s—2)Ws(@ — Gs-1) 


4 Pade Approximant Method 


The Pade approximant is a powerful approach that is frequently used in numerical analysis 
and scientific computing to approximate a polynomial function into rational functions of 
polynomials of a particular degree (see Boyd [23] and Rashidi et al. [24]). Compared to a 
straightforward polynomial fit, this method enables us to describe a given function with 
higher precision and adaptability. Assume that a power series represents the function 
h(zeta). Using powers of a variable, in this case zeta, power series are a fundamental 
mathematics tool for expressing functions as an infinite sum of terms. When working 
with functions that may be roughly represented as a sum of polynomial terms, they are 


especially helpful. 
h(G) = do vt (10) 
i=0 


Equation (4) is a vital initial step in any analysis using Pade approximants. The Pade 
approximant, a mathematical idea, is crucial to the discipline of numerical analysis. It 
is a rational fraction with a Maclaurin expansion that is intended to as closely match 
equation (3) as possible. In other words, Pade approximants use rational approximations, 
which are more computationally effective than attempting to directly compute or alter 


the actual equation, to provide an accurate representation of complicated functions. 


Ag +016 +0267 + +--+ a8¢F° 
Bo t+ BiG + BoC? +--+ + Brot 


(11) 


It is believed that the numerator and denominator coefficients of equation (1) are of order 
S+1 and 7 +1, respectively. As a result, there is an independent 7’ denominator, 
and independent S + 1 numerator coefficients result in an overall S + 7 + 1 unknown 
coefficient. This order suggests using the orders 1,¢,¢?,--- ,¢°*7 to usually fit the power 


series equation (3). 
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The representation of power series is given as: 


= i 6%) ai¢ aC? oe agl? S+T+41 
26 Bot BiG + BoC? +--+ BrC? a ye A) 
(Bo + Bi + BoC? +--+ + BsC7) (Yo +116 +207 +: ++) = a0 Fan + aC? +--+: 


hoes OC). * (13) 


Comparing the coefficients of ¢9+1, (+7, ... , CS*7 


Prys—T+i + br-1¥s_r+2++::+ BorYsu1 = 9, 


w 
wD 
f=) 
=) 
a 
wm 
I| 
=) 


Prys T+2 7 Pr 1YS-T 


Pryr + Br-17r41+-+:+ Borsir = 9, 
(14) 


To obtain the desired consistency in our mathematical framework, we define the parameter 
y; to be equal to zero. This choice plays a pivotal role in simplifying the system. When 
we set 3 to be equal to 1, as stipulated in equation (5), this transforms the equation into 
a set of T linear equations. These linear equations represent the relationship between the 


various coefficients in our system, specifically, the T unknown denominator coefficients. 


YS-T+1 YS-T+2 °"* YS+1 Br YS+1 
Ys-T+2 YS-T+3 °*"" ‘Ys+2 Prsi _ | %8+2 (15) 
Ys Yst1 oo cc* Ys+r Bs YS+T 
G2; is obtained from these equations. The numerator coefficients a9,Q1,--- ,@s5 from 


equation (10) are found by equating the coefficients of 1,¢,¢?,--- ,¢°*7 such as, 
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a4 = 1+ Pry, 


ag = y+ Biy1 + Bo, 


min[S/T] 


Vet S- BiYs—s- (16) 
t=1 


as 


The equations (15) and (16), also referred to as Pade equations, thereby yield the Pade 
numerator and denominator. These equations are crucial to numerical analysis, especially 
when it comes to approximating rational functions. They are effective tools for estimating 
complex functions using straightforward rational functions. In engineering and scientific 
computations, a particular kind of rational function approximation known as the [S/T] 
Pade approximant is crucial. The trade-off between the degree of the numerator (S') and 
the degree of the denominator (7) is balanced in its development. A reference to another 
crucial equation that establishes the order of the Pade approximant is made in the phrase 
by the equation (10) . An approximation’s accuracy and complexity are determined by 
its order. To ensure that the Pade approximant finds a compromise between accuracy and 


computational economy, the equation (10) offers a way for calculating its ideal order. 


5 Applications of D'TM-Pade method 


The DTM-Pade method have several applications in a variety of scientific and technical 
fields. This potent mix of mathematical methods is essential for resolving difficult issues 
and simulating a wide range of phenomena. Applying DTM to the non-linear differential 


equation (2), we obtain the following expression 


(q+ 1)(q+2)0fg +21+8> > Ola —r](r + 1)(r + 2)0[r +2 


r=0 


BO yc lg + Nel r+1 


r+0 m=0 


Sipser De" 1 


BY (q-r4)Olg—rt Yr + Olt 1 —NO[k] + ad[k] + apO[k]=0. (17) 


r=0 
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ce 


For the solution of difficult differential equations, the Differential Transformation Method 
(DTM) is applied to the boundary conditions of equations (6). With the aid of this ground- 
breaking mathematical method, we may better understand how the system behaves and 
create a precise expression that captures the complex interrelationships underlying the 
mathematical or physical events that are the subject of the inquiry. Applying DTM to 


the boundary conditions in equations (6) we obtain the following expression: 
O10) 1.8 Sa (18) 


Substituting gq = 0,1,2,--- so on and equation (18) in equation (17), we obtain the 


successive approximation as: 


1la?6+pa-—d*+aB+at+a 
5 B+1 


Q[2] = (19) 


6a36? + 4paaB — 4d7a8 + 6a? B? — 2uaa + 208 


1 
Of] = 12/8 +1)2 +6aa8 + 27a — 2076 + 6a76 4+ aB? + Qua + 208 (20) 
—2)7 + 2a8 + 2a+a 
30046? + 260a?B? — 26707 8? + 36036? + 417078 
—8p0d78 — 10paa? + 16uaah? + 36aa?B8? + 4A48 
1 10\7a78 — 16\72a6? + 36a°6? + 10a?8? — 2u?0? 
el] - + a°B aB* + 36a°B a*B ba (21) 


~ 48(8 + 133 +10p1078 + 4pad? + 12aa8 — 10ad78 + 20aa8? — 2? 
—12\7a8 + 20a?8? + 3a83 — 2ua? — 4uaa + 6078 
+2ad?7 + 20aa8 + 4A2a + 10a? + 9a8? + 9aB + 3a 


and so on. 
Where Og] is the differential transform of 6(¢) and is the constant to be calculated by 
using boundary conditions. 


Substituting the equations (18)-(21) in equation (9) comprising DTM, we obtain the 
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following equations: 


7 eal eae a | 
2 B+1 | 
6a? B? + 4paaB — 4d7a8 
+6078? — Quaa + 208 
1 +6aa6 + 2\7a — 278 P 1 
12(8 +1)? | 46026 +062 +062 +2ua} >  48(8 +1)? 
+2a8 — 2+ 2a6 
+2a+a 


AC) =1+a¢ 


30016? + 260076? — 26707 8? + 360263 + 417078 
—8pa\?B — 10uaa? + 16uaaB? + 16uaaB? + 36aa?B? 
+4\48 + 10A?a?6 — 16A7a6? + 36a°B? + 10a?8° — 2:70? 
+10p078 + 4par? + 12008 — 10ad78 + 20aaBh? — 2+ 
—12\7a8 + 20a?6? + 3a8? — Qua? — 4aa + 6028 + 2ar? 
+20aa8 + 4\?a + 10a78 + 9a? + 9a8 + 3a 


CAs. (22) 


To evaluate the value, we apply the Pade approximant to equation (22) along with 
boundary condition (6). We get the value of a and by substituting the constant value 
a = —.9097156826, a = 0.4, w = 0.4,A = 1, 8 = 0.3 in the equation (22) equation we 
get, 


6(C) = 1 — 0.9097256826¢ + 0.5286012084C? — 0.1192183969¢? + 0.05254461407¢4 + --- 


Table 3: Comparison of 6’(0) for the numerical method 


and DTM-Pade approximation 


Parameters | Numerical solution | DTTM-Pade solution 
b=03 -0.39096 -0.40052 
a= 0.5 -0.26968 -0.25435 
f=08 -0.26007 -0.26120 
AS 15 -1.13261 -1.12958 


Table 4: Comparison of 6’(0) when p = 0,a = 0, A= 
1, 6 = 0.3 for the numerical method and DTM-Pade 


approximation 
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Non dimensional | Arslanturk | Mallick et. al | Present DTM 
radius ¢ FDM [25] | HPM [26] 

0 1.0 1.0 1.0 

a} 9477 9455 9489 

2 .9036 9013 9025 

Rs! .8668 .8659 .8608 

4 8365 .8380 8239 


6 Fin Efficiency 


The fin efficiency, a critical parameter for assessing a fin’s thermal performance. Because 
it enables us to assess and improve the performance of heat exchangers, radiators, and 
other systems that depend on fins for heat transmission, the fin efficiency concept is 
useful in engineering and thermal design. Engineers can choose materials, fin geometry, 
and other design characteristics to increase heat transfer while minimizing energy use and 
material usage by having a thorough understanding of a fin’s efficiency. In essence, it aids 
in the effective design of systems where heat absorption or dissipation is crucial for overall 
performance. Considerations for an annular fin’s non-dimensional fin efficiency include its 
thickness, thermal conductivity, and outer and inner radii. We can use this equation to 
calculate the annular fin’s efficiency at transferring heat from its base to the environment 
around it while taking into account its geometric and material characteristics. The non- 


dimensional form of fin efficiency is provided as follows for an annular fin: 


Q Ath i hea T, — Ts.)rdr safe “(1 + C)odc 
Oeics. ~ Onh(r2 —r2)\(Th— Too) (R? — 1) 


n= (23) 


7 Thermal stress formulation 


A temperature gradient is applied to the annulus in the material under inquiry along its 
radial direction. The primary cause of stresses is an incompatible eigen-strain brought on 
by phase transformation, precipitation hardening, and temperature change brought on by 
the presence of a conduction-convection field. Furthermore, it is assumed that the only 
factor responsible for the evolution of the eigen-strain is the variation in temperature in the 
radial direction. Since the thickness of fin is significantly thinner than the radius of the fin, 
the difference in stress and displacement over the thickness is ignored. Additionally, due 
to the symmetric behavior of the issue, the radial and tangential stresses are independent 


of @ and cannot be influenced by it. As a result, the issue at hand is axisymmetrically 
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planar tension. The stress equilibrium equation in a cylindrical coordinate system derived 
from the classical theory of elasticity is as follows since the body force and inertia force 


are disregarded: 


A,  Op— Og _ 


0 24 
dr ‘ie (24) 
Where o, and og are radial and tangential components of stress field. 

The fin is subjected to thermal stresses, which causes the overall strain to evolve by two 
strains. While the second is a result of free thermal expansion, the first is caused by 
induced stresses. Using the traditional theory of elasticity, the stress-strain-temperature 


relationship is defined by the following expression: 


6 = F [o, — vog] + a* Ti, 
1 
ye = Fala — vo,| + 0° T, (25) 


where €, and €g represents the radial and tangential strain components, a* is the coefficient 
of thermal expansion, v is the Poisson’s ratio, and EF is the modulus of elasticity of fin 
material. These parameters mentioned in the sentence play vital roles in characterizing 
the behavior of a material or a structural element. 


Equation (25) can be written in the form 


Or EB 1 vl fe, EFa‘T, }1 
=5 - (26) 
O¢ LO) Fae |" hes L=o |4 
Kinematics relations for the polar strain components, in a plane strain state, are 
Ou u 
<== end eS 27 
€ Ap ond eo =~ (27) 


Substituting Eqs. (27) and (26) into Eq. (24) and integrating twice, the following closed- 


form solution for the radial displacement is achieved as 


1 dia a A 
i. eel (7. — Ts.)ndn + Air + = (28) 


r 


The traction-free boundary condition at outer and inner surfaces of the fin can be taken 


as 


Sap aoe 0 (29) 
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Using Eqs. (28), (27), and (26), the constants of integration and can be appraised by 
applying the boundary conditions (Eq. 29) 
(l=—wva* f° 
Ay = ——— | (1, -—Tx.)ndn+aT. and Ap = 


b2 — a? 


(1+ v)a*a? 
b2 = a2 


/ (T,—Teo\ndn (30) 


Using the values of A; and A» from Eq. (30) in Eq. (28). We get, 


aX“ f* a*E 42 b 
—— 72 / (T, — T.)ndn 4 D2 (: = =| / (7, — T,.)ndn and (31) 
* a a* BE a? b 
Gg. = Ie E(T,— Te) f (7, — Ts.)ndn 4 Poa (1 =| i (7. — Tx.)ndn. (32) 


Let us utilize the non-dimensional parameters: 


7 b Ly = 1 
= a a Rae Oa and x= oh — To) (85) 
b ~~ 400 


Using Eq. (33) in Eqs. (31) and (32) results as follows: 


a" G1 
5 = —AaTh— Tx) f° O- aGs ads 
1a 1 
a* 1 a 
+a (Te rae Tes) 1- C2 ; 6. acy $ ad¢, (34) 
a* C1 
O¢ = -a" (Ty — Tre) + q(T Ta) | 0- acy: adc, + 
cya 1 
a* 1 Ht 
pole — Tes) 1- C2 , 6 acy i ad¢, (35) 
Introduction of x and R reduces Eqs. 34 and 35 to 
C1 2 R 
= x MG = 2) / 
= + 0 Os d 
= Bf det Tee ig f, Ha mo 
C1 2 R 
i ads x MiGrsed) / 
ae = —x0+ A [cde + A | ocvacs (37) 
The relation between ¢ and ¢; 
C=Crt (38) 
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Thus, the stress equations in terms of non-dimensional radius, ¢ becomes 


¢ 2 R-1 
a, = a 6(C,1)d¢ 4 Bos! 6(¢ + 1)d¢ (39) 
¢ 2 ote R-1 
Fe = X04 ef olcstydc + MEET, [oc eae (40) 


8 Results and discussions 


The impact of various non-dimensional parameters such as 6, 44, a, and A on dimensionless 
temperature field @ are elaborated graphically here. Additionally, the graphs are set up 
to talk about the effectiveness of an annular fin. Additionally, for the solutions found 
using both the DTM-Pade approximation method and the numerical method, graphs 
depicting variations in heat distribution are generated. The results of the numerical 
method will match the graphics produced by the DTM-Pade approximation method. The 
values of 6’(0) for various non-dimensional parameters are tabulated in Table 2 and the 
values obtained by DTM-Pade approximation method are closer to the values of numerical 
method. Table 3 epitomizes the numerical values of thermal field of an annular fin. The 
values obtained by DTM-Pade approximation method are tabulated and compared with 
existing work. 

Figure 2 and Figure 3 show the effect of 8 on @ for both DTM-Pade approximation 
method and the numerical method. In Figure 2, the behavior of thermal distribution 
for different values of 6(= —0.4,—0.2,0,0.2,0.4) is portrayed by plotting the graphs 
for both numerical and DTM-Pade approximation. From this figure, one can conclude 
that increase in the @ value enhances the 0. The nature of 6 for diverse values of 
G(= 0.1, 0.2, 0.3, 0.4,0.5) is explained via Figure 3 by using DTM-Pade approximation. 
It is found that @ upsurges for the rise in values. The variance in the thermal profile 
@ for various values of ys is exposed in Figure 4 and Figure 5. Figure 4 reveals the 
consequence of j4(= 0.3,0.4,0.5,0.6) on @ for both numerical method and DTM-Pade 
approximation. This figure shows that as the yw values upsurges @ enhance rapidly. The 
aspect of @ for different values of ju(= 0.4, 0.5, 0.6,0.7,0.8) is explained via Figure 5 by 
using the DTM-Pade approximation. It indicates that increment of ~ values improves the 
thermal distribution rate. Figure 6 and Figure 7 signify the influence of on temperature 
field 6 by using both numerical and DTM-Pade approximation. The major impact of 
a(= 0.3, 0.4, 0.5, 0.6) on @ is elucidated in Figure 6. It denotes that, rise in the a values will 
enhance the temperature distribution. Furthermore, the impact of a(= 0.3, 0.4, 0.5, 0.6) 
on 6 by implementing DTM-Pade approximation is shown in Figure 7. This figure reveals 


that, @ improves for enhanced a values. 
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The Three-dimensional (3D) and two-dimensional (2D) graphs are plotted (Figures 8 to 
Figure 15) for illustrating the variation of thermal profile for various increased values of 
non-dimensional parameters. Figure 8 and Figure 9 show the nature of @ for improved 
values of jz and 6 . These figures indicate that, 9 enhances remarkably for enhanced values 
of 4 and @. The major consequence of and a on @ is illustrated by utilizing 3D and 2D 
plots as shown in Figure 10 and Figure 11. These figures ensure that the improvement 
of w and a values leads to the enhancement of @ . Figure 12 and Figure 13 demonstrate 
the behavior of jz for rising in a and values. These figures signify that, 6 upsurges with 
the improvement of a and (§ values. The physical parameters influencing the efficiency 
of fin are discussed graphically as displayed in Figure 14 and Figure 15. The efficiency 
of fin is more for higher values of A and 6 . Figures 16,17 and Figure 18,19 portray the 
aspects of thermal stresses caused due to heat transfer through the annular fin. Figure 
16 and Figure 17 signifies the effect of non-dimensional parameters y and (@ on radial 
stress distribution. Here, the radial stress magnitude upsurges with the decline of 3. This 
happens due to the fact that, decrease in § values increases the thermal resistance. As a 
result, the fin material’s local free expansion is hindered. Furthermore, the radial stress 
fields are unaffected by the heat generation factors a and 

mu. Figures 10(a) and 10(b) show the impact of the non-dimensional parameters a 
and yz on the distribution of tangential stress. Tangential stress is significantly impacted 
by all non-dimensional parameters, including the heat generation parameters a@ and uw. 
For increased values of a and p, the effect of heat generation on the tangential stresses 


remarkably increases. 


9 Final remarks 


In conclusion, it is a challenging task to analyze the thermal behavior of an annular fin 
with temperature-dependent thermal conductivity and heat generation. To achieve precise 
solutions, it is necessary to combine mathematical modeling, numerical techniques like 
DTM, and approximations like the Pade approximation. In many technical applications 
where effective heat transport and temperature control are critical, this analysis is crucial. 
The challenge of conducting a complex yet crucial thermal analysis of annular fins with 
temperature-dependent thermal conductivity and heat generation is one that engineers 
and designers must do. These fins can be optimized for better performance and efficiency 
with the use of accurate temperature distribution predictions within them. Engineers 
and scientists are able to effectively solve the governing equations and get insightful 
knowledge regarding the behavior of annular fins under real-world circumstances by using 
mathematical methods like the Differential Transformation Method (DTM) and Pade 
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approximation. Making informed judgments on the design and application of such heat 
transfer devices across a range of applications is made easier with the help of this analysis, 
which improves energy efficiency and system performance. 

Utilizing the DTM-Pade approximant method, the current study investigates the heat 
transference analysis as well as the thermal stresses aspect of an annular fin with 
temperature-dependent thermal conductivity. Additionally, the current approach yields 
findings for the thermal field. According to the results of this study, the DTM-Pade 
approximant-based method offers fairly precise results and is easier to manage the 
nonlinear problem. From the current investigation, it is possible to draw the following 


conclusions: 
e The thermal distribution is enhanced by the increasing values of (. 


e The thermal distribution increases as ju values rise. Additionally, a is increased by 


the thermal distribution function. 


e The effectiveness of the fin is increased by the rising values of non-dimensional 


parameters 1. 
e The magnitude of the radial stress increases as 3 declines. 


e For increased values of a and p, the effect of heat generation on the tangential 


stresses remarkably increases. 
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Figure 2: Influence of 6 on @. 


Figure 3: Influence of 6 on 6 by using DTM-Pade Approximation. 


185 


Sarwe et al 168-197 


18 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 33, NO. 1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC 19 


Solid lines : DITM-Pade 
Dotted lines : Numerical method 


0 0.2 04 0.6 0.8 l 


Figure 4: Influence of yw on @. 


Figure 5: Influence of y on 6 by using DTM-Pade Approximation. 
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Figure 7: Influence of a@ on @ by using DTM-Pade Approximation. 
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Figure 8: Deviance of 6 for diverse values of y against (. 
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Figure 9: Deviance of @ for diverse values of y against (. 
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Figure 10: Deviance of @ for diverse values of js against a. 
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Figure 11: Deviance of @ for diverse values of jz against a. 
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Figure 12: Deviance of 6 for diverse values of a against (3. 
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Figure 13: Deviance of @ for diverse values of a against (. 
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Figure 14: Efficiency of fin v for diverse values of \ against (. 
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Figure 15: Efficiency of fin v for diverse values of \ against (. 
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Figure 16: Impact of non-dimensional parameters y and { on radial stress distribution. 
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Figure 17: Impact of non-dimensional parameters y and ( on radial stress distribution. 
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Figure 18: Impact of non-dimensional parameters a and jz on tangential stress 
distribution. 
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Figure 19: Impact of non-dimensional parameters a and jz on tangential stress 
distribution. 
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Abstract 


In this paper, mathematical model of heat transfer in a porous fin with internal heat generation, and thermal 
conductivity is influenced by both spatial factors and temperature are examined. These two concepts are inte- 
grated into the model, which highlighting the originality of the current study. The equations and conditions that 
govern the system are expressed in a dimensionless manner. We examine three scenarios for thermal conductivity: 
constant, linear, and exponential dependence on temperature. We have utilized three different techniques to solve 
the problem, including the Legendre Wavelet Collocation, Finite Difference, and Least Square. Due to the non- 
linearity of the presented problem, it is not possible to find an exact analytical solution. In this specific scenario, 
we calculate exact solution, which is then compared to these three methods and found to have a good agreement. 
The findings and error assessment are displayed in figures and tables. The Legendre wavelet collocation approach 
yields high accuracy. The novelty of the research is the implantation of space and temperature dependent thermal 
conductivity and solution of a complex nonlinear problem using a hybrid numerical technique, specifically the 


collocation method with Legendre Wavelet basis functions. 


Keywords: Finite difference, Least square, Porous fin, Legendre Wavelet Collocation Method, Conductivity. 


1. Introduction 


Mechanical processes produce heat. The important question here is how is how to efficiently disperse this heat into 
the surrounding medium. In recent times, fins have gained popularity as efficient tools for dissipating heat into the 
surrounding environment due to their uncomplicated structure and ability to facilitate various forms of coupled heat 
transmission. Fins are appendages affixed to a primary item to augment the transfer of heat between the primary 
object and its environment. Firstly, Harper and Brown [1] presented mathematical analysis for extended surfaces. 
This surface was referred as a cooling fin, which later evolved into a fin. Further, Jakob [2] noted that the roots of the 
published mathematical analysis of fin can be traced back to early 1789. At that time, experiments were conducted 


to demonstrate the thermal conductivity of various metals. The fabrication of rods made from different metals 
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was coated with wax, and the resulting melting patterns were observed when the bases of the rods were heated. 
The mathematical analysis of temperature variations in rods was published by Fourier [3]. Fins are produced using 
metallic materials that possess a high level of thermal conductivity. Aluminum, copper, and stainless steel are the 
most often utilized materials. Kundu and Das [4] stated that maximizing the fin efficiency is largely dependent on its 
geometry. It is widely known that when the length of a fin rises, the heat transmission rate from the fin reduces, and 
the entire surface of the fin may not be used to its full potential. Because of this, designers are constantly working to 
discover the optimal fin that will either reduce the fin material’s contribution to heat transfer or optimize the heat 
transmission rate over any specific fin region. An analysis of the fin shape and all of its dimensions can determine 
the amount of material required to make a fin as small as possible for the desired heat transfer. Alternatively, fin 
profile dimensions that fulfill the optimization conditions presented in reference [5]. Multiple fin forms are available 
for dissipating heat into the surroundings, such as rectangular, annular, elliptic, parabolic, and pin fins, etc. [6]. The 
applications of expanded surfaces are rising in various industries, including air conditioning, refrigeration, internal 
combustion engines, etc. [7]. Yunus [8] published a book that specifically examines heat transmission, providing 
a clear explanation of fundamental ideas. With the help of mathematical formulations, a novel fin design can be 
created, improving the overall quality of the fin, optimizing material costs, and maintaining fin efficiency. 

Several researchers have conducted extensive research on various aspects of fins or heat exchangers. Bergman 
et al. [9] presented key concepts pertaining to the transfer of heat and mass, establishing a correlation between the 
principles of thermodynamics and heat transfer. Khatami and Rahbar [10] investigated the effectiveness of porous 
fins by integrating the concepts of the second law of thermodynamics into the governing differential equation. Hatami 
and colleagues [11] employed the differential transformation, the least square, and the moment techniques to analyze 
temperature variations in a porous fins with attributes that rely on temperature. Cuce and Cuce [12] utilized 
the homotopy perturbation method to evaluate the influence of heat transfer, efficiency, and efficacy on a porous 
fin. In addition, Venkitesh and Mallick [13] expanded the homotopy perturbation approach to analyze annular 
porous fins with two different geometries. Ma et al. [14] utilized the spectral element method to examine the heat 
transmission in rotating porous fins with various profiles. Kundu et al. [15] utilized the adomian decomposition 
approach to evaluate the performance and optimal design factors for porous fins. In a similar vein, Buonomo et 
al. [16] employed the adomian decomposition method to evaluate the influence of convection and radiation on a 
porous fin upon temperature. Although, Gireesha and Sowmya [17] utilized the differential transform approach to 
analyze the interaction between natural radiation and convection on an inclined extended porous fin. Hatami and 
Ganji [18] employed the RK4 method to investigate heat transfer and heat flux in circular convective and radiative 
porous fins. Ghasemi et al. [19]utilized the differential transformation method to investigate the heat transmission in 
solid and porous longitudinal fins, while considering the influence of temperature-dependent characteristics. Hatami 
and Ganji [20] utilized the RK4 technique and the Least Square method to analyze the variations in temperature and 
cooling effectiveness of totally wet porous fins. Bhanja et al. [21] utilized the adomian decomposition technique to 
examine the fluctuations in temperature, efficiency, and optimal design parameters for rotating porous fins. Hamdan 
and Al-Nimr [22] employed an implicit finite difference method to investigate forced convection between two parallel, 
isothermal plates with porous fins. Khani and Aziz [23] utilized Bessel function in study state for finding temperature 
variation and efficiency in longitudinal fin with space dependent thermal conductivity. Jangid et al. [24] applied RK4 
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to determine heat and mass transfer through fluid-flows extended sheets with variable thickness. Kumar et al. [25] 
examine the impact of thermal radiation and velocity slip on the melting of magnetic hydrodynamic micro-polar 
fluid flow over an exponentially stretching sheet fixed in a porous medium. 

Recently, wavelet-weighted residual techniques have been successfully implemented to obtain solutions to the 
complicated problems. Singh et al. [26] employed the wavelet collocation technique to examine heat dissipation in 
a constantly rotating fin with properties that are temperature and wavelength dependent. Singh et al. [27] applied 
wavelet collocation and Galerkin techniques to examine heat transmission in a power-law-type fin. Oguntala et 
al. [28] examine the ideal layout, thermal efficiency, and stability of a rectangular fin via utilizing the haar wavelet 
collocation technique. Upadhyay et al. [29] employing the finite difference Legendre wavelet collocation technique 
along with the Galerkin approach to study heat and moisture transmission in the industrial drying of food goods. 
Recently, Kaur and Singh [30] utilized Legendre wavelet collocation and Least square techniques to study convective 
and radiative heat transfer in moving fin. The results findings concluded that Legendre wavelet collocation technique 
gives high accuracy in comparison to least square. 

The objective of this study is to validate a mathematical model of heat transfer in a porous fin with internal heat 
generation, and thermal conductivity is influenced by both spatial factors and temperature. In order to achieve our 
research target, we utilize three separate methodologies: Legendre Wavelet Collocation, Finite Difference, and Least 
Square. In this specific scenario, we calculated a precise solution, compared it to the results of all these approaches, 
and saw a strong agreement. The findings and error assessment are displayed in figures and tables. 

In existing studies, many numerical methods have been applied by researchers for finding temperature variation 
in porous or solid fins with temperature or space-dependent thermal conductivity, but this is the first time influences 
of thermal conductivity in both temperate and space are studied with the implementation of the Legendre wavelet 
collocation method. This creates interest for science or technology readers and can be applied in industries where 
thermal conductivity depends on both temperature and space. The novelty of the research is the implantation of 
space and temperature-dependent thermal conductivity and the solution of a complex nonlinear problem using a 
hybrid numerical technique, specifically the collocation method with Legendre wavelet basis functions. The present 


method has been successfully applied to linear and nonlinear problems. 


2. Mathematical Formulation 


Figure 1 depicts a graphical illustration of a rectangular porous fin. It has specific measurements, such as a length 
L, and a thickness t, is located in an environment, where heat is transferred through convection on both surfaces 
at a temperature T,,. Oguntala and Abd-Alhameed [31] make the assumption that the porous media is uniform, 
isotropic, and completely surrounded by a single-phase fluid. The solid and fluid are assumed to have constant 
physical properties, with the exception of the liquid’s fluctuating density, which may affect the buoyancy term. The 
fluid and porous media within the domain are in a state of thermodynamic equilibrium, whereas any surface radiative 
transfers and non-Darcian influences are deemed negligible. The temperature change within the fin is restricted to 
a one-dimensional distribution, meaning that it varies along its length while remaining constant over time. It is 


presumed that the tip of the fin maintains a constant temperature throughout. 


200 Surjan Singh et al 198-213 
3 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 33, NO. 1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC 


exe) x0 <0) 
etlececere® 


L 


Figure 1: Rectangular porous fin geometry. 


The mathematical model governing heat transmission in a one-dimensional fin is determined using Darcy’s model 


and the assumption made before. This model is governed by [31], which is as follows: 


d dT, AT —To) ptpgf K(T —To) 
~ hep (TP Ee(P) SO, 1 
qq Rett (T) a | j fi qa(T’) (1) 
and the specified boundary conditions (BC) are as follows: 

c=L, T =Th, (2) 

T 
x =0, =e (3) 

dx 


here, our main emphasis is on the measurement of thermal conductivity and the internal heat generation. These 


factors are influenced by temperature and location-specific thermal conductivity [32], which can be described as: 


Keg p(T) = kel (7 7), (4) 
da(T) = alt + WT _ Takk (5) 
Kes z(T) = ka(1+ az), (6) 


putting Eqs. (4-5) in Eq. (1), we get Eq. (7) and Eqs. (5-6) into Eq. (1), we get Eq. (8) as described below: 


d i T—T) \ dt] h(T—To)  pepgB K(T—T)? , 
di | \R= Ty) de kat katvy 4 


d dt) R(T —Too)  ptpgf K(T — Too)? 
+ gafl PF =o; 8 
5 |roz|-“S . gall + W(T — Teo) (8) 

instigating dimensionless variables and parameters: 
a Hie oe $y B gT,t? PCy F , @= ae 
L Ty — Too uf? Kef f,a pcpgP' K (Ty — Ts.)? 
hL? k RaDa(£)’ 
M? = Da=*, g,=RePe) g-x(,-7,), y= W—Te (9) 
Keg fiat t Kef f,a 
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the Eqs. (4), (5) and (6) can be converted into a dimensionless form as follows: 


hep f (0) = kaf (9), 
da(9) = gall + ¥(9)], 


Kes; (0) = ka(1+ BX), 


using Eq. (9), the dimensionless form of the model Eqs. (7) and (8) subjected to the boundary conditions Eqs. 


(2)-(3) come out to be: 


2 2 
HOT + £0) (FE) —MPo— sue? + S.Q0- +70) =0. (10) 

2 2 
FOOTE +00 (4) = 0-50? + 5,00 +0) =0. (11) 


the conditions at the boundaries are: 


X=1, 6=1, (12) 
do 

X= —=0. 1 

0, 75 ink “2 


3. Solution of the problem 


The concepts of matrix of integration, wavelet collocation method, Least Square method (LSM) and Finite Difference 


method (£DM) are given below: 


3.1. Operational Matrix of integration 


The matrix that represents the integration operational properties of the Legendre wavelet is given by: 


V(m + 1/2)2k?P, (22#X-A) , Bic x < 2h 
Wnim = > (14) 


0 , otherwise 


where n = 1,2,...,2*-!,m =0,1,...,9 —1 and k is the positive integer. Here, P,,(X) signifies the Legendre polyno- 


mial of degree m, and W(X), as defined in Eq. (14), is derived as follows: 


x 
| w(t)dt = PY(X), — € (0,1), 


where P is the operational matrix of order 2'~1M x 2*-'M and k = 1, which is investigated by Razzaghi and 


Yousefi [33]. 
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3.2. Legendre Wavelet Collocation Method 
Let 

9° = CT W(X), (15) 
integrating Eq. (15) twice from 0 to X, and using BC, we obtain 


, 


6 (X) = CT Py(X), (16) 
and 
6(X) = 1—C? P?v(1) + CT P?u(X), (17) 


substituting Eqs. (15),(16) and (17) in Eqs. (10) and (11), we get 


FO)[CTYX)] + Ff (O)[C7Py(X)P — M7[1 — CT Ph (1) + CT P?h(X)] — Salt - 


CTP? W(1) + C7 P7y(X)]? + S,Q[1 + (1 — CTP? W(1) + CT P?(X))] = 0, (18) 


F(X)[CTYX)] + f (X)[CTPY(X)P — M?7[1 — CT P?y(1) + CTP?Y(X)] — Spall — 


CT P?(1) + CT P2yy(X)]? + 5, Q[1 + 7. — CT P2(1) + CT P?(X))] = 0, (19) 


as 0(X) is an approximation of the results of the Eqs. (19). We choose n collocation points denoted as (X;,1 = 
1,2,3,...,n), such that the residuals R(X, c¢1,c2,...,Cn) become zero. It is essential to note that the count of these 


collocation points and coefficients should be identical. 


3.2.1. Temperature dependent thermal conductivity 


For temperature dependent thermal conductivity we apply three cases in Eq. (18), we get 
Case 1: Where thermal conductivity remains constant, the substitution of f(@) = 1 into Eq. (19) produces the 


following outcome: 


[CT (X)] — M2[1 — CT P2p(1) + CT P2b(X)] — Sa[l — C7 P2y(1) + 


CT P?y(X)]? + $,Q[1 + y(1 — CTP? W(1) + CT P7y(X))] = 0. (20) 


Case 2: Where thermal conductivity remains linear, the substitution of f(@) = 1+ 8@ into Eq. (19), produces the 


following outcome: 


[1 + B(L — CP P?h(1) + C7 P?y(X))[C7PX)] + BICT PY(X)? — M7[L — CT PPy(1) + CT P74 (X)| 


—Sp[l — CT P?y(1) + CT P?W(X)]? + SrQi + y(1 — CT P?p(1) + C* P?y(X))] = 0. (21) 
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Case 3: Where thermal conductivity remains exponential, we put f(@) = e°° in Eq. (19), we get 


e8(CTyX)| + Be? (CT P(X)? — M?[1 — CT P?u(1) + CT P?)(X)] — Spf — CTP? 


W(1) + CP P(X)? + SpQ[L + 7(1 — C7 PPd(1) + CT P?Y(X))] = 0. (22) 


3.2.2. Location dependent thermal conductivity 


For location dependent thermal conductivity, we take f(X) = 1+ BX as a linear function in Eq. (19), we get 


(1+ BX)[CTy(X)] + BICT Py(X)/? — M?[1 — CT P?(1) + CT P2)(X)] — Sp[1 — CT P?y(1) + 


CT P*p(X)]?? + S,Q[1 + y(1 — C7 P?u(1) + C7 P?(X))] = 0. (23) 


This system consists of nine nonlinear algebraic equations, which are evaluated utilizing nine Legendre Wavelet 
basis functions and collocation points spanning the interval (0,1). Solving the resulting system of Eqs. (20), (21), 
(22) and (23) separately, by using Newton-Raphson Method. The system has nine nonlinear algebraic equations, 
which are computed using nine Legendre Wavelet basis functions and collocation points inside the interval (0,1). 
The values of the unknowns C; were determined, and the dimensionless temperature was computed using the Eq. 


(17). 


3.3. Least Square Method 


The LSM, initially proposed by [34], is a weighted approach for minimizing the residuals of the test functions, which 
satisfies boundary conditions and is used to calculate the nonlinear differential equations. If all of the squared 


residuals are added up continuously [35], then 


s= [ Rox Rxyax = f eEoax, (24) 


in order to minimize this scalar function, all derivatives of S with respect to the unknown coefficients should be 


equated to zero, as stated in [35]. 


2 = | R(x) oe ax = 0, (25) 
OC; xX Oc; 
the weighted function is 
) 
W,= gon (26) 
Oc; 


where, the equation’s coefficient ”2” will be eliminated. Then, Eq. (26) can be written as: 


OR 
W.=—, 27 
ee (27) 

to applying this method, we consider trial solution as follows 
6(X) = 1+ (1 — X?) + eg(1 — X4) + 3(1 — X*) + ea(1 — X°) + 5 (1 — X%), (28) 
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which satisfies boundary conditions. Now putting the computed values of 6(X), 6’(X), and 6’(X) into Eqs. (10) 
and (11). We obtain residuals R(X, ci, C2,...,Cn) and evaluate the weighted function as described in Eq. (27). We 
substitute these residuals and weighted function (W;,i = 1,2,...) in Eq. (25). Subsequently, we proceed to integrate 
Eq. (25) form 0 to 1, and we obtain a system of nonlinear equations in c;. We employ the Newton-Raphson method 
to solve these systems of nonlinear equations and derive the values of c;’s, which we subsequently substitute into 


the Eq. (28) in order to achieve the desired solution for the problem. 


3.4. Finite Difference Method 


Han et al [36] previously highlighted the use and validity of the finite element technique to examine the heat flow 
in fins for constant thermal properties. We used the central difference approximation to discretize X co-ordinate. 


Setting the central difference formulae as follows: 


dO Gin — Oi-1 
i 2h / 
d20 ig Oi41,5 = 26; + Os-1,5 
dX2 h2 ; 


substituting above formulae in Eqs. (10) and (11) with BC Eqs. (12) and (13), we get eleven nonlinear algebraic 


equations. Solving this system of equations by well known method. 


4. Results and Discussion 


The present dimensionless model Eqs. (10)-(13) is a boundary value problem with a system of nonlinear differential 
equations. In order to find a resolution for this model, we utilized three separate methodologies: LWCM, LSM, 
and FDM. The approaches were employed to estimate the temperature distribution within a rectangular porous 


fin. The findings are displayed in figures 2-12 and tables 1-2. 


4.1. Numerical validation of present method 


A comparative analysis of the current approach with an exact results is required to validate the accuracy of the 
current methodology. In order to calculate the precise answer for a certain scenario, we substitute t f(@) = f(X) =1 


and S;, = 0 in Eqs. (10) and (11), we obtain 


d6 2 
axa ~ Me =0, (29) 
and boundary conditions are provided in Eqs. (12) and (13). 
The exact solution of Eq. (29) is: 
coshM X 
~ coshM ° OY 


Table 1 displays the comparison between the exact solution and the results obtained from the LWCM, LSM, 
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and F DM. the results produced by the LWCM, LSM, and FDM. In order to calculate the findings, we utilize 
the following reference values: y = 0.2, 8 = 0.0, Sh = 0.0,Q = 0.4, and M = 0.3. From this table, it can be noticed 
that the findings obtained from these methods closely align with the exact results. In order to determine the highest 
level of accuracy among these methods, we do error analysis as presented in Table 2. An observation reveals that, 
the error in LWC'M is less as compared to LSM and FDM.This demonstrates the legitimacy of LWCM. So for 


further calculations, we employed the LWC'M. 


Table 1: A comparative analysis of Exact result with LWCM,FDM and LSM in case 1. 


xX Exact LWCM FDM LSM 

0.0 | 0.956627911900248 | 0.956627911900249 | 0.956628107692020 | 0.956627911900222 
0.1 | 0.957058426747764 | 0.957058426747753 | 0.957058620610012 | 0.957058426749248 
0.2 | 0.958350358782735 | 0.958350358782722 | 0.958350546851783 | 0.958350358783170 
0.3 | 0.960504870831200 | 0.960504870831203 | 0.960505049233111 | 0.960504870828954 
0.4 | 0.963523902099437 | 0.963523902099422 | 0.963524066941668 | 0.963523902096714 
0.5 | 0.967410169919377 | 0.967410169919378 | 0.967410317284990 | 0.967410169919146 
0.6 | 0.972167172194391 | 0.972167172194380 | 0.972167298133904 | 0.972167172196937 
0.7 | 0.977799190547633 | 0.977799190547621 | 0.977799291072906 | 0.977799190550148 
0.8 | 0.984311294175793 | 0.984311294175771 | 0.984311365252331 | 0.984311294175578 
0.9 | 0.991709344411717 | 0.991709344411725 | 0.991709381990155 | 0.991709344410103 
1.0 | 1.000000000000000 | 1.000000000000000 | 1.000000000000000 | 1.000000000000000 


Table 2: Error analysis of Exact solution with LWCM, FDM and LSM for case 1. 


x Percentage Error 
LWCM FDM LSM 

0.0 | 1.0445x10~18 | 2.04669 x10—5 | 2.71571=10~—12 
0.1 | 1.14844 10~12 2.02561 1075 1.55062 x10~1° 
0.2 | 1.35543>107 1? 1.96242 107° 4.5389 «10711 
0.3 | 3.12086«1071% | 1.85738 107° 2.33833 x 107 1° 
0.4 | 1.55554 10712 1.710x107° 2.82601 107 1° 
0.5 | 1.03286«10~—13 1.5233=107° 2.38821 «10711 
0.6 | 1.13058x10~—!? | 1.29545x10-5 | 2.61897 x10~1° 
0.7 | 1.22626x=10~—12 1.02808 10~° 2.57209 x10~1° 
0.8 | 2.23328x107 12 7.22094 107° 2.18365 «10711 
0.9 | 8.0604310~1% | 3.78926«107~° | 1.62742 x10~71° 
1.0 () () (6) 


4.2. Effect of parameters 


The preceding section (3) covered the development of a thermal conductivity model that takes into account the 
influence of location and temperature on a rectangular porous fin. We take thermal conductivity as temperature 
and location dependent to examine the temperature profile in porous fin. In this study, we consider one case for 
location-dependent thermal conductivity i.e., linear and three cases for temperature-dependent conductivity namely, 


constant, linear, and exponential function of temperature. 
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Figures 2-12 illustrate the impact of different parameters, such as thermal conductivity (8), thermo-geometric 


(M), porosity (.S;,), heat transfer rate (Q), internal heat generation (7), h value, and thermal conductivity gradient 


(B). The parameters are assigned reference values of 3 = 0.5, S, = 0.5,7 = 0.5, B = 0.5, M = 0.5, and Q = 0.5. 


4.2.1. Effects of parameters on temperature dependent porous fin 


Figure 2 depicts the consequences of the thermal conductivity parameter (3) on the temperature profile in fin for 
case 1 and 2. From this figure, we deduced that the temperature in fin goes up with higher thermal conductivity 


values. Significantly, the temperature distribution for case 3 is higher than that of case 2. Consequently, in terms of 


oo S,, = 0.0 Case 1 
—+—_ S.= 0.5 Case 1 
S|, = 1.0 Case 1 
Sis S,, = 0.0 Case 2 
—*— S, = 0.5 Case 2 
S, = 1.0 Case 2 
eas S,, = 0.0 Case 3 
—*— S,, = 0.5 Case 3 
S, = 1.0 Case 3 


©: 
© 
i) 


Dimensionless Temperature 0 
Dimensionless Temperature @ 


0.9 F 


re 6 =0.0 Case 2 
= —7— i = 0.5 Case 2 
: 3 =0.1 Case 2 L 
0.88 ero (ee 3 = 0.0 Case 3 os 
eeeeeneres : —7— § =0.5 Case 3 
6 =1.0 Case 3 


L 1 L L L L 1 L 1 
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Figure 2: Effect of thermal conductivity parameter on Figure 3: Impact of the porosity parameter on tempera- 
temperature profile in fin for cases 2 and 3. ture profile in fin for cases 1, 2 and 3. 


the cooling process, case 2 exhibits more efficiency compared to case 3. Figure 3 illustrates how the porosity 
parameter (S),) affects the temperature profile in fin for cases 1, 2, and 3. We noticed that as the value of Si, 
rises, the temperature within the fin drops for cases 1, 2, and 3. This finding indicates that the fin’s temperature 
tends to decrease with lower Darcy and Rayleigh numbers or higher effective thermal conductivity ratios. Figure 4 
represented the impact of an internal heat generation parameter (y) on the fin’s temperature profile for cases 1, 2 


and 3. Our observation revealed that the temperature within the fin goes up with higher values of 7 for cases 1, 2, 


0.8 F 


— — —~M=0.0 Case 1 

—8— M=0.5 Case 1 
M = 1.0 Case 1 || 
— — —M=0.0 Case 2 


sea ete 7 wwe is =-—-— ¢ = 0.0 Case 1 
0.88 k-----—" gan ae —*— 7 = 0.5 Case 1 
— —— 7= 1.0 Case 1 


Dimensionless Temperature 0 
Dimensionless Temperature 6 


0.86 F oar —o— M=0.5 Case 2 
a M = 1.0 Case 2 
paall awe fe 0.77 — — -—M=0.0Case 3]] 
Lease ae —*— 7 = 0.5 Case 3 —s— M=0.5 Case 3 
—— 7 = 1.0 Case 3 M = 1.0 Case 3 
0.82 : : : : . : 0.65 : : : 
0 of 02 08 04 O05 06 O7 O08 o9 1 0 of 02 08 04 O5 06 O7 O08 o9 1 
x Xx 


Figure 4: Consequences of internal heat generation pa- Figure 5: The impact of thermo-geometric parameter on 
rameter on temperature profile in fin for cases 1, 2 and temperature profile in the fin for cases 1, 2 and 3. 
3. 
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and 3. Figure 5 illustrated how thermo-geometric parameter M effect the fin temperature profile for case 1, 2 
and 3. We concluded that as the value of MW climbs for cases 1, 2, and 3, the temperature within the fin reduces. 
This suggests that, the fin’s temperature goes down with higher effective thermal conductivity values or shorter fin 
lengths. Figure 6 displays the impact of heat transfer rate (Q) on the temperature profile within the fin for cases 1, 
2, and 3. Our finding illustrates that as the value of Q grows, the temperature within the fin likewise rises for cases 
1, 2, and 3. This shows that the fin’s temperature goes up as both the kinematic viscosity and fin thickness grows, 
or as both the specific heat and coefficient of thermal expansion decrease. Figure 7 demonstrates the influence of 


varying h in FDM on temperature distribution in fin for case 1. We observed that, the accuracy of the results incre- 


0.99 F 


‘o 
© 
foc) 
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0.98 F 


Dimensionless Temperature @ 
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07 1 \ fl 1 1 f 0.955 1 1 f 1 1 1 f 
0 0.4 02 #08 04 O85 O06 O07 O8 089 1 0 0.41 02 #08 04 O05 O06 O07 O8 089 1 
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Figure 6: Effect of heat transfer rate on temperature pro- Figure 7: Impact of h on temperature distribution in fin 
file in the fin for cases 1,2 and 3. for case 1. 


-ased when the value of h decreased. Figures 3, 4, 5, 6, we noticed that, the temperature in porous fin for case 3 is 


greater as compared to case 2 and 1. It suggests that, case 1 is more efficient then other cases for cooling process. 


4.2.2. Effects of parameters on location dependent porous fin 


Figure 8 demonstrates the impact of thermal conductivity gradiant parameter (B) on the temperature profile in fin. 
We inferred that, the temperature within the fin rises with greater values of parameter B. Figure 9 exhibits the 


impact of the porosity parameter (S),) on the temperature profile within the fin. Our observation indicates that as 


0.98 F 
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Figure 8: Effect of thermal conductivity gradiant B on Figure 9: Effect of porosity parameter on temperature 
temperature profile in fin. profile in fin. 
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the value of (S),) rises, the temperature within the fin drops. This finding indicates that the fin’s temperature 
tends to decrease with lower Darcy and Rayleigh numbers or higher effective thermal conductivity ratios. Figure 10 
illustrates how internal heat generation parameter ¥ affects the temperature profile within the fin. It was noted that 
the temperature within the fin rises with higher values of y. Figure 11 depicted the influence of heat transfer rate 
(Q) on the temperature profile within the fin. We deduced that, the temperature within the fin rises as the value of 
Q rises. This shows that the fin’s temperature goes up as both the kinematic viscosity and fin thickness grows, or 


as both the specific heat and coefficient of thermal expansion decrease. Figure 12 illustrated the consequences of 


ia 

© 

4 
T 


° 
© 
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Figure 10: Effect of heat generation parameter on tem- Figure 11: Effect of heat transfer rate on temperature 
perature profile in fin. profile in fin. 


thermo-geometric parameter (7) on the temperature profile within the fin. We concluded that, the temperature 
within the fin goes down as the value of M rises. This suggests that, the fin’s temperature goes down with higher 


effective thermal conductivity values or shorter fin lengths. 


Dimensionless Temperature @ 
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Figure 12: Impact of thermo-geometric parameter on 
temperature profile in fin. 


5. Conclusions 


In this paper, we consider a mathematical model and simulation technique for analyzing heat transfer in a porous fin, 
where the properties are influenced by temperature and location. The entire analysis has been done in dimensionless 
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form. To address our research objective, we employ three distinct methods: LWCM,FDM and LSM. The main 


significant outcomes are summarized below: 


e The results of LWC™M is correct up to twelve or thirteen decimal places with exact results as compared to 


FDM and LSM. 


The temperature in fin decreases when the values of 5S, and M rises. 


The temperature in fin increases as the values of 8, B,Q and 7¥ increase. 


In case 1, the temperature is noticeably lower in comparison to cases 2 and 3. This observation implies that 


case 1 exhibits enhanced efficiency in the context of the cooling process within the fin. 


In the context of a linear case, it becomes evident that the temperature within a location-dependent porous 


fin is relatively lower than a temperature-dependent porous fin. 


This research is novel for the incorporation of spatial and temperature-dependent thermal conductivity, as well as 
the solution of a complex nonlinear issue utilizing a hybrid numerical technique i.e., LWCM. As a result, the present 
method is applicable to highly nonlinear fin problems. It can be used in the engineering industry to improve the 


quality of fins. The future work can be extended for nanofluids with different shapes and size of the nano-particles. 


NOMENCLATURE 

P Fin perimeter (m) 

gb coefficient of thermal expansion (K~') 

Kept effective thermal conductivity ratio (W/mK) 

T local fin temperature (K’) 

Th fin base temperature (K) 

To Sink temperature for convection (I) 

t thickness of the fin (mm) 

h heat transfer coefficient over the fin surface (W(m?K)) 
L length of the fin (m) 

g gravity constant (ms) 

Cp specific heat (J(kg — K)) 

K permeability of the porous fin (m7) 

he thermal conductivity at the base of the fin (Wm7'k~') 
x axial length measured from fin tip (m) 

q internal heat generation (W/in?) 

Da Darcy number (m?) 

v kinematic viscosity (m?s) 

a constant, dimensions vary absorption coefficient (m7) 


Dimensionless parameter 
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B thermal conductivity parameter 

0 temperature in fin 

Ra Rayleigh number 

xX length of the fin 

Q heat transfer rate per unit area 
internal heat generation 

Sh porosity 

M thermo-geometric parameter 

B thermal conductivity gradiant parameter 

Abbreviation 

IWCM Legendre Wavelet Collocation Method 

FDM Finite Difference Method 

LSM Least Square Method 

BC Boundary Conditions 
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Abstract 


Newly discovered, incomplete forms of special functions are increasing 
the interest of both pure and applied mathematicians. The main pur- 
pose of this work is to derive four theorems on partial derivatives with 
incomplete Aleph functions of two variables and generalize them up to 
r-variables. In addition to these theorems, we also established some novel 
formulae on the partial derivatives that play a key role in deriving the 
main results in terms of finite sum. Further, we generalize the result and 
obtain the finite sum for the incomplete Aleph functions with r-variables. 
Here, we also established some particular cases that are in most general 
character and including the results given earlier by Buschman and Desh- 
pande and may prove significant in numerous interesting situations ap- 
pearing in the literature on mathematical analysis, applied mathematics 
and mathematical physics. 


Keywords: Partial Differentiation, Incomplete X-functions, Mellin-Barnes In- 
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1 Introduction and Preliminaries 


Recently, Tadesse et al. [7], Kumar et al. [5] and Oli et al. [3] have derived some 
results on partial derivatives and fractional order derivatives of multivariate 
Aleph function. Earlier to that, Buschman [11, 12] and Deshpande [18, 19] have 
generated some important results on partial derivatives of special functions of 
one variable, two variables and r-variables. 

In the 18th century, some fundamental research was initiated in the field of 
special functions when Prym (1877) introduced incomplete gamma functions 
that were further studied by several authors. Sdland et al. [10] introduced and 
investigated the Aleph function in 1998. In 2020, the incomplete forms of the 
Aleph function were introduced by Bansal et al. [8]. 

The incomplete Aleph function with r-variables [6] defined using the Mellin 
Barnes type contour integral as given below: 


/ 
(L)\)0,n:771,n1,M2,N9;...;My Np 3 WwW W 
Didi, TiR3p, gL) 09; (1) 07; a) shay pete P(r) 09, (r) T(r) Ror) : Z Z' 
Zr 


= Sur i. I. a fe p (81, 2,---, Sr, Y) I [On (sz)2n°*] dsids2...ds,, (1) 
where w = /—1, 
Wwe far: a), hae af”, y] ; [as al), why al”) see E (a5 Oey oe a). | ’ 
Hine Dae a fren (ane eo). on 8 oe eer ed 
Z- . re be al 
gia el. . fren (a Ciena) ath nee fa”, 3f”] 


(r) (r) 


wi age T(1-a1+ Do f_, af”) 5, wTnaT (I-aj+ Dhan of sx) 
sain = 5 
och AA z 17% [Tet nti P(asi— k= iat sn) Tes r(i- b+ hes 8 si.) : 
Stas) Va rd —5 s, i ea P= M4) 5 x) 
A R(k) 4,(k) cr) ( i(k) (k) (k) , 
Vie) ar THO me sar (ind 450) +9; aa) TT Dr (« eal) wr) 
ail Ve ened 


Similarly, another form of incomplete Aleph function with r-variables is defined 
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by 
fe | 
(Y) ROME 711 ,MQ:N2)..5Mr Nr . Ww WwW 
DisGi TE RID, (1) 19,01) 7,1) RY) Py (r) 09 (7) T(r) FRO) . Z Z' 
er 
s 
(mw) al if fe (S1,$9,... on il [op (Sz,)24°*| ds dsq...d8,, 
Tw) Li JLo hat 
(2) 

where 


r k n r k 
y! (s1 89 8 y) = yA-ai+ > a1 at sas) ITj=2 DO -aj+ ha a sk) 

POLIS cee Ts = i ie k i r k 
jeg he [m1 n41 T(aje— k=1 ol) si) yt P(1-0j+ Dba B® sx) 
Decomposition formula satisfying for incomplete Aleph functions with r-variables 

ac; (LT) y9,7:771 ,21,M2,NQ,...,Mp Ny 
defined in (1) and (2) a8 Rivas Rw. (1) 99,1) 7,1) RY) Per) 197) 07, (r) 3 Rey 2 2, = 


Pid sTERSP (1) 19,01) 17,(1) RO) P(r) 094 (r) Seyi 2,] 
0,72:771,,21,M2Q,N2Q,.-+, Mp Np [z 
ls 

(k) 


PidisTURSP (1) 19,01) 17 ,(1) RO) P(r) 09 (7) T(r) Rr) 
Here, a; j _ pees bj Gj a 1,...,q@); Cy Gj = se ete) Crg() Gj _ 


a al RN 79 d\") Gj — Lecce ie) a Gj = mr + 1,..-54e))3 k= 


(7) ROTM Te TZ »T2 5-5 Tp Tey 


1,...,7;i=1,...,Rand i =1,...,R™ are complex numbers. 

n ; Nk P(k) 

k k k 
A = Soa an Yo Pe SeP ane Sot 
j=l j=ntl j=l j=ngtl 
Gi(k) 
k k 
Sa a 2, Sea rn 32 fy <0, 
j=l j=m,_tl 
7% (i =1,...,R), Ta (6) = 1,...,R) are positive real numbers. The in- 
tegral ha Lit:oo is a contour starting from | — ico to 1 + ico and the poles 
of T(d\ =i k), J = 1,...,mp are separated from those of [(1 — a; + 


ee al) s sx), j=l,...,n and T(1—- ol®) + Cen) j =1,...,nx to the left 
of the contour L;. The existence conditions for multiple Mellin-Barnes con- 
tours (1) can be obtained with the bits of help of multivariable H-function as 


largzr| < Tale). where 


Pj (k) 


AM =Sral®—n D> al) nA +d - wD Siw 
j=l j=n+ ae 
Mk i: Ii() k 
+>° 5 ) — Fen) vee > 0. 
j=l j=m,tl 


We can reduce incomplete Aleph functions with r-variables defined in (1) or (2) 
to the other well-known special functions by establishing values as given below: 
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(i) When we set 7; = Tx) = 1 (k = 1,...,1r), the multivariable incomplete 
Aleph functions reduce to the multivariable incomplete I-functions [16]. 

(ii) When we set r = 1, the incomplete Aleph functions with r-variables reduce 
to the incomplete Aleph-functions [8, 20, 17]. 

(iii) When we set r = 1 and 7 = 7,«) = 1 (k = 1,...,1r), the multivariable 
incomplete Aleph functions reduce to the incomplete I-functions [9, 15]. 

(iv) By setting y = 0 and 7; = Te) = 1(k =1,...,1), the multivariable incom- 
plete Aleph functions reduce to the multivariable I-function defined by Sharma 
et al. [4]. 

(v) By setting y = 0, 7 = 7) =1and R= R™ =1(k=1,...,r), the multi- 
variable incomplete Aleph-functions reduce to the multivariable H-function [14]. 
(vi) When we set y = 0 and r = 1, the multivariable incomplete Aleph functions 
reduce to the Aleph-function [10]. 


In the upcoming sections, we explore three formulas which serve as valuable 
tools for solving the theorems of sections 3 and 4. Within section 4, we general- 
ized Theorem 1 and obtained the finite sum pertaining to the incomplete Aleph 
functions with r-variables. Additionally, some particular cases given by several 
authors are also discussed in section 5. 


2 Formulas 


In this particular section, we have developed three formulas that are intended 
to assist in resolving the theorems presented in sections 3 and 4. 


The incomplete Aleph function can be expressed with two variables nb | 2 
2 


as: 
(T)yP | Z | x 
Ro | 20 | Y | 
1 : ; 
+ op |, iE yp (s1, 52,Y) $1(51)24' b2(S82)25° ds) dso, (3) 
1 2 
where 


w=vV-l1, P=0,n:m1,71,mM2,N2, 
Q = Dis Gs THR; Pia), Ga; TH} Ray; Pie, Gs Tir; Ray, 
y (s 8 y) an TP(1-a1+>-3_, of 55.,y) IT. P(l-aj+>2p_, a") 5,) 
1,°2; = i k i k 
, ie 17% LT; n+1 P(ass- Ret al! sx) Te: DP (1-054 O31 B® sx)] 
m k k n k k 
Tj rds 5! aT r(i—et +66 sx) 


sn rth) 4,(k) (k) 4 s(h) Pi (k) co) (k) , 
para T i(k) Tee ah (He) Ore yen, tal © gle) S54) 8 
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= ep hl) (2)... at). .@2) afin aren GO)" 2 (2) 
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(1) (a) (2) -(2) 

[es G5 ly aw fren (eG wo) itl 2 : E 0G; lees : 
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as y By 1B; : eal 2 Sm 
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Similarly, the lower form of the incomplete Aleph function of two variables 


omg | a | as follows: 
2 


ONE | a | x 
— ee, ’ a 57 ds\d. 4 
(amu)? Jr, he (81, 82, y) 61(81)24' b2(S2)257dsids2, (4) 


where 


y (s1, 82,y) = 


3 n k 
y(1-ait2_, of”) 54,y) 19 Plast o2_, a sx) 


Dik Ti [ms n+l T(ajs—Deaa of sx) TTyih P(1-bj:+ 2-1 BY? sx) ; 
Now, we derived the following formulas for the incomplete Aleph function with 
two variables that will be used for the proof of upcoming theorems. 

Formula 1: We derive a formula for the incomplete Aleph function with two 
variables as follows: 


z xX z xX 
zhr goa T)Nb | os | | = MxF | y, |; (5) 


where 
P=0,n:m1,71,mM2,N2, 
Q = dis Gs THs B3 Dj), Gas T3 Ra) PDs GOs TDs Rey, 
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NTL Pi S21 
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Xy 
F 
(1) (2) (2) -(2) 
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1,n2 


“y (2) (2) 
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» (oie 
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To prove this formula, substitute s, + py = Sz (px € C) and use (3). After 
a small simplification, we get the desired result. 

Formula 2: For z; = Aj’ and zo = A}?, the partial derivatives of the incom- 
plete Aleph function two variables with respect to A;, Ag defined as: 


oe ot z xX Zz 
sat (T)yP 1 — (T)y Pe 1 
MiAD ae OAS ns | 2 eal = ne | 


where 
P2 =0,n:m,+1,n1,m2 +1, n2, 
Q2 = Pi GT RSD) + 1,4Ga) +1, 7,03; Ray pee + 1g + 1,742; Rey, 


am fails fo?.o] fe (ree), 
[eo], - fren Gare se ~  Osatls ee bas 
rw (c! donk. as) mare al (0, y2], 

Yo = E ts (bbe BO) bel len). [4.6] 

fren Core | [tvl, [a?, «| ; 


1,me2 
2 
ri (dito Si) ay P| , 


Formula 3: For z; = A,” and z2 = Aj”, the partial derivatives of the 
incomplete Aleph function two variables with respect to A,, Ag is as follows: 


s é a Ot xX : x 
(—1) TENG) (M2) Sar aae Ne | 2 | Y — ON | Z1 3 I (7) 


where 
Pz =0,n:m1,n1 +1,m2,n2+ 1, 
Q3 = pi Gs TH Rid +1oqm +174; Raj p@ +1lae@t+1,%@; Rea), 


1 2 a 2 
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1 1 
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2 2 
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Similarly, we can derive all three formulas for the lower form of the incomplete 


Aleph function with two variables One | . | - | ; 


3 Main Results 


In this section, we produce four theorems concerning the partial derivatives of 
incomplete Aleph functions with two variables, each having distinct parameters. 
Subsequently, we express these functions in terms of finite sums. 


If we put z = N € Z* in formula (30) of Erdelyi et al. ({1], P.19), we ob- 
tain the result as given: 


N! T(e) 
WN —-D!T(e +l)’ 


N 
wet N)- le) =o (-0)4 (8) 


where function ¢(z) = log [I'(z)]. 


Theorem 1: We derived the partial derivatives of the incomplete Aleph func- 
tion with two variables in terms of finite sum for the given values of A; = 
Ni, Ag = No as: 
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1yni 
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Proof: In the first step, express the left-hand side of (9) in the form of the 
Mellin-Barnes integral as given in (3). Further, by using the chain rule of 
derivatives and result defined in (8), we have 
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Now, we can write the left-hand side of (9) by using the above-given results in 
(10) and (11). We have 


Ny ON 
a 1 2 —1)LitLe-2 

Ds me Ink en Ly)'(No -— L 

tcoteco 2(N; — L1)!(No at 

(1) (2) 
(F) 0.2m rn +3,man2+3 21 G1; Aj, 07 5 Y 
PidisTE RSP (1) +3,4,(1) F1,7, (2) Rea iP j(2) +3,9,(2) F1,7,(2) Ra) | zo 
es 


[as a; *" oh 5) [r (a5 a a?) | 5) [1 Tpit x, v1], 


(2) (1) s@) GQ) s(1) 
[ (0 ji3 c ey ) Lael ’ [ai 0; lee ’ fren eee ’ 


221 Rahul Sharma et al 214-234 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 33, NO. 1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC 


N. (1) -(1) (1) (1) 
Hot oa [0 lve), 


[1 -— pr + — Liu] Nea ae | ’ 


1,me2 


po Bena lt—mt Binh [P.?] 
(2) x(2) 
[0 (dito ie) gy | 


(2) (2) 
rin Pes) ac 02) 
[1 — po + 2 — Le, 72] 


Now, consider the incomplete Aleph function with two variables portion of (12) 
and for the sake of convenience denote it by T. Thus we can write it as follows: 
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1(N1 L 1 (Na Ts 
Now, evaluate the value of Z, nee vA wae aa) x T, by using the 


formula 1 and formula 3, and after little simplification, we arrive at 
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ADN2/2-p2—Le) (LP IN m:m1,n14+2,m2,n2+2 cal [a1; 
2 Pid TH RsP, (1) +2,9,02) 7,2) Ra) iP (2) 2,9, (2) 17, (2) Ria) : 


1 2 1 2 1 2 2 
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where z} = Ay” and z2 = A;”. 
Now applying the Leibniz formula 


ON-E Caw An? 
= /2—p 
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in (14) and after simplifying it, we have 
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2) (2 (2) 
=o sh [PY ri (eo) 


(2) (2) (2) (2) 
[ai 9; Vee ’ rn (ditt B50) 41 ea 


By using oy) and change the order of summations in pie ese rs * and 


pee ‘ eer 26 ‘2 and inner sums then simplify to L, = Ly = 1. Consequently, 
we get the desired result. 


(16) 


Theorem 2: The incomplete Aleph function with two variables in terms of 
finite sum for the given values of Ay = Ny, Ag = No as: 
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(2) 5(2) (2) 2) 
[ai 0; ee rin Ce are , 


Proof: The proof for Theorem 2 follows a similar approach as that used for 
Theorem 1. 


Theorem 3: A new variant of the partial derivatives of the incomplete Aleph 
function with two variables in terms of finite sum for the given values of Ay = Ny 


as: 
9 Tyre | z | Xs | 
OA, 9% | 22 | Ye Jain, 
es N,! Ni-1 1 (P) yp Po Zz Xo9 (18) 
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Proof: The proof for Theorem 3 can be obtained using the same method em- 
ployed in establishing Theorem 1. 


Theorem 4: The partial derivatives of the incomplete Aleph function with 
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two variables in terms of finite sum for the given values of A, = Nj as: 
zy | X10 
ONG < PRE o Mae Nek 


ae z xX 
= (PT) Pr 1 11 19 
3 rs ky! ce ky) Qr | 22 Yui | ( ) 
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2 
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Proof: The proof for Theorem 4 can be obtained using the same method em- 
ployed in establishing Theorem 1. 


4 Generalization of Main Result 


In this section, we extend the primary outcome established in Theorem 1 to 
encompass the incomplete Aleph function considering r-variables ONG [zr] as 
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follows: 
r 21 
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(r) er) 
Tir) (as fiir) apie 


Aes: (a) 5”) 


(20) 
FI) G4) ) meta 


Proof: Initially, we express the left-hand side of (20) in the form of the Mellin- 
Barnes integral as given in (1). Further, by applying the chain rule of derivatives 
and the result defined in (8), we get 
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Similarly, we can generalize (21) for ae T (pp + A® + Yen) . (ae ON 
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Now, we can write the left-hand side of (20) by using the above-given results in 
(21) and (22). After a bit of simplification, We have 
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Now, consider the incomplete Aleph function with two variables portion of (23) 
and for the sake of convenience denote it by L. So, we can write it as follows: 
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Now, evaluate the value of [],_, Z;, ”* x L, by using the generalized 


form of formula 1 and 3, and after simplification. We obtain 
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where z, = A, * (k=1,...,r). 
Now applying the Leibniz formula (15) in (25) and simplify it, we have 
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Nr 
Tj) (os < +0 ee rT ) [1 — Pr+ 3; Yr ) 
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17930) 


[1 — Pr + Ne keiye ls ES ]. 2 ’ fren (és Cone i) 41 | 
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By using (24) and change the order of jeans in Li 7 are Ko (k= 
1,...,r) and inner sums then simplify to L, = 1 (k = 1,...,r). Finally, we 
obtain the desired result. 

Similarly, We can derive all the theorems for the incomplete Aleph function with 
r-variables ONS [zr] as we derived for OND [er] and generalized it also as given 
in section 4. 


(26) 


5 Particular Cases 


In this part, we discuss some important cases of Theorem 1 which can also 
comfortably obtain the results identically to Theorem 2, 3 and 4. Further, if 
we assign specific values to the parameters in the incomplete Aleph functions of 
two variables then we have the following cases. 


5.1 In terms of H-function with two variables 


By setting y = 0,7) = Ta) = Ta) = 1 and R= R® = R@ =1 in Theorem 1, 
we get a known result derived by Deshpande [19] as follows: 
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Y* = [e ji} ee : | ; fa, 5%] as [a??, 5 . 
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a de 
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Similarly, we get more results by setting y 0,7; Tj (1) T;(2) 1 and 


R= RY = R® =1, thus convert Multivariable incomplete Aleph function to 
Multivariable H-function in all theorems of section 3. 


5.2 In terms of G-function with two variables 


By substituting a) a) Ge eo le hy he he 1 in the 
result 5.1, we can transform that result in G-function [13, 2, 14] as follows: 
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By putting suitable values to the parameters, we arrived at the known results 
given by Buschman and Despande [11, 12, 18). 


6 Conclusions 


We summed up this analysis by considering the utility and prospective applica- 
tions of the newly derived special functions. Several known and novel outcomes 
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involving special functions follow as specific cases of our main findings due to 
the most fundamental character of the functions involved in the present work. 
The significance of our results lies in many fold generality. Because of the gener- 
ality of the incomplete Aleph functions with r-variables, on suitable specializing 
the various parameters and variables in these functions from our results, we can 
establish extensive varieties of useful results, which are expressible in terms of 
families of the incomplete H-functions, incomplete generalized hypergeometric 
functions, incomplete I-functions, I-function, Aleph function and many more. 
This work will remove the constraints of special functions and these results may 
be used to solve a variety of problems in mathematical analysis. 
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Abstract 


In this paper, we develop an integer and fractional-order susceptible, 
infectious, and recovery (SIR) epidemic model based on vital dynamics, 
ie., birth, death, immigration, and variable population size, including 
infection and recovery rates. We investigate the stability analysis for the 
fractional SIR model on the disease-free and endemic equilibrium points. 
The existence and uniqueness conditions of solutions for a stable model 
are also discussed. The residual power series (RPS) approach is used 
to get the semi-analytical solutions of the proposed model in the form 
of convergent fractional power series. The convergence analysis of the 
RPS method is also discussed. Numerical results demonstrate the effect 
of distinct fractional orders a € (0,1] on the population density. The 
obtained results are exciting and may be beneficial for medical experts to 
control the epidemic disease. 

Keywords: SIR model, Caputo derivative, Fractional power series, and 
Residual power series. 


Introduction 


Fractional calculus is a powerful tool for the mathematical modelling of physical 
problems [1, 2, 3]. It has been applied in many research areas, such as science, 
economics, engineering, etc. Additionally, fractional differential equations in 
nonlinear dynamics have been studied by many researchers [4, 5, 6, 7]. In clas- 
sical integer-order epidemic models, the disease spreads between compartments 
of the model with an equal chance. The rates of contact and illness transmission 
should be constant. A fractional derivative could replace a classical derivative 
to learn more about the dynamics of the model [8, 9, 10]. 
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There is no long-lasting protection against several infectious illnesses. Some 
infections recover, and some people become susceptible after an infection. The 
SIR model studies this kind of illness. The schematic of the susceptible, in- 
fectious, and recovery (SIR) model is shown in Fig. 1. Here, S(t), I(t), and 
R(t) represent the number of susceptible individuals, the number of infectious 
individuals, and the number of recovery individuals, respectively, at time t. A 
is the number of births per unit time. 41, 2, and 3 are the numbers of im- 
migration and deaths per unit of time for S, I, and R, respectively. r; and r2 
are the numbers of infectious people per infected person per unit of time and 
the number of recovered people per unit of time, respectively. The considered 
population size at time t is N(t) = S(t) + I(t) + R(t). 


Figure 1: SIR Epidemic Model. 


Researchers have successfully investigated several generalized variations of 
the classical and fractional-order epidemic models. Hethcote and Driessche [11] 
studied an susceptible-infectious-susceptible (SIS) epidemic model with vari- 
able population size. Ackleh and Allen [12] and Zaman et al. [13] discussed the 
SIR epidemic model with varying population sizes. El-Saka [14] addressed frac- 
tional epidemic models like SIR and susceptible-infectious-recovery-susceptible 
with varying population sizes. The SIR model with varying population sizes 
and continuous recruitment was examined by Bakare et al. [15]. Hassouna et 
al. [16] studied a fractional SIS epidemic model with varying population sizes. 
Fractional-order SIR epidemiological models were examined by Tafhvaei et al. 
[17]. Koziol et al. [18] discussed the influence of fractional order values on the 
dynamic properties of the SIR model. The SIR, susceptible-exposive-infectious- 
recovery, and susceptible-exposive-infective-asymptomatic-recovery models with 
fractional orders were reviewed by Chen et al. [19]. Balzotti et al. [20] studied 
the fractional SIS epidemic model with varying population sizes. Meena and 
Kumar [21, 22] discussed the fractional SIR and SIS epidemic models with con- 
stant population size. Sidi Ammi et al. [23] studied the diffusive SIR epidemic 
model described by reaction-diffusion equations involving a fractional deriva- 
tive. A fractional SIR epidemic model with treatment cure rate was discussed 
by Sadki et al. [24]. 

The above-cited articles considered SIR models with constant population 
sizes. To the best of the author’s knowledge, the study of the integer and 
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fractional order SIR models, considering the model’s vital dynamics and variable 
population size, is lacking in the literature. So, in this paper, we develop integer 
and fractional order SIR epidemic models consisting of susceptible, infectious, 
and recovery groups with birth, immigration, death, infection, and recovery 
rates for variable population sizes. Moreover, parameters (i.e., A, (41, 2, and j13) 
are added to discuss more insight into the model’s dynamics. These parameters 
are directly associated with particular groups and also affect the population 
sizes during the disease. 

In the present study, we deal with the aforementioned integer and fractional- 
order SIR epidemic models. The linearization procedure is used to discuss the 
stability analysis of the fractional model with disease-free and endemic equilib- 
rium points. The existence and uniqueness of the solutions for the stable model 
are also examined. Semi-analytical solutions of the proposed model are obtained 
in the form of a fast-convergent series with the help of the RPS method. The 
absolute errors between the semi-analytical and numerical solutions using the 
Runge-Kutta (RK) method for a = 1 are obtained to show the RPS method’s 
effectiveness. The effect of the fractional order (@) on population densities is 
also discussed. The numerical and graphical results show that this study can 
benefit researchers, policy-makers, and medical experts understand the dynam- 
ics of epidemic models. 

The structure of the paper is as follows: After the introduction in Section 1, 
some basic definitions of fractional calculus are listed in Section 2. A mathemat- 
ical model is formulated in Section 3. The stability and existence of a uniformly 
stable solution for the proposed model are discussed in Section 4 and Section 5, 
respectively. Section 6 discusses the procedures of the RPS Method and the 
solution of the model. Numerical results and graphs are discussed in Section 7, 
and the outcomes of the study are concluded in Section 8. 


2 Preliminaries 


This section discusses the definitions and properties of fractional calculus. The 
fractional derivative has a variety of fascinating definitions. Yet, given their ad- 
vantage over issues with an initial value, we use the well-known Caputo deriva- 
tives in the present study. 


Definition 2.1 /25/ The Caputo fractional derivative of order a of function 
r(y) is defined as: 


1 ¥ PD (v) 
5 | (gaayennas éf (q—1) <ac<cgd, qEN, 
=r (y), ifa=q, GEN. 


Definition 2.2 /26, 27] The fractional power series (FPS) about y = yo can be 
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defined as 


su — yo)?* =lo +hi(y — yo)* + la(y — yo)?* +.--5 
j=0 


& 


(q-1l)<a<q,qEN, y> yo. Where l;, 7 =0,1,2,... are the coefficients of 
the FPS. 


Theorem 2.1 /26, 27] A FPS of the function r(y) about y = yo can be defined 
as 


r(y) = SU (y— yo)’, yo Sy < (yo +p). 
j=0 


It was found that if § Dier(y), Vj =0,1,2,... are continuous on (yo, yo + Pp); 


then l; = Pyo"(vo) Where p is the radius of convergence and €DI® = 
wi) r(1 + ja) : p 9g 0 “yo 
PDD ahs hg obe (j-times). 


Property 2.1 /25/] Let r(y) = y?, q> 0, 


PGE) ngek - 2 
Teer ar i U 2 {a}, 
Cpryt = {Tq+1—a)” fq 2 [al 


0, ifq< fal. 


3 Mathematical Model 


A mathematical model is vital in analyzing the physical, chemical, linguistic, 
etc., systems. The SIR model is general and can be used for the mathemati- 
cal study of any disease like influenza, measles, chicken pox, mumps, etc. The 
assumption of a fractional-order SIR model in the epidemic has essential im- 
plications for the time domain. The fractional order model gives a better way 
to understand the physical behavior of the SIR epidemic model than the inte- 
ger order model. Following are the assumptions to construct the SIR epidemic 
model at time t. 


3.1 Assumptions 


1. The disease spreads in a particular region with a variable population size 
N(t), ie., S(t) + 1(t) + R(t) = N(E). 


2. r,S(t)I(t) is total newly infected people from susceptible at time t. 


3. r2I(t) is the number of recovered infected persons at time t. The recovered 
person has ongoing immunity. 


4. The number of births per unit of time t in the susceptible compartment 
is AN(t) at the rate A. 
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5. The number of deaths and immigration in susceptible, infectious, and 
recovered compartments is S(t), U2T(t), and 3 R(t), respectively, with 
rates of (41, fu2, and pus. 


For integer order, the SIR model with vital dynamics can be formulated as 


SO _ aw —n Sr - mS 
TO = 1 S()H(t) — ral(t) — pol(t), 
- (1) 
mA) = allt) — wsR(, 
dS(t)  dI(t) _ dR(t) _ dN(t) 
Gece aes fogs gee 
At t = 0, the initial conditions of the model (Eq. (1)) are given as 
S(0) = So, (0) = Ip, R(O) = Ro, and N(0) = No. (2) 


By replacing the integer order derivative with the Caputo derivatives of order 
a € (0, 1] in model (Eq. (1)), we have the following model 


0 Di S(t) = pee ry S(H)I(t) — nn S(t), 
0 Drl(t) = ri SI) — ral (t) — e2l(t), 


e DER) = ral) ~ nA " 

0 DF S(t) +9 Drlt) +9 Dr R(t) = 9 DP N(t). 

At t = 0, the initial conditions of the model (Eq. (3)) are 
S(0) = So, 1(0) = Ip, R(O) = Ro, and N(0) = No. (4) 


Where parameters 11, T2, A, [1, [2, and pg are the positive constants. 


4 Stability Analysis of the Fractional SIR Epi- 
demic Model 


In this section, we discuss disease-free and endemic equilibrium points of the 
model (Eq. (3)) as 


0 DP S(t) = 0, 9 DP l(t) = 0, ¢ DP R(t) = 0. 


4.1 Disease-free Equilibrium Point 


The disease-free equilibrium point (i.e., J = 0) is (Szq,Ieq, Req) = (0,0,0). We 
find matrix 


Sy . d 
A= 0 —(ro+p2) 0 
0 r2 —b3 
5 
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and its eigenvalues are 


At =r- M1, 
A2 = —-T2— 2, 
A3 = 3. 


Hence, (Szq, leq, Req) is local asymptotically stable if (A — 41) < 0. 


4.2 Endemic Equilibrium Point 


The endemic equilibrium point (Sgq,[eq, Req) = (54,44, Rs), which is charac- 
terized by the existence of infected nodes, i.e., J 4 0 is given as 
ratee , Malta ~A)(ra +2) yp _ a(t — A) (2 + Ha) 


S= Ay : 
TL ry [(A — ro — fa) * bg — Are] ry [(A — ro — Ha) * 3 — Are] 


We find matrix 


3(T2 + p2)(A — p11) 
nN r nN 
| M1 Pies pO r2 — f2 | 
A= 3 (r2 + Ma)(A = 1) 
0 0 
Ta + 3 (ro ae Cs X) 
0 r2 —H3 


and if real parts of its all eigenvalues of matrix A are negative, then (Sm, Im, Req) 
is local asymptotically stable. 


5 Existence and Uniqueness of Stable Solution 


Let yi(t) = S(t), y(t) = I(t), and ys(t) = R(t), then 
fi(yr(t), yo(t), ya(t)) = (A — pa)yr(t) — (A + riyr(t))y2(t) — Ays(E), 
fo(yr(t), yo(t), ys(t)) = riyi (t)y2(t) — (v2 + He) ya(t), 
fa(yi(t), ya(t), y3(t)) = raye(t) — wsys(t). 


Let D= {y1,Y2, 3 Cats lyi(t)| <a,te [0, p]} and | fi(yr(t), yo(t), y3(t))| < Mi, 
i =1,2,3. Each function f, fz, and fs is continuous with respect to the three 
parameters y1, y2, and y3. Then on D we have 


a fi(y1,y2,93)| < ka, a filyr, Y25 y3)| < ke, ggg filinsts te) < ks, 
Y Y2 Y3 

a. </ os <l 2 <h 
Dy, 12 2s Ys) <h, Hyg 12 (Wt Ya» Ys) < lo, pop feline) < ls, 
oe. < ace < a < 
Dy, [3 22 Ys) <mi, Hyg 134s 2» Ys) < ma, soe falins < ms, 
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where k;, 1;, and m;, 1 = 1,2,3 are positive constants. 
Consider the following initial value problem which represents the proposed 
model (Eq. (3)) 


0 Drm(t) = filyr@), yo(t), ys(t)), £ > 0, and yi (0) = yr, 

0 Deye(t) = fo(yr(t), yo(t), ys(t)), £ > 0, and yo(0) = y20, (5) 

0 Di'ys(t) = fa(yi(t), yo(t), ya(t)), > 0, and y3(0) = yzo- 
Definition 5.1 By a solution of the system (Eq. (5)), we mean a column vector 
(yi(t), yo(t), ys(t))”, yi, Yo, and y3 € C[0,T], T < oo where C[0,T] is the class 


of continuous functions defined on the interval [0,T] andr denote the transpose 
of the matrix, and 


F(Y(#)) = (fi(yi (4), yo(t), y3(t)), fo(yr (4), yo(t), ys(t)), fs(yr (4), yo(t), ys(t)))”- 


Now, applying Theorem 2.1 [28], we deduce that the considered system has a 
unique solution. Also, this solution is uniformly Lyapunov stable by Theorem 
3.2 [28]. 


6 Solution using RPS Method 


6.1 RPS Methodology 


In this section, we apply the RPS method [21, 29, 30, 31, 32, 33] to solve the 
proposed model (Eq. (3)) using following steps 


Step 1: The FPS for S(t), I(t), R(t), and N(t) about t = 0 can be written as 


[oe) 


= as a; pie _ bjt? 
oy > TGa +1)’ ie —T(ja4+1)’ 
= a 0<t< (6) 
R(t) = ss cit? N(t) = 3 dt? - 
~ 2.7Gar1)’ — SalGe+ 1)’ 


The n‘"-truncated series of S(t), I(t), R(t), and N(t) denoted by S,,(t), 
I,(t), Rn(t), and N,,(t), respectively, are defined as 


“  ajti® “bt 
Tht) = Dean 
) =) Gerd’ (t) DTGerh 


aa a : | ee ee , (7) 
c;ti@ tie 
N,(t) = ) =: 
O= Dd TGa+rt (ja +1)’ (6) XL TGart) 


For n = 0, from Eqs. (4) and (7), we obtain 


So(t) = ao = So(0) = So, Io(t) = 
Ro(t) = co = Ro(0) = Ro, ~No(t) = do = No(0) = No. 
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Now, from Eqs. (7) and (8) the n‘”-truncated series of Eq. (7) can be 


defined as 
" ajtie "  bjtie 
Sn, ie = + — In t = b + — 
SG LTGart) =o LTGat 
. re (9) 
cjtt” dts” 
RG\oy a Ne ee 
=e DL TGari (6) ot LirGar 
Step 2: Define the residual functions for model (Eq. (3)) as 
Ress(t) = 9 D7 S(t) — AN@) + ri S()1(t) + aS), 
Res;(t) = § De I(t) — ri S(t)I(t) + (ro + pa) I(t), na 
Resr(t) = 9 De R(t) — reT(t) + ws R(t), 


Resy(t) = 9 Df N(t) — AN(t) + wr S(t) + Hel (t) + ws RO). 


Hence, the n‘”-residual functions of S(t), I(t), R(t), and N(t), respec- 
tively, are 
Ress, (t) = 9 Di'Sn(t) — ANn(t) + 11 Sn(t)In(t) + Hi Sn(), 


Res,,(t) = 9 De, (t) — r1Sn(t)In(t) + (r2 + wa) In(t), 
Resp, (t) = 9 Df Rn(t) — ie (t) + u3Rn(t), 
Resy, (t) = § D?Nn(t) — ANn(t) + 1 Sn(t) + wotn(t) + u3Rn(t). 
(11) 
The residual function satisfies the properties, Ress(t) = Res ;(t) = Respr(t) = 
Resy(t) =0, Vt > 0. Also, 
lim Ress, (t) = Resg(t), lim Res,, (t) = Res;(t), 


lim Resp,,(t) = Resp(t), lim Resy, (t) = Resyn(t). 
From [29], we have 


one D@ Resg(0) = Cp 0-4 Ress, (0), 
Spo Yo Res; (0) = ee) 
SpU-)* Pesn(0) = CDE) Resp, (0), 
SpU-)4 Res yn (0) = Cc pf me “ Res, (0), 
Step 3: To determine the coefficients a;, b;, cj, and d; for 7 = 1,2,3,...,n, 


we substitute the n‘”-truncated series of S(t), I(t), R(t), and N(t) in 


Eq. (11), and then use the Caputo fractional derivative operator pe ye 
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on Resg(t), Resr(t), Resr(t), and Resy(t). It gives the equations 


Cp Ress(0) = CD" Resg, (0) =0, 
ope o (0) = SD”) Res, (0) = 0, 
Cp Resp(0) = sD D° Resp, (0) =0 
Cp Resn(0) = SD!" Resy, (0) = 0, 


Yn = 1,2,3,...,. (12) 


Step 4: Now, the values of a;, bj, cj, and d; for 7 = 1,2,3,...,n are obtained 
using Eq. (12). 


Step 5: The higher accuracy can be obtained by evaluating more coefficients 
in Eq. (9). 


6.2. Convergence Analysis 


This section discusses the convergence analysis of semi-analytical solutions ob- 
tained using the RPS method. Let us consider two FPS about z = zo 


r(2) = Yo ul2 — 20)", ral2) = DOU (2 20", 20S 2 < (20+). (13) 


Theorem 6.1 /27] If for0 < P <1, |rnzi(z)| < Plrn(z)|, Vn € N and 0 < 
z<p<\1, then the solution of an FPS converges to an exact solution. 
Proof: We have 


Ir(z)—ra(z)l =| D> r5(z) 
g=ntl 
a ee), VOSZ ops 1. 
g=ntl 


co 
< |Jo| SS ES 
j=nt+l 


prrt 
a Ao pl > 8 as > OO. 


(=P) 


Theorem 6.2 /27] The FPS Su zI°, z>0 has a radius of convergence p*, 
j=0 


Co 


if the classical power series expansion y jz", —0o < z < 00 has a radius of 


j=0 
convergence p. 
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6.3. Solution 


The parameters and initial conditions of the model (Eq. (3)) are taken as 71 = 
0.002, rg = 0.02, X = 0.007, 41 = 0.009, 2 = 0.001, 3 = 0.003, No = 100, 
So = 75, Ip = 10, and Ro = 15. 

For n = 1, from Eq. (7), we get 


= at = byt® 
Si(t) = ao + T(a +1)’ Alt) = bo + Tay 
ct dyt 
R,(t) =e + Wasi Ni(®) = do + Fy ay: 


Using Step (3), 1°*-residual functions of S(t), I(t), R(t), and N(t) are obtained 
as 


Ress, (t) = § D@'$1(t) — 0.007N,(t) + 0.0025; (t) I, (t) + 0.0095; (t), 

Res, (t) = § De h(t) — 0.0025; (t) I(t) + 0.0211, (2), 

Resp, (t) = § D¢ Ri (t) — 0.021, (t) + 0.003R; (t), 

Resn, (t) = § D¢ Ni (t) — 0.007 (t) + 0.0095; (t) + 0.0017; (t) + 0.003 R(t). 


On substituting S(t), 4(t), Ri(t) and Nj(t) into the previous expression and 
equating Ress, (0), Res;,(0), Resp, (0), and Resy, (0) to zero, the values of ay, 
bi, C1, and d; are obtained as 


a, = —0.1250, by = —0.0600, cy; = 0.1948, and d; = 0.0098. 
Hence, $1 (t), (t), Ri(t), and Ni(t) can be written as 


sie gies 
Ri(t) = 15+ ee Ny(t) = 100 + ee 
For n = 2, from Eq. (7), we get 
PAS 12 Nar | oor Ft) 10 tar) | ae i)’ 
a areas tar) | we 1)’ se ae Nar) | Tea 


Now, from Eqs. (11) and (12), we obtain 
ag = 0.0023, b2 = 0.0001, cz = —0.0013, and dy = 0.0012. 
Thus, S2(t), I(t), Re(t), and No(t) can be written as 


0.1250t¢ 0.002342 0.0600¢¢ — 0.000142 
So(t) = 75 , b(t) =10 
a(t) T(at+1) [Qa+1) a(t) T(at+1) [Qa+1) 
0.1948¢¢ 0.00132 0.0098¢° 0.001242 
Ro(t) = 15 No(t) = 1004 
a= 18+ 54a) Taariy Ne” Tat) ' T@at) 
10 
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The rest coefficients of Eq. (9) can be obtained using the following recurrence 
relations 


a T(ja+1) 
: — Ad; ii bj— 2 : 
“541 Dir T(rat+1l(Y-—r)at1) ee 


pe A Vj=1,2...,n. (14) 
bj+1 ="; arb oF) (r2 + H2)b;, 
T(ra+)0( -—r)a+1) 


Cj+1 = ie — M3Cj, Ajz1 = Adj — fay — fb; — [W3c;, 


7 Results and Discussion 


To show the convergence of the method (From Eqs. (6), (7) and (13)), val- 
ues of |S(t) — S,(t)|, |Z(t) — In(t)|, |R(t) — Ra(t)|, and |N(t) — N,(t)| at 
t = 0.99 with respect to n are plotted in Figs. 2a to 2d for different values 
of a = 1.0,0.99, 0.95, 0.9, and 0.85. It is observed that maximum absolute error 
O(10~*°) is obtained for n = 20. For n = 10, the maximum absolute errors 
is O(10~7°). In subsequent calculations, we use n = 10, as it gives sufficient 
accuracy. 


11 
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10° 10° 
= S 
ep) _s 
O = 
io? 10°? 
0 10 20 0 10 20 
(a) |S(t) — Sniy| vs n (b) |L(t) — Inay| vs n 
10° 10° 
se = 
ar 4 
cc = 
10° 10°" 
0 10 20 0 
n 
(c) |R(t) — Rnwey| vs n (d) |N(t) — Nna)| vs 2 


Figure 2: Convergence analysis of the RPS approach at t = 0.99 for distinct 
fractional orders a € (0, 1]. 


For a = 1 and n = 10, the absolute errors between RK and RPS methods 
in S(t), I(t), R(t), and N(t) are denoted by Absg(t), Abs;(t), Absp(t), and 
Abs n(t), respectively, which are defined as 


Abss(t) = |S(t)rx — S(t)rps|, Abs7(t) 
Absr(t) =|R(t)rx — R(t)rps|, Absn(t) 


lT(t)r« —I(t)rps|, iso. 
IN(t)r« — N(t)rpsl, 
(15) 

For fractional order a = 1 and n = 10, comparison between the RK and 
RPS solutions in S(t), I(t), R(t), and N(t) are shown in Table I. Further, the 
absolute errors in S(t), I(t), R(t), and N(t) using the RPS and RK methods for 
a = 1 are depicted in Figs. 3a to 3d. Here, maximum absolute errors in S(t), 
I(t), R(t), and N(t) are O(10~*%) for t € (0, 1]. 

Table I and Figs. 3a to 3d show that the RPS method gives accurate and 
reliable results for a minimal computational coefficients. 


12 
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19°13 


Abs.(t) 


1o'4 


io) 


(a) Absg(t) vs t 


=e 


0.5 


t 


(c) Absr(t) vs t 


=e 


(b) Absr(t) vs t 


=e 


0.5 
t 


(d) Absn(t) vs t 


=e 


Figure 3: Absolute error of S(t), I(t), R(t), and N(t) using RK and RPS 
methods, respectively, for a = 1 and n = 10. 


Table I: The values of S(t), I(#), R(t), and N(t) using RK and RPS methods 
for a = 1 (upto 3 decimal places). 


247 


RK method RPS method 
t S(t) I(t) R(t) N(t) S(t) I(t) R(t) N(t) 
0 75.0 10.0 15.0 100.0 75.0 10.0 15.0 100.0 
0.1 | 74.988 | 9.994 | 15.019 | 100.001 || 74.988 | 9.994 | 15.019 | 100.001 
0.2 | 74.975 | 9.988 | 15.039 | 100.002 || 74.975 | 9.988 | 15.039 | 100.002 
0.3 | 74.963 | 9.982 | 15.058 | 100.003 |} 74.963 | 9.982 | 15.058 | 100.003 
0.4 | 74.950 | 9.976 | 15.078 | 100.004 |} 74.950 | 9.976 | 15.078 | 100.004 
0.5 | 74.938 | 9.970 | 15.097 | 100.005 || 74.938 | 9.970 | 15.097 | 100.005 
0.6 | 74.925 | 9.964 | 15.117 | 100.006 |} 74.925 | 9.964 | 15.117 | 100.006 
0.7 | 74.913 | 9.958 | 15.136 | 100.007 || 74.913 | 9.958 | 15.136 | 100.007 
0.8 | 74.901 | 9.952 | 15.155 | 100.008 |} 74.901 | 9.952 | 15.155 | 100.008 
0.9 | 74.888 | 9.946 | 15.175 | 100.009 |} 74.888 | 9.946 | 15.175 | 100.009 
1.0 | 74.876 | 9.940 | 15.194 | 100.010 |) 74.876 | 9.940 | 15.194 | 100.010 
13 
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Table II: The values of S(t), I(t), R(t), and N(t) via RPS method (upto 3 
decimal places). 


RPS (a = 0.80) RPS (a = 0.70) 

t| S® | 1 | R® | N® | SO | IO) RO | NO 
0 | 75.0 | 10.0 | 15.0 | 100.0 || 75.0 | 100 | 15.0 | 100.0 
0.1 | 74.979 | 9.990 | 15.033 | 100.001 || 74.973 | 9.987 | 15.043 | 100.002 
0.2 | 74.963 9.982 | 15.058 | 100.003 || 74.956 | 9.979 | 15.069 | 100.004 
0.3 | 74.949 | 9.975 | 15.080 | 100.004 || 74.941 | 9.972 | 15.092 | 100.005 
0.4 | 74.936 | 9.969 | 15.100 | 100.005 || 74.928 | 9.965 | 15.112 | 100.006 
0.5 | 74.923 | 9.963 | 15.120 | 100.006 || 74.916 | 9.959 | 15.132 | 100.007 
0.6 | 74.912 | 9.957 | 15.138 | 100.007 || 74.905 | 9.954 | 15.149 | 100.008 
0.7 | 74.900 | 9.952 | 15.157 | 100.008 || 74.894 | 9.949 | 15.166 | 100.009 
0.8 | 74.889 9.946 | 15.174 | 100.009 || 74.884 | 9.944 | 15.182 | 100.010 
0.9 | 74.878 | 9.941 | 15.191 | 100.010 |] 74.874 | 9.939 | 15.198 | 100.011 
1.0 | 74.867 | 9.936 | 15.208 | 100.011 || 74.864 | 9.934 | 15.213 | 100.012 


100.01 


Z 100.005 


100 


0 0.5 1 
t 


(c) R(t) vs t 


Figure 4: The semi-analytical solutions of S(t), I(t), R(t), N(t) for distinct 
fractional orders a € (0,1] and n = 10. 


The RPS solution of S(t), I(t), R(t), and N(t) for a = 0.80 and 0.70 are 


14 
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listed in Table II. The behavior of S(t), I(t), R(t), and N(t) for distinct frac- 
tional order a@ € (0, 1] is depicted in Figs. 4a to 4d, respectively. These figures 
show that the number of susceptible and infected individuals decreases with a 
decrease in a. At the same time, an increase in the recovered and total popu- 
lation is observed with a decrease in a. 


8 Conclusion 


In this paper, we have developed the SIR model (Eq. (3)) with vital dynamics 
and variable population sizes for integer and fractional orders. Further, we have 
discussed the existence and uniqueness of the solutions for the stable model. 
After that, the semi-analytical solutions for the proposed model are obtained 
by the RPS approach. For a = 1, we have compared the results obtained by 
RPS and the RK methods. The convergence analysis of the RPS technique 
is also discussed. It is also observed that with the decline in fractional order 
(a), the numbers of susceptible and infected decrease, while the numbers of 
recovered personnel and the total population increase. Numerical simulation 
and graphs show that the fractional SIR epidemic model with vital dynamics and 
variable population size gives a better understanding and produces outstanding 
results than an integer SIR epidemic model without vital dynamics and varying 
population size. The results indicate that the RPS technique can be used as an 
alternative method for solving linear and nonlinear differential equations of any 
arbitrary order. This study may be helpful for medical experts in controlling 
the infection during the disease. 
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Abstract 


In this study, we have investigated a diabetes model and its complication using 
the Katugampola fractional derivative in Caputo sense. We studied a deterministic 
mathematical model that uses non integer derivatives to precisely depict the dy- 
namics of diabetes mellitus. We have employed g-homotopy analysis generalized 
transform method (g-HAGTM) to find analytical approximate solution for pre- 
sented model. Furthermore, the fixed-point theorem is employed to present the ex- 
istence as well as uniqueness analysis of obtained solution for the discussed model. 
The obtained results are further complemented by conducting numerical simula- 
tions, providing graphical demonstrations that support and illustrate the findings. 
This approach enables us to understand and develop efficient ways to cure these 
diseases. 


Keywords: Diabetes model; Caputo-Katugampola fractional derivative; General- 
ized Laplace transform 


1 Introduction 


Diabetes is a rapidly growing global concern, with its occurrence and prevalence on 
the rise worldwide. This chronic condition imposes a substantial burden not only on 
individuals but also on society as a whole due to the numerous complications associ- 
ated with the disease. It is a chronic metabolic disorder characterized by high levels of 
glucose in the blood. It occurs when the body either does not produce enough insulin 
or cannot effectively use the insulin it produces. There are mainly 2 types of diabetes, 
Type | diabetes, often referred to as insulin-dependent diabetes mellitus (IDDM), typ- 
ically manifests in individuals below the age of 40, although it can occur at any age. 
It accounts for approximately 10 to 15 percent of the diabetic population. Type | dia- 
betes is characterized by an autoimmune response in which the body’s immune system 
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mistakenly attacks and destroys the insulin-producing cells in the pancreas. As a re- 
sult, people with Type 1 diabetes require lifelong insulin treatment to regulate their 
blood sugar levels. Type 2 diabetes, previously known as non-insulin-dependent di- 
abetes mellitus (NIDDM), is the most common form of diabetes, accounting for ap- 
proximately 85 to 90 percent of all cases. In this the body either does not produce 
enough insulin or becomes resistant to its effects, leading to elevated blood sugar lev- 
els. Prolonged hyperglycemia (having blood glucose concentration higher than 70-180 
mg/dl), can result in long-term complications, such as neuropathy, retinopathy, and 
cardiovascular and heart diseases and pose significant risks to individuals and impact 
their quality of life and overall health [1]. In 2003, around 194 million people 
had diabetes, making up over 3% (5.1% for ages 20 to 79) of the global population. 
The prevalence of diabetes is on the rise, and it is projected to reach approximately 
333 million people (6.3%) by 2025 [5]. Researchers have produced a multitude of 
studies aimed at developing mathematical models for predicting the proliferation of 
diabetes and issues coherent with it, such as Pandit et al. [20], Makroglou et al. [17], 
Patil et al. [21] and others. Numerous scientists and mathematicians have empiri- 
cally validated the usefulness of fractional extensions of integer-order mathematical 
models in systematically representing natural phenomena, exemplified by methodolo- 
gies such as the Caputo approach, which adeptly captures and represents the inherent 
characteristics of real-world processes {10}. Singh et al. presented analy- 
sis of fractional diabetes model with exponential law using Caputo—Fabrizio fractional 
derivative. Miller and Ross [18], Podlubny authored their work namely “An intro- 
duction to the fractional calculus and fractional differential equations” and “fractional 
differential equation” respectively in which they focused on derivatives and integrals 
of fractional order and highlighted the evolution of fractional calculus and its applica- 
tion in modelling physical problems. In this paper we have used Katugampola frac- 
tional derivative in Caputo sense to formulate fractional diabetes model including its 
inherent complication factors such as its occurrence, spreading, healing and natural 
mortality rate. The Caputo derivative [6] and the Riemann-Liouville derivative [9] are 
two often used fractional derivatives. A novel fractional order derivative, introduced 
by Katugampola [13], provides a generalized fractional derivative encompassing 
both the Riemann-Liouville and Hadamard fractional integrals and derivatives. Lately, 
Katugampola fractional derivative in Caputo sense has been used due to its ability to 
capture both local differentiation and integration properties and provides framework for 
handling systems with fractional exponents, which makes it well-suited for modeling 
and analyzing systems with fractional dynamics. Almeida et al. in introduced a 
fractional operator of new kind, namely Katugampola derivative in Caputo type with 
special cases being the Caputo and the Caputo—Hadamard fractional derivatives. In this 
article, the diabetes model is developed with the main goal of examining the diabetes 
model using a novel non integer order derivative and to studying the specifications re- 
garding the existence and uniqueness of the diabetes model’s solution. In this work, we 
study the fractional diabetes model by applying the g-HAGTM. The g-HAGTM [25], 
which is related to fractional order diabetes modeling is used to find approximate an- 
alytical solution. The generalized Laplace transform (GLT) and the g-homotopy 
analysis method (g-HAM) are combined in the utilized methodology to produce 
an effective result. An advancement of HAM is called g-HAM, which is a more gener- 
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alized approach than HAM [15] [16], has been established the search for more elegant 
methods to enlarge the convergence region. The g-homotopy analysis method has been 
exploited by the authors and used to interpret non-linear arbitrary PDEs (3) [2] [23]. By 
Singh et al [27], the g-HATM methodology was presented. In this, unlike prior ap- 
proaches no discretization, linearization, or perturbation is required. The g-HAGTM 
employs two convergence parameters denoted as n and hi which allows greater flexi- 
bility in modifying and regulating the convergence rate and region of convergence for 
the series solutions. The studied method is novel in sense that it yields a simple opti- 
mal solution, a significant region of convergence, and a non-local effect in the attained 
solution. Hence, In presented work we have utilized the novel Katumgampola based 
fractional derivative model to simulate spread of diabetes in human populus while also 
presenting the effect of external factors on it’s occurrence, spreading, healing and nat- 
ural mortality rate. This article is presented in following order- we introduce the def- 
initions of Caputo derivative, Caputo-Katugampola fractional derivative, generalized 
Laplace transform,Katugampola integral opreator in Section 2. In Section 3, funda- 
mental procedure of the implemented analytical technique that is g- HAGTM is given. 
Description of discussed model is presented in mathematical form in Section 4. In 
Section-5, we have obtained analytical solution to fractional order diabetes model and 
its complication by using g-HAGTM. In Section 6, the fixed-point theory is used to 
investigate the existence and uniqueness of the system’s solutions. Numerical simula- 
tion with graphical representation is shown in Section 7. Finally, the conclusion of this 
research article is presented in Section 8. 


2 Mathematical preliminaries 


Definition 1: The fractional order (p) Caputo derivative [6] is described as follows, 
7 €OW)dv 
Td —p) a (t — yyetll / 


Definition 2: The Katugampola fractional derivative (KFD) in Caputo kind of 
order 0 < p < | of the function € (rT) can be given as 


ke pon _ il [ Gav)” £0) 
a De E(t) = rad —p) : ( n fae (2) 


DRE) (t) = (l-1<p<JD,1eEN. (1) 


where the differential operator ¢ is defined by ¢ = re If we consider 7 = 1, the 
fractional derivative (FD) in Eq. (2) becomes the Caputo fractional derivative with 
order p . If 7 approaches 0, then the FD of Eq. (2) results into Caputo-Hadamard FD 
of order p. 

Definition 3: Let €,m : [a, oo) > R be real valued function s.t. m(7) is continuous and 
m'(t) > 0 on [a, co). Now, if the GLT of &(t) exists, then 


Lm tH) = fe 8Mor mE (2) ml (edd, @) 


’s’ being the GLT parameter. 
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Note that if we set a = 0 and m(r)=rT in Eq. (3), then GLT transforms into the classical 
Laplace transform (LT) but if we set m(r) = = ~ and a = 0, then GLT ee to 7—LT 


{11}. This inclusive study is represented as the GLT with m(t) = o with a = 0 by 
2 -LT. Henceforth, the - LT is described as 


La E@}(s) = { este) a (4) 


The “-LT of the KFD in Caputo kind [11] [29] can be stated as follows 


qi\p T(1 +p) 
ff} 


La |{kepe"& (7))} (3) = sa (O)(s) — TE (0). (5) 

Definition 4: The awanpo integral operator [14] of fractional order p is defined 
as oi 

(at P"E)(T) = 7 | emer erie (6) 


3 Fundamental plan of g-homotopy analysis general- 
ized transform method ( g-HAGTM) 


Principal scheme of proposed method is discussed by studying a nonlinear differential 
equation associated to the Katugampola derivative. It can be stated as follows 


kep? é(t) + ME (tT) + OE (1) = f@, l-l<p<l, (7) 


here &(r) is a function in time t and kcp*’”” represents the Caputo-Katugamopla deriva- 
tive of order p, R denotes the linear bounded operator, Q denotes common nonlinear 
differential operator,which is Lipschitz continuous and f (r) stands for source term. 
Apply GLT operator on Eq. (7), we have 


Lat [kepp"é (| + La [ME (2) + OE (X)] = La Lf). (8) 
On using the GLT of Caputo-Katugampola fractional derivative, we have 
fhe [é @)] ) - 9° EO + Let [Mé (rt) + QE(r)] - Lalf@] = 0. (9) 
On refining the Eq. (9), we get 


1 1 
La [E@]()- = £0) + 5 [La [MEQ + O€@I-Lalf@|=0. 0) 
Now, we present a nonlinear operator which is given as follows 
1 
Oleg] = La [9M] — ~ 6059) 0") 
1 
+ [Lo [Mo(r.g) + 06g] -Lalfa|. 0 
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Here g € [o, 4 and #(t;q) denotes a real valued function. Further, in subsequent 
approach, we set a homotopy 


(1 — ng) La [65 9) ~ £0 @)] = hg Qld a1, (12) 


where L indicates that the GLT operator, the auxiliary parameter i # 0 and ¢(t; q) 


is an unknown function, &) (7) is an initial approximation of €(7). Furthermore, by 
substituting the embedding parameter values of g = 0 and g = 1/n, it gives 


1 
$ (7; 0) = (7) lr | = &(7). (13) 


Therefore, when g progresses from 0 to \, ¢(t;q) transforms from & (7) to the solu- 
tion € (rt). Expanding ¢ (7; q) into a series form by employing Taylor’s theorem about 
parameter q, we get 


$(13q) =£o(T) + > Ea" (14) 
k=1 


where, 


(5) 


1 
&M= Hg log) 
% oq q=0 
If the initial condition & (7), asymptotic parameter 1 and convergence control parame- 
ter i are expressed appropriately, then Eq. (15) converges at g = i then, we obtain the 
subsequent equation 


E(t) = f(t) + Dn (0). (16) 
k=1 


The solution given by Eq. (16) is a solution of discussed Eq. (7). Using Eq. (16) and 
Eq. (12). Solution of governing equation can be attained as 


&& (1) = {60 (7) 61 (7), -- Ee I- (17) 
On differentiating Eq. (12) k-times w.r.t g and then multiplying by 1/k! and substituting 
q = 0, we get 
La [& @) ~ age O)] = AR E-VI. (18) 
Employing the inverse GLT operator on Eq. (18), we attain the subsequent result 
Eq (1) = ada (1) + ALG [RE-1)1- (19) 
Where a; is defined as 
0, ifk<1 (20) 
Q= 
‘\n, k>1 


and we represent the value of Ry(&_1) as follows 


Re(Eer) = La [ir Ol-(1- ) [se + sPLa fe) 
+5 ?La [R&1+ Axil. (21) 
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In Eq. (21) Ax exhibit the homotopy polynomial and given as 


1 | oF 
Ay = Tk age? (t; a > (22) 


q=0 


and 
$(75q) = bo + Gb + q+... (23) 
On utilizing Eq. (21) in Eq. (19), we attain the subsequent equation 


&() = (am +Mé1)-A(1-“)13 |e + PL FO] 
+hLoy [she [R&e—1 + Aca] . (24) 


Hence, by utilizing Eq. (24), we can determine various components of & (rt) forn > 1 
and q-HAGTM solution can be given by the following equation 


00 k 


1 
aoe >, (*) & (7). (25) 


k=0 


4 Fractional diabetes mathematical model 


The diabetes model in classical form, along with its complications [5] can be given as 


pipe nee 
dt 
dC 
— =P+yD-(n+a+at+B)C. (26) 


dt 

Here C indicates number of diabetics with complications. D denotes number of di- 
abetics without complications at time t. N = N(t) = C(t) + D(t) represents size 
of population having diabetes at the time t. The occurrence of diabetic mellitus is 
denoted by P. y indicates probability of developing a complication. @ shows rate at 
which patients with complications become severely disabled. 8 denotes the mortality 
rate due to complications. @ indicates the rate of natural mortality. 7 shows rate at 
which complications are cured. 


H =-(yto)C +N, 
a = P-(a+f)C- ON. (27) 
Where o = 7 + @+a+8, with the initial condition 
C(O) = Co, N(O) = No. (28) 


As the classical order derivative does not attribute memory to the system, hence, in 
order to contain the whole memory of the system, we change the model (27) from 
integer order derivative to the Katugampola fractional derivative in the Caputo sense. 


kepe"'C (1) = -(y+ 0) C+ YN, 
kepe'"N (t) = P—-(a + B)C-ON. (29) 
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5 q-HAGTM algorithm for fractional diabetes model 
and its complication 


In this section, we solve the fractional order diabetes model and its complication Eq. 
(29) subjecting to the initial condition Eq. (28) by g-HAGTM, we get 


La |kene"C @)|(s) = La [-(¥+o)C +N], 


La |kept"'N (2)| (8) = La [P -(@ + B)C - oN]. (30) 


After employing the GLT formula for the Katugampola fractional derivative and further 
simplification, we get 


8 La (C()(s)— 7 'CO)=La[-(G+o)C +], 


1 


s° Lan {N(t)} (8) — 8° 'N (0) = Ln [P—(a@+B)C-@N]. (31) 
On simplification Eq. (31), we have 
Cc 1 
La (C@)G)- 2-—<{La[-~+o)c+ yn}, 
No 1 
La (N(OMs)-— - {La [P-(@ + A)C - aN} = 0. (32) 
We present the non-linear operator given as follows 
Co 1 
OC g} = La (Cr.g}(s)- — — = {La [-(7 + o){C, 75g} + y{N, 7: al}. 
No 1 
Qn (N34) = La WN,t3g}(s)- = - 5 {La [P-(@ +B - oN. rail} 
(33) 
The term of the k“ order deformation equation are as follows 
Len {Cx (1) — Ci (1)} = AR (Ce), 
Ln {Ng (1) — ae Ne-1 T)} = BR 24 (Ni-1 (7). (34) 


Where 


a\(C 1 
Rix (Ce-1) = La {Cy} - (1 - “t) (=) ae {La [-(y+ oO) Cy-1 + Mini}, 
7 n Ss Ss ] 
No 
AY 


= {La [P-(a@+B)Cy1 - oM..]} . (35) 


gP 


a 
Roe (Nit) = La (Ne-(1 - al 
By using the inverse GLT on Eq. (34), we get 


Cy (1) = ap Cy-1 (1) + ALG Rig (Cer (D), 


ae 
n 
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Ne (1) = aNu-1 (1) + ALG Roe (Me-1 (7) (36) 
Solution to the k’” order deformation equation is expressed by 


Co 


S 


Cy (1) = ae Cu-1 (4) + nL {us {Cy-1} - (1 = “t)/ )- = {La Per oCrt iil. 


gP 


N 1 
Ny (t) = &Ng-1 FAL {ts {Nui} — (: : “t) (=) ape {La [P-(@+f)Cy1 - oM..]} ; 
(37) 
Putting k = 1,2... in Eq. (37), we obtain 
1 ri\P 
Ci (t) =hl(y + 7) Co — yNo] Td+p (=) : 
1 pi\e 
Ni (t) =h[-P+(a@ + B)Co + @No| Td +p) (=) : (38) 


Similarly 
C(t) =(n+h){h(iy+oa)Co- Nal es (E) 4 +o) Co-y( + 7) No| 
2 a ¥. el worry e iy oT VY 0 


1 rr 
“Peet BY Cot aNoll op (=) ‘ 


1 pir 1 Te 
Nar) = (n+) {h[-P +(e + B)Co + Nol} EG (7) TT ep) 7] 


1 ave 
+i {(a + B)[(vy +o) Co -— yNo] + u [-P + (@ +B) Co + DNo]} Td +2) (=) : 
(39) 


By following the same procedure remaining terms for k > 2 find the series solution 
of model. So, the solution of fractional order diabetes and its complication model Eq. 
(29) is given by 


1 i? 
Cute) = Coty + Ler) +() CO 
1 tA 
Ne) = Noe) + 2m cry+(4) Np (t) +... (40) 


6 Analysis of existence and uniqueness of the obtained 
solution 


Here, we investigate the existence of a solution for the fractional diabetic model through 
the fixed point assumption. 
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Now, using the Katugamola integral oprator given by Eq. (4) to the system (29), we 
obtain the subsequent integral equations 


C(1)- CO) = a 1 [-(y+.0)C + YN] -vr lr? - VIP "dy, 


N(t) -N(O)= 7 fe ~(a+B)C-a@N]-v™ (77 - vil dy, (41) 


For ingenuity, we find out 
Ki (7,C) =[-(v+ o) C+ YN], 


K.(,N) = [P-(a+B)C-@N]. (42) 


Theorem 1: The kernels K;, i = 1,2 satisfy the Lipschitz condition, when 0 < ‘P; < 
1,i=1,2. 

Proof. Suppose K; (t,C) = [-(vy+a)C + yN], is the kernel and C (7) and C,(r) be 
two functions, consequently we obtain the following 


IKi (t,C) — Ky (7, CD = |l[-@+0C+yN]-[-(¥+ Ci +N], 
=l-(v+a)-(C@-Ci@)ll 


S-(¥+0)- KC -— Ci@)hh 


< PFill(C@ - Ci@)Il. (43) 

Now consider ¥; = —(y+oa) < 1, let P) = max;er||C(a)|| and Pz = max;er|N(7)|| are 
bounded function then, we find 

Ky (7, C) -— Ky, @ Cyl Ss Pull(C@ - Ci@)Il. (44) 


Obviously, which is Lipschitz condition for K,. In addition if 0 < ‘P; < 1. Then C(t) 
has an upper bound. 
In the same way, we can show that 


Kz (1, N) — K (7, NII S Pall) — MIL (45) 


From Eq. (42) K; and K2 are the kernels. Then the associate integrals are found 


l-p T 
C= CO+T— { Ki (v,C)- vl —vP"'dv, 
Tp Jo 


1- T 
N(t)=N(O) + a if Ky (v,N)- vO! (7? = viet ady. (46) 
0 


Further, we get 


1-p T 
Cult) = C0) +f Ky Cpa) vert = IP tay, 
Tp Jo 
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l-p 1% 
N, (t) = N (0) + — HK Ky (v, Ny-1) v1 (7? = vryeldy, (47) 
P Jo 
Where the initial conditions are 
C(0)=Co and N(O) = No. (48) 


After subtracting consecutive terms, we have 


l-p T 
By = Cnt) ~ Coot () = ‘i (Ky (vs Cui) — Ki (4 Cy-2)) xv! (7? — VIP! dy, 
0 


l-p T 
An = Na (t) — Nn-i (1) = — { (K(v,Nn-1) — K2 (v, Ny-2)) Xv! (77 = VIP dv. 
P Jo 


(49) 
Taking the below 
Crt) = > Ey, 
j=l 
Nn(t) = >" A,@). (50) 
j=l 


Hence forth by applying the tri-angular and norm properties on equation of (49), we 
arrive at the following equation 


> 


l-p T 
IEnll = Cn (7)—Coei MS | i (Ky (0, Cot) — Ki (0, Cy-2)) x9! (2? — IP! dy 
0 


l-p T 
[Anll = Ny (2)-Ny-i OS | { (Ky (vs Ny-1) — Ka (v, Ny-a)) XV (2? = vy! ay 
0 


(51) 
While satisfying the Lipschitz conditions the kernels yield the following outcomes 


l-p T 
I Ch (tT) oo Ch-1 (T)I| < oe if |(Ky (v, Cre ) _- Ki (vy, Cr-2))|I x yr (7 =} yinen! ay 
0 
nlP T 
=p i, ICy—1 — Cr-all x VT! (7? — VIP dv, 
Ip Jo 


l-p T 
Il Nn (7) — Nn-1 (II S ae II(K2 (v, Nn) — Ka (v, Nn-a))II x VE (2? — VIP! dv 
0 


l-p T 
<¥, { Np — Ny-all xv (e" = vIVP“! dy. (52) 
P Jo 


Therefore, we obtain the following 
nl? T 
IE <1 [By aCe x vt  — vIP a 
Tp Jo 


10 
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l-p T 
[Anil < wif [Anil x ve? = VP dy. (53) 
0 


Theorem 2. The Katugampola fractional derivative non-integer order fractional dia- 
betic model has unique solution provided that the following conditions are satisfied for 


Tmax i 


Y; Cae 
Tp+1\ 7 


Proof. Here, we assume that C (7) and N (rt) are bounded functions and fulfills the 
Lipschitz condition, then using Eq. (53), and using recursive techniques, we have 


p 
Sages (54) 


Col Y Tax 7 ‘ 
[Enll < IIColl] = ! (=) ; 
pt+l\ n 
nll < IINoll | 2 ( Al (55) 
ons To+1\ 7 


All above functions exist and result in Eq. (55), therefore, we will show that these 
functions are the solutions to the diabetic model. Then, we have 


C(t) — CO) = C, (1) - An), 


N(t)— N(O) = Nn (1) — Br). (56) 


Further, we calculate the following norms of A,(t) 


l-p T 
Ancol < = | ij (K, (¥,C) — Ky (v, Cy) XV (2 = vy 
Pp 0 


l-p T 
< i if (Ky (v, C) — Ki (, Cr-1)) II X yrl (ri ynyp-! dv 
0 


l-p T 
eH ‘i IC — Cp_a|| x v1 (@? — VP! dv 
Tp Jo 


6 (EV ic- cul (57) 
~To+1\n Rai 


The following equation follows a recursive process 


1 n\P n+1 
ype 
To+1\7 


1 ee 
veal n 


On the above equation, when we take the limits of both sides, we get ||A,(7)|| — 0 at 
n — o., It is possible to attain ||B,,(7)|| — 0. Hence, the proof is concluded. 


An @Il < IIColl 


At Tmax We obtain 


n+l 


Wi"F. (58) 


lAn@Il S IIColl 
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Uniqueness of Solution: The uniqueness of solutions that is attained in this segment 
of the diabetic mathematical model is considered. We assume C, (1) and N; (r) are the 
other solutions of the proposed system, then we have 


-~p rt 
C(t) -Ci () = i if (Ky (v, C) — Ki (v,C,)) x vr! (re — ve! dv. (59) 
0 
The following result is obtained by applying the norm to each side of Eq. (59) 


l-p T 
IC (7) -— Ci @II < op i IK, (v,C) — Ki, Cl x vr (et = v7" dv. (60) 


Lipschitz condition applied to the kernel gives us 


l-p T 
IC (7) — Ci Is Fi i IC -Cilx v7? @ - VIP dv, (61) 
0 
Yi qT! . 
< — = : 
<u (5) IC — Cill (62) 


The following result are obtained 


Yi ql p 
IC (7) — Cy com-|1 pe (=) | <0, 


IC (7) — C1 @)I| = 0, 
= C(t) =C\(r) (63) 


Considering the above, we can conclude that the first differential equation of the di- 
abetic model has a unique solution. Similarly, we also prove that N (7) have unique 
solutions. 


7 Numerical simulations 


In this section, we have examined the results of numerical simulations for fractional 
order diabetes model by using effective and powerful method g-HAGTM. Numerical 
values have been computed for C(t) and N(r) at p = 0.85,0.90 and 1. Fig.1 explains 
the nature of trend followed by diabetic population inhibiting complications C corre- 
sponding to time t for discrete values of fractional derivative order p. It shows that with 
increase in time, diabetic population having complications increases. Fig. 2 indicates 
that the size of diabetic N at time Tt also shows incremental behavior with w.r.t time for 
distinct values of p. 


12 
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— p=1- p=0.90 -- p=0.85 


Figure 1: Nature of C (rt) w.r.t to time 7 for distinct values of p 


T bl T bd T v T bl T 


0 0.2 04 0.6 0.8 1 


Tt 


— p=1- p=0.90 -- p=0.85| 


Figure 2: Responses of N (7) w.r.t to time t for distinct values of p 
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8 Conclusions 


In this study, the nonlinear fractional diabetic model is investigated with the help of 
q-HAGTM. The existence and uniqueness of the obtained results are presented using 
fixed point theory and the Katugampola fractional integral operator. Some numerical 
results are analyzed to describe the effect of the arbitrary order. The effect of various 
parameters on the number of diabetic patients with complications and the size of dia- 
betic patients over time is shown graphically. The results of this study are very helpful 
for medical practitioners dealing with diabetes and related problems. Thus, we have 
concluded that the implemented technique is efficient for analyzing the behavior of 
these types of problems arising in various fields. 
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Abstract 


The objective of this research is to ascertain how 3D MHD heat transfer 
Casson fluid flow over a linearly porous stretched surface is affected by chem- 
ical reaction, radiation, and heat source/sink. The Roseland approximation 
is used to account for the radiation impact in the energy equation when ex- 
amining the impacts of thermal radiation. Recently, there has been interest 
in heat transmission past a stretched sheet because of its numerous commer- 
cial applications and substantial impact on a variety of industrial processes. 
These consist of metal spinning, plastic sheet extrusion, condensation, heat 
exchangers, MHD generators, and power plants. The governing equations and 
related boundary conditions are reduced to a dimensionless form using similar- 
ity variables, and the Runge-Kutta-Fehlberg method is then used to solve the 
problem. An increase in the Casson fluid parameter, magnetic field parameter 
and Permeability parameter causes the velocity field to decrease in x and y 
directions and improve the temperature and concentration dispersion. Sher- 
wood number and Skin friction coefficient over x and y direction are increasing 
function of Casson fluid parameter and Nusselt number is decreasing function 
while the reverse effect is seen in streatching sheet parameter. Nusselt num- 
ber is increasing function of chemical reaction parameter, Schmidt number, 
Radiation parameter and heat heat source/sink parameters while the reverse 
effect is seen in Sherwood number. 


Keywords: Chemical reaction, MHD Casson fluid , Stretching surface, Permeabil- 
ity, Heat Source/Sink. 


1 Introduction: 


The scientific literature has recently shown a great deal of interest in the vast array 
of biological uses for non-Newtonian fluids, including muds, low-shear rate blood, 
emulsions, apple sauce, sugar solutions, and shampoos. Fluids that do not flow in 
a Newtonian manner are referred to as non-Newtonian fluids. The International 
Atomic Energy Agency classifies them as actual non-Newtonian fluids that occur in 
nature. Numerous mathematical models have been proposed and examined in the 
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academic community, and many more are being developed. For instance, a greater 
variety of industrial applications employ Casson fluids. This model works well for 
researching the mechanics of yield-stress liquids with pseudo-plastic properties.[18] 
Thermal radiation, slip velocity, and MHD effects at the stagnation point flow 
across the stretched surface were examined. [15] the investigation of MHD in three 
dimensions of Casson fluid flow through a porous sheet that is linearly stretched is 
done. [9] focused on the impact of double dispersion, non-uniform heat source/sink, 
higher-order chemical processes, and MHD Casson fluid flow over a vertical cone 
and flat plate saturated with porous material on unstable, free convective flow. [21] 
A Casson fluid flow with magnetic nanoparticles incorporated is analyzed. It is 
believed that the flow is across a paraboloid of revolutions top surface. Nonlin- 
ear thermal radiation and viscous dissipation effects are taken into account. [29] 
examined the three-dimensional Newtonian and non-Newtonian MHD fluid flow. 
The investigation focuses on mass and heat transmission over a stretched surface 
when thermophoresis and Brownian motion are present. [6] Numerous biological 
activities, including the distribution of food, endoscopic procedures, the pumping of 
blood from the heart to different areas of the body, and the regulation of heat trans- 
port phenomena, depend heavily on multiple slips. [17] examined how heat, mass 
transport, and thermal radiation affected the three-dimensional Casson nanofluid’s 
unstable MHD flow. Partial slip and convective circumstances might affect the flow. 
[22] examined the three-dimensional MHD Casson fluid flow across a stretched sheet 
using a non-Darcy porous material and a heat source/sink. [30] An unstable Cas- 
son fluid with mixed convection flow with slip and convective boundary conditions 
approaches a nonlinearly stretched sheet. Additionally examined are the impacts 
of Soret Dufour, viscous dissipation, and heat source/sink. [27] The effects of warm 
diffusion, chemical response, and heat radiation on the hydromagnetic pulsating flow 
of Casson fluid in a porous medium are investigated. [28] Investigations are con- 
ducted into the effects of heat radiation, chemical reactions, and thermal diffusion 
on the hydromagnetic pulsing flow of Casson fluid in a porous medium. [7] Discover 
the two-dimensional MHD movement of the Casson fluid and the dual solutions of 
heat transfer over the extension sheet. [14] aimed at describing the characteristics 
of melting heat transfer on Casson fluid flow in MHD flow in a porous medium 
under thermal radiation effect. [20] analyzed the impact of nonlinear thermal ra- 
diation with an non-uniform heat source and sink in the context of homogeneous- 
heterogeneous interactions on the three-dimensional Carreau and Casson fluid flow 
across a stretched surface in an unstable manner. [24] The study examines the 
consistent movement of a hybrid that is incompressible Casson nanofluid on an ex- 
ponential stretching sheet that is permeable vertically.[8] The topic discussed is the 
unstable free convection slip flow of a second-grade fluid across an infinitely heated 
inclined plate. Additionally eligible are the impacts of mass diffusions in the flow. 
The constitutive equations for mass transport and heat employ the Caputo-Fabrizio 
fractional derivative, respectively.|26] examined the thin-film flow down an inclined 
plane of a third-grade fluid. The homotopy perturbation Elzaki transform technique 
is an efficient and well-organized computational methodology that is used to deter- 
mine the solution of a nonlinear boundary value problem (BVP).[4] Single-walled 
carbon nanotubes are solid, microscopic materials found in nature that have good 
thermal conductivity and are valuable in many biological applications, particularly 
in the creation of biological nanofluid are examined.[12] investigated the features of 
heat transmission of a stationary 2D MHD Casson shear thickening liquid through 
a perpendicularly extended glass placed in a Variable heat sink/source combined 
with a permeable medium. [19] examined a rotating system’s natural convection 
MHD Casson fluid flow via an oscillating vertical plate. Using a ramping wall tem- 
perature, the properties of thermal radiation, heat production, Hall current, and 
chemical reactions are examined. [23] examined how magneto-Casson nanofluid 
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Figure 1: Schematic diagram of the Problem 


phenomena, which result in thermal radiation passing through a porous inclined 
stretched sheet, are affected by chemical reactions and Joule heating. [25] Research 
was conducted under the stagnation zone to examine the heat and mass transfer of 
a hybrid nanomaterial Casson fluid with time-dependent flow across a vertical Riga 
sheet. With this formulation, Lorentz forces were introduced into the system when 
the Riga sheet was included in fluid flow models. [1] The investigation concentrated 
on the flow over a vertical stretching sheet near the stagnation point of a compress- 
ible, unstable Casson hybrid nanofluid flow. [5] achieved to uncover the novelty 
of a stretchable sheet with convective boundary conditions driving an incompress- 
ible MHD Casson liquid flow. [11] conducted a numerical investigation of the heat 
transfer of an electrically directed fluid across a radially extending sheet fixed in a 
permeable medium, as well as the axisymmetric mixed convection boundary layer 
flow. [16] examined the use of a vertically extended sheet embedded in a permeable 
material to explore MHDs varying convective stagnation point stream. [31] Mea- 
sured the impact of radiation, Prandtl number, and chemical reaction on the Casson 
fluid flow during 3-D MHD heat transfer over a stretched surface with linear poros- 
ity. [2] The discussion focuses on Sutterby nanofluid flow at a nonlinear stretching 
cylinder with an induced magnetic field. Discussion is held on the impacts of viscous 
dissipation, Darcy resistance, and changing thermal conductivity. [3] Uncompress- 
ible We study Sutterby fluid flows across a cylinder that is stretched. When thermal 
slip, Darcy resistance, and sponginess are present, the impact of varying thermal 
conductivity is taken into account. [10] examined the effects of heat Source/Sink, 
joule heating, and thermal radiation on the two-dimensional nanofluid stagnation 
point flow above a stretched sheet anchored in a spongy medium. [13] Accessible 
properties include the transfer of melting heat through an exponentially stretched 
sheet placed in a porous material with a heat source and sink, as well as radiation 
and velocity slip on an MHD stream. 
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2 Construction of the Problem: 


Consider the incompressible, electrically conducting steady 3D viscous Casson fluid 
movement on a surface that is extending. It is considered that the sheet is en- 
larged along xy-plane and stretched with velocities U,, = axv,V, = by in x- and 
y -directions (where a, b, are stretching constants), while the fluid is place along 
z-axis. let (u,v,w) denotes the components of velocity along the (x,y,z) paths corre- 
spondingly. The physical coordinate system and geometry of this model are exposed 
in Fig. 1. The Hall current and the Joule dissipation are not taken into considera- 
tion and both the consequences of chemical response and the effects of radiation are 
taken into account.The rheological equation of a Casson fluid can be articulated as 


P 
Tj = 2 (1s ao =) €45,7 > Te 
Bz 


=2 (un + a €Cij, 1 < Te 


where 7 = €;;€5;, €j; is the (i,j) “th component of the deformation rate with itself, 
1. is the decisive value of this product based on the shear thickening model, wp is 
the plastic dynamic viscosity of Casson fluid, and py is the yield stress of the fluid 
Equation of Continuity 


(1) 


Ou Ov Ow 


Equation of Momentum 


Ou Ou Ou ; 1\@u ocBoru iv (3) 
U + U +w =v({1l+ 
Ox Oy Oz B) Oz? p bk? 
Ov Ov Ov 1\02u  oBo*v ov 
+ =v(1 4 
“Oa 1 By Oz o( 5) Oz? p kb? (4) 
Equation of Energy 
oT ig OT is OT k- OF 1 0g 
u v w = 
Ox Oy Oz = pCy Oz? pep OZ 
5 
jn | py OO De [OF oN SORE = Ps) (5) 
> Oy Oy | To. \ Oy PCp 
Equation of Species Diffusion 
OC OC OC PC Dp &’T ¢ 
“Oa ay az az? | Tso Oz? CoC — Ces) (6) 
The boundary conditions for this flow are 
U = Uy (x) = az,v = V,,(x) = by, C = Cy, T = Ty, at z = 0, and (7) 
u >0,v70, T Toc, C A Cu, a8 2 > CO 
The radiative heat flux, according to the Rosseland’s estimate, is 
4o* OT* 
© 3Re Oz ®) 
4 
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Where the Stefan-Boltzmann constant o* and the mean absorption coefficient k*, 
respectively, are the values. The growth of J“ near T, in the Tailor series is 


PO SArT BT s (9) 


Now let us utilize the ensuing similarity conversions 
The velocity components can be defined as follows in terms of the stream function 


w as 
ee ty tte OS iy Ge a) 
(10) 
A(n) = (Ty = Ty)’ b(n) = (C,, = C~) 


Here c = e is the velocity ratio among the x and y axes, and (*) denotes diff. w. 
r. ton 
By use of Eq. (8), (9), and (10), Eqs. (3), (4), (5), and (6) take the below form 


(1 + 5) f +f +ea)f’ — f° - f+ KF =0, (11) 

(1 EN 5) g +(ft+eg)g — eg — (M+K)g =0, (12) 
(1+ Ra)O” + Pr[Nb6'é' + N10 +(f+c9)6 +66)=0 (13) 

e+ xo" + Se |(f + eg)o' - Crd| =0, (14) 


the corresponding boundary conditions (7) become 


f(0) =0, 9(0) =0, f (0) = 1,9 (0) = ¢,(0) = 1,400) = 1, 


) (15) 
f (co) + 0, g (00) + 0, A(00) + 0, (00) > 0, 
with respect to the relevant physical characteristics 
2 
where M = oo , hint to the magnetic restriction, K = { is the permeability 
160*To53 
3Rk* 
shows the Brownian motion parameter, Nt = 


parameter, Pr = < is Prandtl number, Ra = 


Nb = TDy(Cw—-Coo) 


is radiation parameter, 
tDr(Tw—Too) 
VL oo 


is thermophoresis parameter, 6 = heat source/sink, parameter, Sc = ~ 


Q 
pCpUw Do 
Schmidt number, and Cr = Ge is the chemical reaction. 

Quantities of physical interest, the physical parameters of the friction factor over x, 


y paths, and the Nusselt number and Sherwood numbers are shown. 


Cy, = ae => C;,Rez? = (1 if 5) f' (0) (16) 
Cy, = a => Cy Rey? = (1 + 5) “9 (0) (17) 
Nuz = ~~ > NugRep? =—6'(0) (18) 
Map 
Zdm ai , 
She = BIG Gay > SheRes® =—9'(0) (19) 
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where 


OT OC 
Gime (5) ae (2.5) (20) 
Oz aa Oz 326 


Re, = ee and Re, = We are the local Reynolds numbers. 
Mathematical process for result: 

The result of equations. (11), (12), (13), and (14) jointly through borderline cir- 
cumstances (15) is determined through a systematic numerical method be aware 
shooting technique. We translate the nonlinear equivalences into first-order regular 
differential equivalences by labeling the variable quantity i.e. 


wu 


sl Stel Shee ho Sig = fie = fo0- =o Shy 


g = f10, 
Hence, the system of equations becomes 
fi = fe, (22) 
fe =f, (23) 
ay 
f= (145) UH (nt eh+ (rt Kf (24) 
fr=fs (25) 
fs = fe, (26) 
4 
f= (145) [eB (h+eh)fo+ (+ KV (27) 
fr = fe (28) 
fa = (1+ Ra)”* [Nbfsfio + Nt fa” + (fi + cfs) fe + 5frl (29) 
fy = fro, (30) 
f Nt 
fio = SelCr fy — (f1 + cfa) fro] — wol8 (31) 


Subject to the following conditions 


fi(0) = 0, fo(0) = 1, fa(0) = $1, fa(0) = 0, fs(0) = c, fo(0) = Se, fr(0) = 1, 
fs(0) = Ss, fo(0) = 0, fro(0) = Sa, 


fo(co) = 0, fu(oo) = 0, fe(oo) = 0, fg(co) = 0, as n> co (33) 


(32) 


Now Runge Kutta Fehlberg (RKF45) for stepwise integration, a numerical technique 
with shooting method is used, and MATLAB software is used for the computations. 


3 Results and discussion 


Figs. 2, 3, 4, and 5 show how the magnetic parameter affects velocity along the 
x- and y-directions, temperature, and concentration. Here, we observed that the 
temperature and concentration increased as they increased, but the velocity profile 
decreased. It has been observed that a stronger magnetic field makes flow more 
difficult. The momentum boundary layer thickness decreased as a result of the 
change in velocity profile, as illustrated in Figs. 2 and 3. 
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g (n) 


Figure 3: Behaviour of the magnetic parameter M on velocity along the y direction. 


Figure 4: Behaviour of the magnetic parameter M on temperature. 


275 


Ravindra Kumar et al 269-288 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 33, NO. 1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC 


Figure 5: Behaviour of the magnetic parameter M on concenteration. 


Figure 6: Behaviour of the Casson fluid parameter 8 on velocity along the x direc- 
tion. 


n 


Figure 7: Behaviour of the Casson fluid parameter 8 on velocity along the y direc- 
tion. 
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Figure 8: Behaviour of the Casson fluid parameter 8 on temperature. 


Figure 9: Behaviour of the Casson fluid parameter 6 on concenteration. 


Figure 10: Behaviour of the permeability parameter K velocity along the x direction. 
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g (n) 
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Figure 13: Behaviour of the permeability parameter K on concentration. 
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n 


Figure 14: Behaviour of the Stretching sheet parameter c on velocity along the x 
direction. 


Figure 15: Behaviour of the Stretching sheet parameter c on velocity along the y 
direction. 


0 2 4 6 8 


Figure 16: Behaviour of the Stretching sheet parameter c on temperature. 
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Figure 17: Behaviour of the Stretching sheet parameter c on on concenteration. 


Figure 18: Behaviour of the radiation parameter Ra on temperature 


Figure 19: Behaviour of the radiation parameter Ra on concenteration. 
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p(n) 


Figure 20: Thermoplastics parameter Nt behavior with respect to temperature 


p(n) 


Nt = -0.75, -0.5, 0,0.5 


Figure 21: Behaviour of the thermophoresis parameter Nt on concentration. 
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Figure 22: Behaviour of the heat source/sink parameter 6 on temperature 
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Figure 23: Behaviour of the heat source/sink parameter 6 on concentration. 
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Figure 24: Behaviour of the chemical reaction Cr on temperature. 


Figure 25: Behaviour of the chemical reaction C'r on concentration. 
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Figure 26: Behaviour of the Prandtl number Pr on temperature. 


Figure 27: Behaviour of the Brownian motion restriction Nb on concentration. 
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Figure 28: . Behaviour of the Schmidt number Sc on on concentration. 
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Table 1: Impact of different non-dimensional controlling factors on friction factors 
Cs,, Cy,, Nusselt number N,,, and Sherwood number S,,,. 


Parameter Cy, Cy, Nag. Su, 

M=-1 -2.005746 -2.544402 0.580582 0.801173 
M=0 -2.629326  -3.064782 0.500582 0.818533 
M=1 -3.140856 -3.51485 0.417652 0.848203 
M= -3.583068  -3.915582 0.326602 0.891835 
=-l -2.334816  -2.815062 0.521082 0.823045 
K=0 -2.895696  -3.297062 0.451682 0.838045 
K= -3.368973  -3.720438 0.372052 0.869313 
K=2 -3.785391  -4.101684 0.275052 0.920523 
B=0.5 -3.140856 -3.51485 0.417652 0.848203 
B=1 -2.564498  -2.8698667 0.208992 0.958713 
B=1.5 -2.341055 -2.6198178 0.044302 1.066831 
B=2 -2.2209195  -2.485376 -0.1243 1.189151 
€=15 -3.140856 -3.51485 0.417652 0.848203 


e=2 -3.416166 -4.199868 0.931302 0.608003 
c= 2.5 -3.738744  -4.9411452 1.875402 0.448203 
e=3 -4.097244 -5.717001 1.775402 0.338553 


Table 2: Impact of different non-dimensional controlling factors on Nusselt number 
N,, and Sherwood number Sy... 


Parameter Nu, Su, 


Pr=2 0.417652 0.848203 
Pr=3 0.573052 0.740903 
Pr=4 0.703052 0.641503 
Pr=5 0.830052 0.537983 
Cr=-—0.5 0.510152 0.121503 
Cr=0 0.457652 0.556253 
Cr = 0.5 0.417652 0.848203 
Cr=1 0.307652 = 1.307885 
Sc=0.5 0.417652 0.848203 
Sc=1 0.155712 = 1.617803 
Sc=1.5 -0.05071 2.188503 
Sc=2 -0.18071 2.632103 
Ra=—0.98 9.510052 = -8.020473 
Ra=—0.5 0.915052 0.466403 
Ra=0 0.580052 0.735203 
Ra =0.5 0.417652 0.848203 
6=-1 1.658502 = -0.259983 
d6=0 1.152222 0.197903 
d=1 0.417652 0.848203 
6=2 -1.75765 2.671003 
Nb=-—2.5 3.325092 1.469253 
Nb=-—1.5 1.957652 = 1.404003 
Nb=-—0.5 0.657652 = 1.183203 
Nb=0.5 0.417652 0.848203 
Nt=-—0.75 1.940152 3.092603 
Nt=—0.5 1.007152 = 1.500203 
Nt=0 0.512552 = 0.920423 
Nt =0.5 0.417652 0.848203 
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Higher values result in a larger Lorentz force in the magnetic field, which in- 
creases the thickness of the thermal boundary layer. Evidently, the Lorentz force is 
generated by a magnetic field with antagonistic/resistive strength. That causes the 
fluid velocity to decrease and causes the flow boundary layer to narrow. Figs. 6, 10, 
7, 11, 8, 9, and 12, 13 show how Casson fluid parameter and permeability param- 
eter affect velocity along the x- and y-directions, temperature, and concentration. 
Here, we observed that in figures 8, 9, and 12, 13, the temperature and concentra- 
tion increased as they increased, but in figures 6, 10, and 7, 11 the velocity profile 
decreased because the yield stress of the fluid is represented by the Casson fluid 
parameter. The lowest tension that a fluid has to have in order to flow is known as 
yield stress. With an increase in the Casson fluid parameter, the fluid yield stress 
decreases and its viscosity increases. The velocity decreases more gradually as a 
result. Figs. 14, 15, 16, and 17 show how the stretching sheet parameter affects 
velocity along the x- and y-directions, temperature, and concentration. Here, we 
observed that the velocity along the x- and y-directions, temperature, and concen- 
tration increased as they increased. Figs. 18, 19, 20, 21, 22, and 23 shows how the 
radiation parameter, thermophoresis parameter, and heat source/sink parameter 
affect temperature and concentration. Here, we observed that the temperature and 
concentration increased as increased, and a reverse effect is seen in Figs. 24 and 
25 for chemical reactions. Fig. 26 shows how the Prandtl number affects tempera- 
ture. Here, we observed that the temperature decreased as it increased.When heat 
is transferred in relation to momentum, a higher Prandtl number denotes slower 
heat transfer, and a lower Prandtl number implies faster heat transfer. A fluid 
with a high Prandtl number often has a relatively short temperature gradient and 
a smooth, well-mixed temperature profile. Figs. 27 and 28 show how the Brownian 
motion parameter and Schmidt number affect concentration. Here, we observed 
that concentration increased as the Brownian motion parameter increased, and a 
reverse effect is seen in the Schmidt number. 


4 Conclusions 


This study investigated the effects of radiation and the Prandtl number on the three- 
dimensional Casson fluid flow across a stretched surface when a magnetic field is 
present with chemical reaction, and heat source/sink. Prior to being numerically 
solved, this model is transformed and compressed into a dimensionless form. The 
numerical data has been used to create graphs and tables that show the flow char- 
acteristics. 

The principal conclusions drawn from this study are: 


e An increase in the magnetic field parameter, Casson fluid parameter, and 
permeability parameter leads to a decrease in the velocity field in the x and 
y directions and enhances the distribution of temperature and concentration. 


e Increase in Stretching the sheet parameter increases the temperature, concen- 
tration, and velocity field in the x and y directions. 


e An increase in the radiation parameter, heat source/sink parameter, and ther- 
mophoresis parameter increases temperature and concentration, and a reverse 
effect is seen in the chemical reaction parameter. 


e Increase in stretching sheet parameter decrease in temperature, concentration, 
and velocity field in x and y directions. 


e An increase in Prandtl] number decreases the temperature. 


e An increase in the Schmidt number decreases the concentration. 
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e The Nusselt number and skin friction coefficient over x and y directions are 
decreasing functions, while the Sherwood number is an increasing function of 
the magnetic field parameter and radiation parameter. 


e Sherwood number and skin friction coefficient over x and y directions are 
increasing functions of the Casson fluid parameter, and Nusselt number is a 
decreasing function, while the reverse effect is seen in the stretching sheet 
parameter. 


e The Nusselt number is an increasing function of the chemical reaction param- 
eter, Schmidt number, radiation parameter, and heat source/sink parameters, 
while the reverse effect is seen in the Sherwood number. 


The Nusselt number and the Sherwood number are both decreasing functions 
of the Brownian motion parameter and the thermophoresis parameter. 
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Abstract 


Different biological models can be evaluated using mathematical models in 
both qualitative and quantitative ways. A fractional bone mineralization 
model involving Caputo’s fractional derivative is presented in this work. The 
fractional mathematical model is beneficial because of its memory carrying 
property. An appropriate fractional order of the derivative can be chosen 
that is more closely related to experimental or actual data. The dynami- 
cal system of equations for the process of bone mineralization is examined 
qualitatively and quantitatively in this article. A numerical simulation has 
been performed for the model. The model’s parameters have undergone 
sensitivity analysis and their effects on the model variables have been ex- 
plored. By studying the mineralization patterns in bone, different diseases 
can be cured, and it can also be examined how the deviations from healthy 
mineral distributions lead to specific bone diseases. 

Keywords Bone mineralization, mineralization dynamics, Caputo frac- 
tional derivative, critical points 


2020 Mathematics subject classification:92-10, 34A34 


1 Introduction 


In the last decades fractional calculus had a remarkable journey in the field of sci- 

ence, mathematics, and physics. Numerous fractional calculus applications include 
biophysics, polymer material research, heat transmission in biological systems, 
random walk problems, and chaotic systems description. (see, e.g [7 (2i]). 
Dynamics of some other models have also been studied like the Ebola virus model 
[15], malaria transmission model [20], and tumour growth model|9] [19]. Some other 
biological models and their mathematical analysis can be found in [16] [17] {18}. 


*Corresponding Author 
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The Riemann-Liouville fractional integral of order 0, 0 < o < 1 of the function 
f € Lila, b] is defined as 


124(z) = 5 il “(a —t)e4( dt. (1) 


Caputo fractional derivative, named after Michele Caputo, was first mentioned in 
his research article [5| in 1967. 


(Caputo Fractional Derivative). Suppose that a >0,a<a <b, 
€ AC" a, b], the fractional operator 


Definition 1.1 
x ER and f(x) 


Dele) = pos fe Or e HMM, n= [Rel] +1, @) 


is called the Caputo fractional derivative of order o. 


Equivalently, in the convolution form 


1 
© D2F(x) = ———f™ (a)  (c”-®"1),_ n = [Re(o +1, x € (a,D). 3 
f(x) iowa ) [Re(o)| (a,b). (3) 
The Caputo derivative of the power function x” is given by 
r(i+n) 
6 D&(2") = ——__* a8, 4 


The composition of the Caputo fractional derivative and Riemann-Liouville frac- 
tional integral gives the following results: 


(§ D8 Tf) (x) = f(z), (5) 
(12 § Def) (x) = f(x) — a ROT) SO. (6) 


We aim to study the dynamics of bone mineralization by fractionalising it in the 
Caputo sense, followed by finding its solution and graphical analysis. 


2 Bone mineralization 


Bone is a multidimensional system that functions as a mechanical shield to pro- 
vide support and security. The involvement of bone in haemostasis (cessation of 
bleeding from a blood vessel) is also crucial. The process of developing inorganic 
precipitation over an organic foundation is known as bone mineralization. Basi- 
cally, it is a process of deposition of minerals on the bone matrix for the growth and 
development of the bone [6]. Disease that can cause disorders of bone mineraliza- 
tion in children includes rickets, renal disease, and tumour-induced osteomalacia. 
The core idea of studying the mathematical model for bone mineralization is to 
know more about how to solve this numerically in order to forecast the reaction 
of the system, which could result in major clinical signs like bone abnormalities 
and fractures. In this article, we have studied the mathematical model of the 
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bone mineralization process, which is described in detail by Komarova [II] and 
the references cited therein. 

Attempts have been made to do quantitative formulation in terms of mathemat- 
ical laws that relate the mineralization process with predefined parameters. Fur- 
thermore, it is explained how this mineralization is measured together with the 
mathematical formulation of the model and how this can be influenced by several 
impacts. This helps us to deal with bone diseases and drug therapies. For a fruit- 
ful interplay between theory and simulation, considerable efforts have been made 
to make both outputs comparable. We validate the accuracy of model predictions 
using bone diseases associated with dramatic changes in mineralization dynamics 
due to key parameters. 


2.1 Mathematical Model 


An important and effective way to understand the biological problems is by estab- 
lishing the mathematical models and analyzing their dynamical behaviors. Various 
types of mathematical models of biological processes were discussed previously by 
many authors (see, e.g. [4] 9} 10} [14]). In the present framework, we consider the 
model for bone mineralization that was given by Komarova |11|. The following 
system of equations describes the dynamics of bone mineralization: 


m = —kiti, (7) 
a = kati, (8) 
a = ut — 118d, (9) 
a = in( 2 Jon (11) 


The notations and various terms of the equations used in the model are as follows: 
r1: Concentration of naive collagen. 

fe: Concentration of mature collagen. 

3: Inhibitor of mineralization. 

MX: Number of the nucleators that help in the process of mineralization and act 
on mature collagen. 

y: Mineral 

k,: It is the rate at which collagen cross-linking takes place and is inversely related 
to time lag. 

The relationships are defined by the equations and (8). and the collagen ma- 
trix is created from raw osteoblasts (bone-forming cells) that develop into fully 
constructed collagen matrix (2). 

vz: It refers to the rate at which inhibitors permeate through immature collagen 
and into the extracellular compartment close to the cells. It has an inverse rela- 
tionship with time and directly influences the maximum value of 3. As a result, 
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k1 


Naive Collagen(x1) 


et’ fr7? 


Inhibitor(l) —J 


—— > 
Regulation 


Process 


Figure 1: Schematic representation of the model dynamics for bone mineralization. 


the amount of inhibitor is proportional to the availability of naive or raw collagen, 
as indicated by the term v 7. 

The idea is to stimulate the mature collagen because naive collagen can not be 
mineralized. Inhibitor prevent the conversion of the naive collagen into mature 
collagen. 

r,: It is the rate by which the inhibitor removal or reduction takes place. 

In equation (9). r1f23 represents reduction of inhibitors with rate constant r; and 
is induced by the involvement of mature collagen ro. 

ky: The number of nucleators present in each mature collagen molecule. 

Each collagen molecule has only one intrafibrillar nucleator when kz = 1, although 
interfibrillar nucleators behave similarly. 

There is a mixture of intrafibrillar and interfibrillar nucleators when ky > 1. Asa 
result, the rate of nucleator appearance, which is proportional to matrix matura- 


tion, is represented by acd 
rg: It is the rate by which mineral mask the nucleator. The number of nucleators 
diminishes as the mineral covers them up when a certain nucleator starts the min- 


eralization. The rate of decrease of nucleators in equation (10), is thought to be 
proportional to both the concentration of nucleators present and the rate at which 


d 
mineralized crystals emerge i.e. ad 


k3: The rate at which mineralization takes place. 

From a physiological perspective, the process of forming bone tissues starts when 
osteoblasts secrete an organic bone matrix made up of collagen. This raw collagen 
matrix must be treated to accommodate mineralization once it is deposited into 
the extracellular compartment; this process is known as matrix maturation. 

This model and its simulations have been done by considering the following as- 
sumptions: 


1. Nucleators generated during collagen maturation are eliminated from the 
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system in proportion to the rate of mineralization. 
2. The model does not define the elaborate process of matrix maturation. 


3. Different types of inhibitors are utilized, but they are treated as a single 
entity. 


4. Similarly, interfibrillar and intrafibrillar nucleators are not properly distin- 
guished. 


The analysis and observations of the model may help us to find the cure for 
numerous bone-related diseases like Osteogenesis imperfecta (OI), which is usually 
caused due to increased bone mineralization resulting in high bone fragility, low 
bone mass, and brittleness of bones. Mathematically, it can be interpreted as 
increase in mineralization degree and a decrease in mineralization lag time which 
has been explained in later sections of this paper through graphical representation. 
Osteomalacia and Osteoporosis are disease that are caused by to decrease in the 
degree of bone mineralization and low mineral content respectively. 


3 Fractional bone mineralization model 


Recently, in the chapter [1], the authors have studied the qualitative analysis and 
numerical simulation of the integer order model defined by (7)- (11). 

Since the recent research involving the fractional-order derivatives has pro- 
duced superior results in simulating real-world occurrences, we investigate the 
process of bone mineralization using the Caputo fractional-order derivative. The 
fractional-order derivative is the generalization of the integer-order derivative and 
is capable of carrying the memory of the system. It is also helpful in the detection 
of any lag in the process. Motivated by the work in the field of fractional modeling, 
we moderate this dynamical system by substituting the time derivative with the 
Caputo-fractional time derivative. 

On fractionalizing the model (7)- using the Caputo fractional derivative of 
order 0 < a < 1, we get 


eb t= —kf kr, (12) 

5D =i (13) 

5 DPI =f n= Ti" wd, (14) 

ODE N= ke (FD& 42) — re (F DF ) MN, (15) 
C na a p 

Do y=k MN. 16 

spe y= 3 (—*) (16 


The ordinary derivative has an inverse second dimension s~' and the fractional 


derivative has a dimension of s~°. For the non-dimensionlization, making the 


substitutions ve ‘ 
a kk oF eS £. 
ee ee ee ee 
tH te 9) tM, a a 9) 
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ky, k® = ky, o% = Hy, fy = ¥ = 10%molecules/pm?, f, = 10°molecules/pm? in 
the system (12)-(16), it gets transformed into: 


¢ De X= kX, (17) 

OD? Xo = hi Xi: (18) 

Cp? f= 0X, — Xl, (19) 

0 Dt N = ke (¢ Df X2) —% (SD? Y)N, (20) 
a is p \] 

a5) y= e(— (21) 


For this fractional model, we perform the qualitative analysis i.e. the existence 
and uniqueness of the solution of the defined coupled system is proved. The 
model is simulated for observing the behavior of the variable under the impact of 
fractional order derivative. A comparison with integer order derivative helps in 
understanding the phenomenon in a better way. The sensitivity analysis for the 
fractional model is done with respect to the parameters of the model. 


4 Qualitative analysis of the model 


In this section, the qualitative analysis of the model has been done. We shall first 
prove the existence and uniqueness of the solution of the system (17)-(21). The 
existence and uniqueness of the solution are the key ideas in the field of differential 
equations as they ensure that a solution to the fractional order model exists and 
can be found by one or the other method. It also guarantees that if the solution 
exists, it is unique. 


4.1 Existence and Uniqueness of Solution 


If C(J) is the collection of continuous real-valued functions defined on the interval 
J CR. Then V = C(J)*C(J) *C(J) * C(J) * C(J) is the Banach space with the 
norm for (X1, X2,/,N,Y) € V defined as ||(X1, X2,/,N,Y)|| = || Xa] + ||Xel] + 
|Z || + || NI] + |[Y |], where 4, Xo,J,N,Y ©€ C(J) and || - || = supe; |- |. With 
the application of the fixed point theorem, we shall prove that the solution of the 


system of differential equations (17)-(21) exists. 
5) 


Applying the integral operator (5) upon the equation (17), 


IP ODS X= I?(=h 0G), (22) 

we obtain ; 
X,(t) — X,(0) = ra / (t — r)*-1(—h, Xy(7))dr (23) 

Similarly, 
X,(t) — X2(0) = Aw / (t — r)* 1 (k,X4(7))dr, (24) 
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7 
I(t) [( ) = aw | (t = T°" (GXy = rXol)dr, (25) 
V(t) — N(0) = ra ll (t— 1)? (hek, Xi — 7 (DEY) Nar, (26) 
ee eee 
Y(t) -Y(0) = Tia) / (t — 7) (&(<4)§) dr. (27) 
Denote, 
Ky = kX, 
Ky = biG, 


K3 =0,X1 — 7 Xa, 
Ka = ko (SD? X2)—% (SDP Y)N, 


Ks =ha(- p )x 
pak 


The kernels K;, i = 1,2,3,4,5 satisfy certain requirements, as stated in the fol- 
lowing theorem [2]. 


(28) 


Theorem 4.1. The Lipschitz condition and contraction would be satisfied by Ky, 
Ko, Kz, Ka, Ks, for the Lipschitz constants0 < ki < 1,0<fa <10< 
2rokok3cy <i. 
Proof. Let us start with K,. Let X, and x) are two functions, then 

|a(¢, X12) — Kat, Xp?)I] = | = xX + XY | (29) 
= hy |X. — XQ) 


Clearly, k1 is a fixed parameter and ||.X,|| is a bounded function. 
Hence the Lipschitz condition is satisfied for K,, and it is contraction mapping. 
Similarly, the other four kernels also satisfy the Lipschitz condition, i.e., 


||Ka(t, Xo) — Ka(t, X$?)|] = kill Xo — XS], 
|Ke3(t, £1) — K3(t, £)]] = fre ||F — £ |), 


ar (30) 
I|Kea(t, NW) — Ka(t, N®)|| = 2rokok3e1||N —N |), 
IKs(t,¥) —Ks(¢, ¥)I| =0, 
On using the above kernels from in the equations - (27), we get 
t 
X(t) = Xi(0) + f Kale, Xr) 
0 
t 
X2(t) = X2(0) +f Ko(r, Xo(r))dr, 
0 
t 
F(t) = 10) + fale, T)ar, G1) 
0 
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Corresponding recursive formulas are given by 


xM@ = [Ke xP @)ar 
x0 = f Kale, XP ar, 
I(t) = a K3(r, 1°) (r))dr 
Ko = f “Kalr, NOY (r))ar, 
y(t) = - Ks(7, Y°-)(r))dr. 


(32) 


The initial conditions are x = X4( 0), xe = X,(0), f© = 7(0), N© = N(0), 


YU] yO): 


The following expressions represent respectively the difference of the terms in (32) 


with their succeeding terms, 


in(t) = X{”(t) 


an(t) = LP) — FV) 
1 ‘ 7(n—1) 7(n—2) a-l 
= : (Ka(7, FY (r)) — Ke (r, F-2)(7))) (w = 7) Nar, 


Wan(t) = N@(t) — NV) 


= Fay ff Ral HOM) — Kale, HOE) @— 1) ar 
Wsn(t) = Y™(t) —Y°VEQA) 
1 (n—1) (n—2) os 
= ca. (ala ¥ (T)) —Ks(7,Y (r))) (a — r)° 1dr 


Now, on taking norm of (33), 


tint)! = || XP - xP 
1 


- ray / (Kilt, XL) (7) — Ka (r, X°-?(7))) dr 


< / (Kale, XY (r)) — Ka(r, XP-(r)) lar 


(33) 


(36) 


(37) 


(38) 
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9 
As the kernel K fulfill the Lipschitz condition, we have 
a t 
IXPO-— XP OL SH | UXlP@ — XL Oller, (39) 
0 
and hence, 
Win <n f Wann r)|ldr. (40) 
Similarly, 
t 
Iean(Ol <2 fon (lar (41) 
0 


lan (t)|| < ys 


Msn) S75 f Ils~m—1(7)Ilar, (44) 


| 
Waal?) <u fi ye TE (43) 
| 


where, 7 = 2 = ki, ¥3 = Nici, Ya = 2okoksc1, Y5 = 0. 
Hence, 


xia) -y Win(t) (45) 
= Yao (46) 
(47) 
N(E = Yvnld (48) 


= So vinlt) (49) 


In the following theorem we prove the existence and uniqueness of the solution 


12]. 
Theorem 4.2. The system of fractional bone mineralization model has an ex- 
kyt 
act coupled solution under the condition that we can find ty such that r , < 
‘ay 
sat Skat 
i gael lt, a <1 and also the solution is unique. 
l(a) l(a) 
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10 


Proof. The functions Xj(t), X2(t), I(t), N(t), and Y(t) are bounded and the 
Lipschitz condition is satisfied by the kernels Kj, 2 = 1, 2,3, 4,5, 


X(t) — X1(0) = X{"(t) — HY”'(t), 
X(t) — X2(0) = X$" (t) — HY” (t), 
F(t) — £(0) =F) — HY), (50) 
V(t) — N(0) = Nt) — HY), 
Y(t) -Y(0) =Y™(t) — HY (t) 


Now, 


H(t) = X(t) — Xi (t) + X1(0) 


= |KO) = lew [ee xt ar — x + Xx(0)| 


1 t * t 
— Fla) i, Ki(r, x! Y(r))dr + X,(0) e X;(0) var | Ky (1, X(T) )dr 
(a) 0 0 
1 ! ies 
= Tia) | IWCa(r, XI" (7) — Kilt, Xi(r))) lar 
0 
< Hx) _ xy fu 
~ T(a) : 0 
em [le Galle: 
= ey 
(51) 
On repeated use of above process, we get 
n+l 
(n) < ~\n+1 t x 52 
Peo s (ay (GE) aw (52) 
Thus, J t, such that 
n+l 
(n) < ~\n+1 ty 53 
Peo s day (GL) a (53) 
Taking the limit n oo, since, 0 < kit <1 : 
2). 40. = Xi) — X40) = lim X}() (54) 
Similarly, 
‘é kit ns 
Pe) < Fey la"? — Xa 
ret ad ~ 
H” (t)|| < fe-) _f 
ItsOll < Fey ! = 
3 Polat esp: 
22) < aye? — MI 
75” (t)|| = 0, 
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11 
and hence, we have 
(2). +0. => X(t) — X2(0) = lim X3"(0), 
HS (t)|| 30. => T(t) - 70) = lim 1 (t), 
746” (t)|| 20. => N(t) — N(0) = lim N™(), 
(4), +0. => Y(t) —Y(0) = lim Y™(2). 


noo 


This proves that the solution to the given system exists. 


To prove that the solution is unique, let us assume that X}, X35, I’, N', Y’ be 
another set of solutions of the system (7)-(1). Then from 


t 


X(t) — X(t) = / (Ky (1, X1) — Ky(r, X!))dr 


= |X.() — X1@)II < Atl — XO) es 
==> ||Xi(t) — X}(t)|| =0 — since kit <1 
=> Xi(t) = X(t) 


Uniqueness can be proved for the other variables X2,I, N,Y in the similar way. 


4.2 Stability Analysis 


Since the system of equations is a model of the physical behavior of the simula- 
tion’s objects, the stability of the system of differential equations is defined as the 
physical stability of the system. In the model — (21), defining the functions 


as follows . 

fi = ky Xi, (58) 
fo=hiX, (59) 
fg = 0X1 — KF, Xl, (60) 
fa = hy (D8) Xr (D2) YN, (61) 

P p = 
=k — |N. 62 
p-6(47) (02) 


The critical points will be obtained for f;=0, 7 = 1,2, 3,4, 5. 


fi = =hi Xi 0 > X4 0 
Since, X; + Xo = K, we have X2 = K. Now, 


mY 
(on) 


fg=0,X,—-AXTl=0 = OX1-AKI=0 . 
Also, 


= 
ou 
I| 
ww 3 
oS 
DB 
+ De 
BAR 
Qq 
NY 
Zr 
Y 
jr 
=) 
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IZ 


fa = kok X, —% (SDPY)N=0 => (SDP Y)N =0. 


6 De Y may or may not be zero. Hence, the system has infinitely many critical 
points (X1, Xo,I,N,Y) = (0, K,0,0,Y). 

Now, we will check whether the given system is stable or unstable at the critical 
points. So, for this, we will find the Jacobian matrix. 

The general form of the Jacobian matrix for the given system of bone mineraliza- 
tion will be: 


OF, Of; Of; Of) Of; 

OX, OX, Al AN OY 

Of2  Of2 Of2 Ofe Oe 

OX, OX. Ol AN OY 

j= Ohi, fa, fs, Fay fs) _ OF3 OF3 fs fs Of3 
O(X 1, Xo,1,N,Y) OX, OX, Ol AN OY 

Ofs Ofs Ofs Ofa Of 

OX, OX. Al AN OY 

Ofs Ofs Ofs Ofs fs 
OX, OX, Ol ON OY 

Substituting for f;, 7 = 1,2,3,4,5 in the matrix, we get the following Jacobian 


(63) 


Matrix: 7 

-k 0 0 0 0 

ki 0 0 0 0 

oh —Af oO 0 0 

: 64 

kiko 0 0 O 0 en) 
kat 

oo ae. a 
pre 


The eigen values corresponding to above matrix are 0,0, 0, —ky, —kit\. Observing 
the eigenvalues, we can conclude that the system is marginally stable at the critical 
points (0, K,0,0,Y), which occur after a short span of time period just after the 
start of the mineralization process. Thus, the mineralization will not suddenly 
explode and the system will always have bounded solution but no steady state 
output. 


5 Simulation and discussion 


The numerical simulation has been done using the Lagrange’s two-step method . 
Applying Lagrange’s two-step method for the Caputo fractional derivative [8) Eq. 
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2.89], we get the following numerical scheme for (23). 
h& 


Xi(n + 1) = X (1) + T(a +2) 


x (>: (n —k+1)°(n —k +240) —(n—k)*(n—k +24 20)] f (t(k), X1(k)) 


k=2 


~ J [(n b+ 1)! = (n= b(n — K+ 1 £0)] f(b —V), Xa(k »)) 
= (65) 


Similarly, expression for other variables Xo, I,N,Y can be obtained. 

The values of the parameters are mentioned in Table [tas provided in and are 
used for the purpose of simulation. These values are relevant to the mineralization 
process in human bone and also agree with the theoretical analysis of human 
disorders of bone mineralization. 


Table 1: Model parameters 


Parameter Description Value 
ky Collagen cross-linking rate 0.1/ day 
ky Nucleator count per collagen molecule 1 
kg rate of mineral formation of mineral 1000 /day 
ry rate of inhibitors degradation 2 x 10-"/day 
V1 rate of production of inhibitors by osteoblasts 0.1 per day 
9 nucleators covered by mineral 1.7 x 10-8/mol 
or Hill coefficient 10 
p Hill function parameter 10°" 


The plots are created for different values of the order a of the Caputo fractional 
operator. In Figure |2| it is observed that raw collagen, which initially constituted 
100 percent of the total collagen in the system, decreases with the passage of time 
as it gets converted into mature collagen. The figure explores the temporal change 
of concentration of raw collagen for different values of a and shows a similar pat- 
tern with integer order suggesting that the fractional order model is well-posed, 
effective, and precise. 


Figure |3} explores the temporal change of mature collagen for different values of 
a. which leads to 70 — 80 percent conversion in 20 days and complete maturation 
in 45 — 60 days. Figure |4| depicts the impact of inhibitors for different values of 
a. Inhibitors were initially present in raw collagen frameworks for 10 days before 
being rapidly destroyed with the development of mature collagen. 

Figure |5| depicts the impact of nucleators for different values of a with respect 
to time. As the process gets started and paces up nucleator distribution into the 
system is sluggish. Figure (6| depicts the impact of mineralization for different 
values of a and graph also shows the lag time which is required for mineralization 
which is approximately 10 days and mineralization then gradually increases with 
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Figure 2: Variation in raw collagen with time for different value of a = 
0.85, 0.90, 0.95, 1. 
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Figure 3: Variation in mature collagen with time for different values of a = 
0.85, 0.90, 0.95, 1. 


302 Agarwal et al 289-310 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 33, NO. 1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC 


15 


Inhibitors 


0 20 40 60 80 100 120 
Time in Days 


Figure 4: Variation in inhibitors with time for different value of qa = 
0.85, 0.90, 0.95, 1. 


Nucleators 


0 20 40 60 80 100 120 
Time in Days 


Figure 5: Variation in the nucleator quantity with time for different value of 
a = 0.85, 0.90, 0.95, 1. 


time. The normalized mineralization degree of 1 is attained in 100 days after the 
deposition of raw collagen takes place. 

The graphs plotted provide the variation in the values of the variable when the 
values of a are changed. The value of the order a of fractional derivative can be 
chosen to fit the experimental data, if available. 

Mineralization lag time is the amount of time required to start the mineralization 
process. In a healthy human bone, it takes approximately 10 days. After the 
lag was completed mineralization began quickly, followed by a steady decline in 
mineral formation whereas, the mineralization degree is the greatest amount of 
mineralization that may occur. The normalized mineralization degree of 1 (i.e., 
full mineralization) was obtained 100 days after the deposition of raw collagen. It 
is further observed from Figure [6] that, the fractional model can help in detecting 
any anomaly in mineralization at an early stage compared to the integer order 
model. 
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Figure 6: Variation in the quantity of the mineral with time for different value of 
a = 0.85, 0.90, 0.95, 1. 
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Figure 7: Impact of parameter kj(collagen cross-linking rate) on raw collagen for 
fractional order a = 0.95. 


5.1 Sensitivity Analysis 


Parameters play a vital role in the dynamics of any system. Here, the impact of 
the various parameters k,, ko, v1, 71, T2 has been studied on the model variables. 


In figure sensitivity with respect to parameter k,; has been explored which 
concludes that as the rate k; increases (i.e. collagen cross-linking rate) raw collagen 
takes less number of days to transform into mature collagen. Here, precisely the 
effect is observed by increasing the rate to threefold. 

Figure |8| provides a visual representation of how the parameter k,; impacts the 
dynamic of mature collagen. So, we find that for different values of k, mature 
collagen reach equilibrium at a different level, and in general the number of mature 
collagen increases with time, and at a certain time, it reaches equilibrium, With 
the increase in the value of k;, the rate of formation of mature collagen increases. 
Figure [9] explores the impact of parameter v; on inhibitors. It highlights that as 
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Figure 8: Impact of parameter k, (collagen cross-linking rate) on mature collagen 
for fractional order a = 0.95. 
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Figure 9: Impact of parameter v;( rate at which inhibitors diffuse) on inhibitor 
for fractional order a = 0.95. 
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Figure 10: Impact of parameter rj(rate of inhibitor removal) on inhibitor for 
fractional order a = 0.95. 
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Figure 11: Impact of parameter ky on nucleators for fractional order a = 0.95. 


the parameter v; rises, more inhibitors will begin to diffuse into raw collagen. It 
is observable that there is a direct relationship between v,; and inhibitor supply. 
There is a drastic increase in the concentration of active inhibitors for v; = 1.0. 
Figure |10] explores the impact of parameter r; on inhibitors. It depicts that the 
inhibitor’s concentration drops as the parameter r; increases because 1, is the rate 
of removal of inhibitors and hence deterioration takes place largely. 

Figure explores the impact of parameter ky on nucleators. The nucleation 
process accelerates as the number of nucleators per mature collagen increases. 
Figure explores the impact of parameter rz on the nucleators. The number 
of nucleators grows as rg increases. As we increase the rate of rp three times we 
observe that the number of nucleators begins to diminish as they are masked by 
minerals. 

Figure [13] explores the impact of parameter k3 on mineralization. Mineralization 
is strongly linked to the parameter k3; as the rate k3 rises, so does mineralization. 
Changes in k3 had a predictable effect on the pace of mineral production, but they 
also had a dramatic and proportionate effect on the degree of mineralization. A 
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Figure 12: Impact of parameter rz on nucleators for fractional order a = 0.95. 
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Figure 13: Impact of parameter k3 on mineralization for fractional order a = 0.95. 
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threefold drop in the rate of mineral formation k3 resulted in a threefold decrease 
in mineralization degree. 

The impact of all the parameters have been tested with raw collagen, mature col- 
lagen, inhibitors, nucleators, and mineralization but it is found that k, is the key 
parameter for raw and mature collagen whereas v; and r; are the key parameter 
for inhibitors ky and r2 for nucleators and k3 for mineralization respectively. Thus, 
it can be winded up with a graphical representation in the context of these param- 
eters only. The CPU time taken for the computation in the code varies depending 
on the specific hardware and processing capabilities of the machine running the 
MATLAB code. The computation for the solution of this dynamical system took 
1.9034 seconds of CPU time. 


6 Conclusion 


In this work, bone mineralization is studied with mathematical and numerical 
tools by considering bone at the micrometer level and thus provides vital support 
for the interpretation of experimental results. Furthermore, fixed point theory 
has been used to demonstrate the existence of a unique solution to the model. 
Also, the efficiency of the proposed scheme is drowned in terms of numerical 
simulations which are shown in graphs and it is clear that the proposed method 
is very accurate. Sensitivity analysis shows how the stiffness of bone depends on 
the inhibitor, nucleator, or raw or mature collagen and also to what extent bone 
does not get deformed under load. The use of fractional calculus helps in the early 
detection of any unusual patterns in the mineralization process. We can use this 
model to investigate more bone-related diseases by considering more assumptions. 
The obtained results will be useful for orthopedists to have a rough guess of the 
days needed for the mineralization of bone. Also, this model can be helpful for 
studying bone mineralization in other species too. A further important application 
is the study of how pharmaceutical therapies interfere with bone mineralization. 
The model can be modified to investigate the mineralization of additional calcified 
tissues, including the enamel, cementum, and dentin of teeth, etc. 
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Abstract 


The present study focuses on the MHD Radiative Casson fluid flow with 
the effect of triple diffusivity over a vertical porous wall along with convec- 
tive boundary conditions. The governing equations for detecting the nature 
of the fluid under the influence of solutal diffusivity and thermal conductivity 
in triple diffusive boundary layer flow are derived. Non-linear partial differ- 
ential equations are reduced to ordinary differential equations via similarity 
transformation. The BVP4C method in MATLAB software is then used to 
solve them. The outcomes of several physical dimensionless parameters like 
permeability, convective parameter, buoyancy ratio parameter, Casson param- 
eter and chemical reaction parameter with source/sink impacts established by 
graphics. Also, the impression of the local skin friction coefficient, Nusselt 
number, and local Sherwood number are presented through the tables. 

Key words: MHD; Vertical wall; Casson fluid; Mixed Convection; Buoyancy; 
Triple diffusive; Brownian motion. 


Table 1: Symbols List: 


Bo Magnetic induction deformation rate Multiple factors 
Sey Schmidt parameter for concentration profile 1 Te Critical value of wfounded on non-Newtonian model 
Sco Schmidt parameter for concentration profile 2 ei; (i,j) deformation rate factor 
Cn Concentration profile n,(n=1,2) Nr Radiation parameter 
Creo Ambient concentration n,(n=1,2) as y tends to infinity Ec Eckert number 
Chw reference concentration profile n,(n=1,2) M Magnetic field parameter 
Cy Specific heat capacity Pr Prandtl number 
Dg, Brownian diffusion coefficient for concentration profile 1 Re, Local Reynolds number 
Dg: Brownian diffusion coefficient for concentration profile 2 Gr local temperature Grashof number 
Dm, Mass diffusivity Gci local Grashof number for concentration profile 1 
K parameter of Porous media Gc2 local Grashof number for concentration profile 2 
k the porous medium Permeability Ro Chemical reaction coefficient 
Shy Local Sherwood number for concentration profile 1 Ry Chemical reaction parameter for concentration profile 1 
Shz2 Local Sherwood number for concentration profile 2 Ro Chemical reaction parameter for concentration profile 2 
n viscosity factor (Constant) Ee Temperature of the nanofluid within the boundary layer 
Qo The heat Source/sink coefficient (dimensional) Tw Reference temperature 
qd Radiative heat flux Ts Ambient fluid Temperature 
Ni The Buoyancy force parameter for concentration profile 2 | Ty constant fluid temperature 
No The Buoyancy force parameter for concentration profile 2 | Nu, Local Nusselt number 
Che The Skin friction coefficient hy variable heat transfer 
1 
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Greek Symbols u,v components of Velocity along x- and y- directions, respectively 
6 Dimensionless temperature Uw Reference velocity 
¢, Dimensionless concentration(n-1,2) xy Cartesian coordinates along and normal to the plate, respectively 
Vv viscosity Kinematic coefficient 
Thermal Diffusivity Subscripts 
B parameter of Casson Fluid w Surface conditions 
o The electrical conductivity fora) Conditions far away from the surfaces 
Xr The heat source/sink parameter 


Ai Mixed convection parameter 
n Similarity variable 

T Heat capacity ratio Superscripts 
Tw wall shear stress of the fluid i 
Us Non-Newtonian plastic dynamic viscosity 


Differentiation with respect to 7 


1 Introduction 


The non-Newtonian fluid is an essential part of our daily lives and is utilized in 
various applications. These fluids are used as drag-reducing agents, in printing 
technology, and as damping and braking devices. They are also used in personal 
protective equipment and food products. These versatile fluids have many uses and 
are an essential part of modern technology. In the Engineering sector, Industries 
and the Research area use different applications for studying mass and heat transfer 
known in various theoretical and practical aspects. Triple diffusive magnetohydro- 
dynamic (MHD) fluid flow involves the study of fluid motion that includes three 
distinct types of diffusion processes: thermal diffusion, mass diffusion, and mag- 
netic diffusion. This type of flow is encountered in various physical systems and 
finds applications in astrophysics, geophysics, and engineering. In the case of the 
study of anomalies in fatty acid, uses of convection of triple diffusive observed in the 
modelling of medical airing tools, triglycerides and surrounding several components 
such as saturated fat (high-density lipoproteins, low-density-Cholesterol lipopro- 
teins), which hold different diffusivities. Many industries, technical applications 
and different sectors depend on MHD fluxes and MHD generators. Devi, & Devi, 
(2) conducted a numerical parametric study to compare the heat transfer character- 
istics of nano-fluid and hybrid nano-fluid. Through these observations, they found 
that the rate of heat transfer of hybrid nano-fluid (Cu-Al203/water) is higher than 
that of nano-fluid (Cu/water) when a magnetic field is present. Gireesha, B.J. et al. 
(4) studied heat and mass transfer in a three-dimensional, double-diffusive, hydro- 
magnetic boundary layer flow of an electrically conducted Casson nano-fluid over 
a stretched surface. The researchers conducted this study to take into account a 
variety of factors to define convective boundaries, including unsynchronized thermal 
radiation, electromagnetic fields, buoyancy forces, thermophoresis, and Brownian 
motion. Hayat, T. et al. (7) explained the study of the effects of Soret and Dufour 
on the magnetohydrodynamic three-dimensional 3D flow of second-grade fluid in the 
existence of heat radiation and effects from Soret and Dufour. The second-grade 
fluid is taken to be electrically conductive by means of a uniform magnetic field. Isa, 
et al.(9) illustrated how the exponentially permeable fabric affects the Mixed con- 
vection magnetohydrodynamic (MHD) boundary layer flow for Casson fluid. Jena, 
S. et al.(13) noticed the MHD viscoelastic fluid flow subject to variable magnetic 
field implanted in a porous medium in the existence of chemical reaction and heat 
source or sink with soret and Dofour effect over a porous vertical stretching sheet. 
Patil, et al.(25) investigated numerically on steady boundary layer flow with triple 
diffusive and mixed convection past a vertical plate moving corresponding to the 
free stream in the upward direction. Patil, et al.(25) considered solutal components 
like sodium chloride and sucrose which are added to the flow stream from below 
with various concentration levels and investigated the thermal and species concen- 
tration fields. Raghunatha, et al.(27) investigated the weakly non-linear constancy 
of the convection of triple diffusive in a Maxwell fluid-saturated porous layer and 
found that depending on the alternative of the physical parameters the bifurcating 
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oscillatory solution is either supercritical or subcritical. In terms of time and area- 
averaged Nusselt numbers Heat and mass transfers are predictable. Manjappa, et 
al. (21) examined the impact of non-linear triple diffusive thermal radiation on the 
convective boundary layer flow of Casson nano-fluid along a flat plate. The free con- 
vection of triple diffusive in triangular, square and trapezoidal permeable chambers 
under an effect of interior volumetric heat production was examined by Khan, et 
al.(14). Here the chambers with the peak surface and pedestal surfaces are supposed 
to be adiabatic and impenetrable. Khan, et al.(15) analyzed the entropy for triple 
diffusive flow and due to various effects, they found that as compared to opposing 
flows the assisting flows entropy generation rates are higher. Simultaneously, these 
entropy generation rates are reduced with some other effect. Lund, et al.(19) exam- 
ined numerically a study of magnetohydrodynamic (MHD) micro polar fluid flow 
in the presence of joule heating effect and viscous dissipation effects on a shrinking 
surface. Nawaz, and Awais, (23) discussed double diffusion of nanoparticles and 
solute presuming using adapting finite element method for the numerical effects of 
diffusion thermo and thermal diffusion. Rao, et al.(29) analyzed Dufour and ther- 
mophoresis effects in magnetohydrodynamic (MHD) three-dimensional fluid motion 
of Newtonian and non-Newtonian and calculated the mass & heat transfer above a 
stretching surface with Brownian motion. Umavathi, et al.(34) explored that when 
heat is exchanged from the external fluid with the plates, the flow does not de- 
pend on time on triple diffusive convection in a vertical channel. Farooq, et al.(3) 
experimented with the essential quantities modified in the streamwise direction in 
the Darcy-Forchheimer-Brinkman framework. Therefore, in non-Darcy porous me- 
dia, the Casson nano-fluid steady flow over a flat plate is installed and developed 
non-similar boundary layer model for forced convection. Parvin, et al.(24) studied 
the numerical solutions of magnetohydrodynamics (MHD) casson fluid flow which 
considers the temperature and concentration gradients. Calculated the effects of 
nondimensional parameters on velocity, temperature and concentration profile via 
graph. Ramesh, K. et al.(28) discussed the essential flows of a Casson fluid in flat 
parallel plates and considered three primary situations such as the plate walls pro- 
gressing in contradictory directions, the growth of inferior plate in the flow direction 
and others in a rigid location, the growth of the plates in the flow direction respec- 
tively. It was quite interesting to study the behaviour of the fluid in these different 
scenarios. Shaheen, N. et al.(31) analyzed electrically conducting two-dimensional 
radiative casson nanofluid flow through a deformable cylinder fixed in a porous 
medium with the impact of unpredictable characteristics compound with chemical 
reaction and Arrhenius activation energy. Shankar, S. et al.(32) studied the Casson 
fluid numerically with MHD through a vertical permeable wall with impacts of triple 
diffusive on a viscous flow with mixed convection. The fluids nature is examined 
by the triple diffusive boundary layer stream under the pressure of solutal diffusiv- 
ity and thermal conductivity. Abbas, N. et al.(1) analyzed unsteady compressible 
Casson hybrid nanofluid flow over an erect stretching sheet with a stagnation point. 
Also studied the nonlinear radiation impact in this manner. Gnanaprasanna, K. 
and Singh, A. K.(5) explained that nanofluid with more shear thinning effects and 
rheological properties with variable viscosity on a vertical plate using the Prandtl 
number numerically. Hameed, N. et al.(6) examined the two-dimensional flow of 
Casson hybrid nanofluid flow on a non-linear extending surface using absorption 
and heat generation, Magnetic field and viscous dissipation. Irfan, and Khan,(8) 
examined the two-dimensional magnetohydrodynamic (MHD) casson fluid flow with 
shear thickening properties for a vertical stretching sheet in the presence of variable 
heat source and heat transfer characteristics. This paper also considers the velocity 
slip conditions and the effect of thermal radiation. Jain et al.(10) studied MHD lam- 
inar flow with heat, mass, magnetic flux, buoyancy ratio, thermal conduction, radi- 
ation, and convective boundary conditions for an electromagnetic fluid. Khashi’ie, 
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et al.(16) examined how viscous dissipation and MHD affect the transfer of heat 
radiative of fluid flow of Reiner-Philippoff across a nonlinearly contracting sheet. 
Lanjwani, et al.(18) studied the two-dimensional steady boundary layer flow, heat 
transfer, and mass transfer properties of micropolar nanofluids over surfaces that 
are exponentially expanding and contracting. Mehta et al.(22) studied the magne- 
tohydrodynamics of a convective stagnation point flow with a vertical sheet embed- 
ded in a permeable medium. The effects of heat generation/absorption, radiation, 
and viscous dissipation were all taken into account. Prasad, et al.(26) illustrated 
the flow of nano-convective magnetohydrodynamic radiation over a cone. Xia, et 
al. (35) examined the flow of a micropolar hybrid nano-fluid in a 3D nonlinear 
mixed convective boundary layer under multiple slip conditions and microorganism 
presence across the thin surface.Jain et al.(11) conducted a study on the spinning 
fluid flow that occurs when a disk revolves with an inverse linear angular velocity 
in a magnetic unsteady Brownian motion of viscous nanofluids. Jangid et al.(12) 
modelled heat and mass transfer in fluid sheets of varying thickness, and stagnant 
sheets considering heat source/sink, permeability, magnetic fields, radiation, Joule 
heating, buoyancy force and chemical reactions. The belongings of radiation and ve- 
locity slip on MHD stream and melting warmth transmission of a micropolar liquid 
over an exponentially stretched sheet which is fixed in a porous medium with heat 
source/sink are accessibled by Kumar et al.(17) Makkar, et al. (20) experimented 
in the presence of convective conditions and gyrotactic microorganisms with MHD 
Casson fluid flow and calculated the influence of different fundamental fluid param- 
eters. Reddy, et al. (32) analyzed the MHD casson nanofluid on variable radiative 
flow with a joule heating effect on a stretching sheet. Sneha, et al.(33) explained 
two-dimensional MHD incompressible flow which does not depend on time and in 
this term also calculated the heat transfer of the flow. In the fluid, nanoparticles 
were added to improve thermal efficiency and also applied a strong transverse mag- 
netic field. As per the authors’ conclusion and some research on triple diffusive 
Casson fluid flow with MHD and convective boundary conditions. Here the motive 
of this research is to find out the triple diffusive Casson fluid flow with MHD in 
the existence of radiation and chemical reaction parameters. These studies can also 
help in developing more accurate and predictive models for various scientific and en- 
gineering applications, contributing to advancements in multiple fields. This study 
helps to find Triple MHD Casson fluid flow with Radiation, source/sink parameter 
and chemical reaction impacts over a vertical wall with convective boundary con- 
ditions. It helps to develop new technologies and experiments. It also has further 
applications in the fields of security, medicine, engineering, bioscience and industri- 
alized methods such as the refining of waste from plastic, the oil recovery process, 
polymer extrusion and transpiration cooling process and many more. 


2 Problem Structure: 


In a two-dimensional MHD Casson mixed convective fluid flow with radiation and 
joule heating effect, considered temperature T, and free stream velocity Uj. which 
is constant over a static porous plane surface. To solve the geometry problem, take 
the x-axis upwards along with the vertical plate, and the y-axis taken perpendicular 
to it. Also, consider the velocity components u and v to determine the solution to 
this problem accurately. [Figure1]. 

In the solution of two distinguished elements S;, (n=1,2) with concentration, C, 
(n=1,2) is assumed. A constant fluid temperature T; is maintained by the left side 
of the plate which gives a variable heat transfer hr. Here ( Ty > T3. ) shows the 
supplementary flow corresponds to the shield being heated by the liquid, and ( Ty < 
Ts. ) shows the opposing flow corresponds to the shield being cooled by the fluid. 
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Figure 1: Physical Diagram 


The buoyancy approximation is factored in and integrated with the flow region. On 
the surface, a moving magnetic field Bo(x) is forced. The imposed magnetic field 
can’t be compared to the induced one due to the low magnetic Reynolds number. 
Above all preliminaries, The fundamental governing PDE’s equations are: 


Ou Ov 
gE the ee 1 
Ox * Oy : (1) 
Ou Ov 1,02u  o B?(x)u 
— =y(1 T — To 
uz + va v( + 3) ay F go[Br( ) 2) 
+ Ber(C1 — Circo) + Bei(C2 — C20) 
T T a al ip 
a — ae oa Qo (T — Tx) i 
Ox Oy Oy PCp PCp Oy (3) 
OC, OC aC 
"Be By —P8t Gye — Flr — Cree) (a 
OC, OC x 
Bee eyes sy en 
og Fog a Ne (5) 
The suitable Boundary conditions are: 
u = 0,0 = Vo(r), C1 = Cry, C2 = Caw, KE = hy(T¢ —Tw) at y=0 
u— > Uy,v 3 0,T 9 Ty, C1 9 Coo, C2 4 Ca00 at yoo 
(6) 
Where, V,,(2) < 0 and V,,(a) > 0 represent suction and injection, respectively. 
— 2(uwB + Fe )eij if m>7;, 7 
a0 Aust Hey if m< (7) 
MB za )eig if m< Te 


where 7;; is known as share stress and the yield stress of non-Newtonian fluid is 
represented by Ty 7 = €4;€4; 
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Using transformation Similarity in classify to express PDE’s(1)-(6) in linear form 


y= Wie ver) ae "Fle ue - = GE pee oe = ods 


Where w is the stream function and u and v are the velocity components. Reducing 
the equations (1)-(6) in the form of non-dimensional with the help of equation (8) 


(1+ 5) f" + 5 FF" — MPP +A0-+ Nii + Nada =0 (9 
NR 25) Pr j _ 

(+ 578 +5 118 + A10=0 (10) 

go: + 3Scifdr’ — RiScid: =0 (11) 

2" + 5Sc2fdb2’ — RoSc2b2 =0 (12) 


The boundary conditions are : 


{ f(n) = fo, f'(n) = 0, 6"(q) = —a[1 — a) dil(m) =1,¢2(m)=1; at 7 =0 
f'(n) = 1, O(n) = 0, ¢1(m) = 0, g2(n )= 0; at 1 —> co 


where 75. is the edge of the boundary layer; 


Local Concentration Grashof number(Gce1) = go8ci(Ci — Cio) x3/v? 
Local Concentration Grashof number(Gce2) = gobc2(C2 — Cr0)x?/v? 
Local Temperature Grashof number(Gr) = go8r(Ty — Tw)? /v? 
Prandtl number(Pr) = 4 

Buoyancy force parameter(N;) = =°5 


Buoyancy force parameter(N2) = 
Schmidt number(Sc;) = 5 
Schmidt number(S'c2) = po 
Mixed convection Parameter(A;) = 7755 


Magnetic parameter(/) = Bo, /—7— Wx 


When A, > 0 then the Mixed convection parameter corresponds to assisting flow 
and when A; < 0 then it is opposing flow.The coefficient of Skin friction (Cz), the 
Nusselt number(Nu,), and the Sherwood numbers (Sh,1),(Shz2), are defined as, 


1 
Cin = 2He,- 5f"(0), Rey” 5Nux = 6'(0), 


Shia = — Rez 50'(0)), Shoe —Rez~502'(0)), (14) 


3 Results and Discussion: 


In this segment, results are calculated with the help of the above equation (9)-(12) 
and are solved with equation (9) using the BVP4C technique and the outcome are 
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discussed through graphs. This study numerically calculated the velocity f’, tem- 
perature 6, concentrations ¢,&d2, skin friction as well as heat transfer for different 
non-dimensional parameters which are demonstrated in figs (2-18). For the verifi- 
cation of this study, current results are compared to the previous study shown in 
Table ?? with the Ref. papers (18), (27). The effect of Convective parameter(a) on 
the profile of velocity. From Fig. 2, It is noticed that if the value of the Convec- 
tive parameter(a) increased, then the velocity profiles also increased. Also from the 
boundary condition it is perceived that if ’a’ is raised to infinity then the outcomes 
of surface temperature get a higher value as well. In the profile of velocity, Tem- 
perature and concentrations if the suction injection effect is applied, then according 
to the suction (f,, > 0) the fluid is being removed from the flow, which creates a 
local pressure region in the flow field. elsewhere, in the injection (fw < 0) fluid is 
added to the flow or the extra fluid is counted. Come to Fig.3 which states the 
temperature profile, it is easy to understand that when the amount of the fluid is 
less then the temperature mid between the particle of fluid flow is higher or it is 
stated that in the impact of suction (f,, > 0) creates a lower pressure region in the 
flow, which can lead to a decrease in temperature due to the decrease in overall 
energy content of the fluid. This is a result of the reduced enthalpy associated 
with the lower pressure. The temperature profile near the injection (f <0) point 
can be influenced by the temperature of the injected fluid. If the injected fluid is 
warmer, it can lead to an increase in temperature in the vicinity of the injection 
point. The presence of heat sources and sinks can significantly influence fluid flow 
patterns and temperature distributions within a system. From Fig. 4 and 5, in 
the presence of the heat source/ sink parameter (A), the velocity and temperature 
profile increases when the value of the heat source/sink parameter increases due to 
variation of thermal energies in the fluid flow. [h] 


Table 2: Relative study of Heat Transfer rate at the sheet for numerous ranges of a 
When fy,= M= A = 0 and Pr = 10 between Shankar S., et al(27) and the current 
work. 


constant | Ref.(18) | Ref.(27) | PresentWork 


a (—8)(0)) | (—6)(0)) | (= ')(0)) 
0.8 [| 0.381191 | 0.381201 | 0.381186 


1 0.421344 | 0.421252 0.421338 
5 0.635583 | 0.635601 0.635571 
10 0.678721 | 0.678711 0.678707 
20 0.702563 | 0.702601 0.702549 


The mixed Convection Parameter (1), inside the Boundary layer wall, increases 
the velocity as the buoyancy force is added (A; > 0), the concentration profile 
decreases when the value of the mixed convection parameter increases which is pre- 
sented in Fig.6 and Fig.7. The impact of the Magnetic field parameter (M) for the 
velocity profile is shown in Fig.8 which states that the velocity decreases as the 
magnetic field is increased. Lorentz force increases as increases the magnetic field, 
resulting in the resistance increasing as well and due to this the velocity decreases 
inside the boundary layer. Temperature profile and Concentration profile presented 
in Fig.9, 10 and 11 give the impact of the Magnetic field (M). The temperature 
and concentration profiles are observed in the existence of a Magnetic field (M), 
as the Magnetic field increases in the fluid flow the temperature is increased. The 
concentration profile also behaves the same as temperature with the magnetic field. 
Both the Temperature and Concentration profile are increased as increases with 
the Magnetic field (M). Fig.12 displayed the graph between the temperature profile 
and Radiation parameter, stating that with the effect of radiation in fluid flow, the 
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Table 3: Properties of Thermo physical of NaCl and Sucrose at 25°C’ from Shankar 


S., et al(27), 


Components | Morality | Weights% | v(x1076) | D,(x1076) Se AC Nc 

0.01 0.0584 1.003 1.545 649.19 | 0.0108 | -2.48 

Nacl 0.05 0.2922 1.007 1.502 670.43 0.03 -6.86 
0.1 0.05844 1.011 1.483 681.72 0.05 -11.43 

0.5 2.922 1.031 1.472 700.4 0.48 -91.51 

1.0 5.844 1.058 1.484 712.93 0.5 -114.3 

0.01 0.342 1.014 0.521 1946.25 | 0.0108 | -1.36 

Sucrose 0.05 1.7115 1.043 0.468 2226.4 0.03 -3.77 
0.1 3.423 1.08 0.451 2597.4 0.05 -6.28 

0.5 17.115 1.610 0.442 3635.95 0.4 -50.3 

1.0 34.23 3.535 0.466 7585.83 0.5 -62.87 


Table 4: : The rate of coefficient of skin friction, coefficient of transfer of mass, and 
coefficient of transfer of heat for assorted non-dimensional parameters: 


al fo )Au)N] No] Nr] 8] Pr] M]R,) R | Sq) Se] FO) —0'(0) | —d1"(0) | —d2"(0) 
0.941407 | 0.326776 | 0.42599 | 0.456568 
2) 01 | 01 1/15/}/01/05] 2 01/01] 25 | 3 | 0.968986 | 0.393397 | 0.432001 | 0.393395 
3 0.98079 | 0.42336 | 0.434546 | 0.466287 
0.2 1.03431 | 0.256811 | 0.225586 | 0.225586 
-0.1 | 0.1 1/15}01/05] 2 0.1} 012.5} 3 | 1.0036 | 0.277131 | 0.294636 | 0.294636 
0. 0.941407 | 0.326776 | 0.42599 | 0.456568 
0.2 0.910529 | 0.35146 | 0.500845 | 0.54919 
0.2 0.955528 | 0.28894 | 0.4299 | 0.460984 
0.1 | 0.3 1/15}o1]o5] 2 0.1 | 0.1] 25 | 3 | 0.880178 | 0.37584 | 0.581348 | 0.6492 
0.5 .02367 | 0.111128 | 0.448566 | 0.481968 
2 07854 | 0.336191 | 0.454996 | 0.489426 
01 for] 3) 1 415}o01}]o5] 2 01/0125] 3 .20887 | 0.344437 | 0.480658 | 0.518284 
4 1.3335 | 0.351762 | 0.50368 | 0.544025 
2 1.4568 | 0.340277 | 0.467695 | 0.503785 
0.1 | 0.1 25/15]01]05] 2 01/0125] 3 .24404 | 0.346181 | 0.486147 | 0.52452 
3 34026 | 0.351635 | 0.50332 | 0.543742 
2 ‘04101 | 0.33333 | 0.446169 | 0.47952 
0.1 | 0.1 1 }25};o1)o05] 2 01) o1] 25] 3 13785 | 0.339313 | 0.46471 | 0.500502 
3 .23229 | 0.344812 | 0.481884 | 0.519855 
05 0.939397 | 0.332216 | 0.425434 | 0.455939 
0.1 | 0.1 1/15/25 ]05] 2 0.1 | 0.1] 2.5 | 3 | 0.934938 | 0.344333 | 0.4242 | 0.454545 
7 0.932304 | 0.351524 | 0.423472 | 0.453721 
I 18766 | 0.337913 | 0.460554 | 0.496715 
0.1 | 0.1 1/15}o01}15] 2 01/01] 25] 3 32315 | 0.343131 | 0.476998 | 0.515822 
2 40955 | 0.346187 | 0.486713 | 0.527118 
5 0.890574 | 0.438856 | 0.410308 | 0.438856 
0.1 | 0.1 1 }15}o01)05] 7 0.1 | 0.1 | 25 | 3 | 0.874273 | 0.487666 | 0.405927 | 0.433851 
10 0.858763 | 0.537411 | 0.402169 | 0.429533 
2 0.686251 | 0.283281 | 0.293155 | 0.304612 
0.1 | 0.1 1/15}/01/05] 2 }25]01]01) 25) 3 | 0.598314 | 0.238594 | 0.238594 | 0.26554 
3 0.529289 | 0.182999 | 0.1943327 | 0.251155 
0. 0.965534 | 0.329515 | 0.193649 | 0.466009 
0.1 | 0.1 1/15}01/05] 2 0.2) 01] 25 | 3 | 0.999693 | 0.333354 | 0.108434 | 0.479209 
0.3 0.941407 | 0.326776 | 0.42599 | 0.456568 
0 0.913539 | 0.323714 | 0.41661 | 0.665877 
0.1 | 0.1 1/15/}01/05] 2 0.1 | 0.1 | 2.5 | 3 | 0.941407 | 0.326776 | 0.42599 | 0.456568 
0.2 0.978782 | 0.330841 | 0.438473 | 0.199103 
3 0.933673 | 0.335694 | 0.452877 | 0.452877 
0.1 | 0.1 1/15};o1)o5] 2 0.1/0.1] 5 | 3 | 0.910704 | 0.322609 | 0.442281 | 0.457293 
7 0.895246 | 0.320677 | 0.435594 | 0.62798 
4 | 0.922117 | 0.324165 | 0.417999 | 0.503224 
0.1 | 0.1 1/15/}/01/05] 2 0.1} 01] 2.5 | 5 | 0.906819 | 0.322148 | 0.411826 | 0.545151 
6 | 0.894242 | 0.320534 | 0.406893 | 0.583771 
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M= 1,A,=1,Pr= 2, Sc, =2.5, Sc, =3,9=0.5, 
R, = R= fe =A =0.1,Nr = O.1N,=1,N,=1.5 


Figure 2: Change in f’(7) with assorted Figure 3: Change in (7) with various 
values of a(Convective parameter) values of f,,(Injection/Suction Parame- 
ter) 


a=1,M=1,Pr=2, \, =1,Sc, = 2.5, Sc, =3,050.5, 
R, = R= f, ==0.1,Nr=0.1N,=1,N,=1.5 08 


a=4,M=4,Pr=2, A, =1,Sc, = 2.5, Sc, =3,0-0.5, 
R, = Ro=f,, ==0.1,Nr=0.1N)=1,N,=1.5 
2 ow 1 2 


0 05 1 1.5 2 25 3 3.5 


Figure 4: Change in f’(7) with assorted Figure 5: Change in @(7) with various 
values of \(Heat Source/sink Parameter) values of \(Heat Source/sink Parameter) 


temperature decreases. It is noticed that chemical reaction parameters R; and Ro 
affect the density of fluid flow, which in turn can impact buoyancy forces, pressure 
gradients, and fluid flow velocity. These changes are particularly relevant in com- 
bustion processes, where chemical reactions can release energy and result in changes 
in temperature, density, and velocity. In Fig.13 to 16 observed that the velocity 
and concentration profiles increase as R,; and Rz increase. Concentration profile 
¢; has been taken for R,, while concentration profile dg has been taken for Ro. 
Based on the earlier study, a higher Schmidt number impacts diffusion and leads to 
thicker concentration boundary layers, slower mass transport, and potentially dif- 
ferent mixing characteristics. Looking at the data presented in Fig.17 and Fig.18, 
it appears that there are various values of the Schmidt numbers Sic; and Sc; that 
impact velocity profiles. Specifically, if the Schmidt number increases, all profiles 
of velocities decrease. 
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a=1,M=1,Pr=2, Sc, = 2.5, Sc, =3,0=0.5, 
R, = R= ff =) =0.1,Nr= O.1N,=1,N=1.5 


Figure 6: Change in ¢1(7) with assorted 
values of 41(Convection Parameter) 


Figure 7: Change in ¢1(7) with assorted 
values of A;(Convection Parameter) 


09 a=4,\,=1,Pr=2, Sc, = 2.5, Sc, =3,0=0.5, 


a=1,\,=1,Pr=2, Sc, = 2.5, Sc, =3,050.5, 
R, =R,=f,, = =0.1,Nr = 0.1N,=1,N,=1.5 if z 2 


R, = R= ft =) =0.1,Nr= 0.1N,=1,N=1.5 


0 05 1 1.5 2 25 3 3.5 


Figure 8: Change in f’(7) with assorted 
values of M(Magnetic Field) 


Figure 9: Change in 0(7) with assorted 
values of M(Magnetic Field) 


0.39 a=1,A,=1,Pr=2, Sc, =2.5, Sc, =3,50.5, 09 a=1,A,=1,Pr=2, Sc, = 2.5, Sc, =3,=0.5, 
08 R, = R,= f, =A =0-1,Nr = 0.1N,=1,N=1.5 08 R, = R,= ff, =A =0.1,Nr = 0.1N)=1,N,=1.5 
| 0.7 0.7 
ok 0.6 — 0.6 
= 0.5 = 0.5 
S o 
04 04 
0.3 0.3 
0.2 0.2 
0.1 0.1 
0 0 
0 0 
Figure 10: Change in ¢1(7) with as- Figure 11: Change in ¢2(7) with as- 


sorted values of M(Magnetic Field) sorted values of M(Magnetic Field) 
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M= 1,A,=1,Pr= 2, Sc, =2.5, Sc, =3,0=0.5, 
R, = R= fe =A =01,a= 4,N ,=1,N,=1.5 


[ : 
—~ 04 = 
= = 

0.3 

0.2 

0.1 
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M= 1,A,=1,Pr= 2, Sc, =2.5, Sc, =3,0=0.5, 
a=1, Ro=f, =A =0.1,Nr = 0.1,N,=1,N,=1.5 
w 1 2 


Figure 12: Change in 6(7) with assorted 
values of Nr(Radiation Parameter) 


Figure 13: Change in f’(7) with assorted 
values of R;(Parameter of Chemical Re- 


action ) 


M=1,A,=1,Pr=2, Sc, = 2.5, Sc, =3,0.5, 
a=, R= f, = =0.1,Nr = 0.1,N,=1,N,=1.5 


0.2 


M=1,,=1,Pr=2, Sc, =2.5, Sc, =3,050.5, 
R, =f, =A =0.1,Nr = 0.1,N,=1,N)=1.5, a=1 
w 1 2 


05 3.5 


Figure 14: Change in ¢,(7) with as- 
sorted values of R, (Parameter of Chem- 
ical Reaction ) 


values 
action 


M=4,A,=1,Pr=2, Sc, = 2.5, Sc, =3,0.5, 
a=1, R= f, =A =0.1,Nr=0.1,N,=1,N,=1.5 


04 


0.2 


Figure 15: Change in f’(7) with assorted 


of R2(Parameter of Chemical Re- 


) 


M= 4,A,=1,Pr= 2, Sc, =3,050.5, a=1 
R, = R= if =\ =0.1,Nr= 0.4,N,=1,N,=1.5 


Figure 16: Change in ¢1(7) with as- 
sorted values of R, (Parameter of Chem- 
ical Reaction ) 


Figure 
values 
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17: Change in f’(7) with assorted 
of S'c,(Schmidt number) 
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o9+ M= 1,4,=1,Pr= 2; Sc, =2.5,9=0.5, a=1 
R, = R= f,, =A =0.1,Nr = 0.1,N,=1,N,=1.5 


Figure 18: Change in f’(7) with assorted values of S'c2(Schmidt number) 


4 Conclusion: 


Triple diffusive MHD fluid flow with radiation can lead to valuable insights that can 
improve technology, resource utilization and our understanding of complex physical 
phenomena.This numerical study shows that a Casson fluid flows with triple MHD, 
in the existence of radiation, Chemical reaction and Heat source or sink. The 
presence of all parameters gets results numerically and graphically, and these are 
the subsequent results: 


e The sucrose concentration boundary layer is thinner than NaCl. Due to the 
smaller size of NACI ions, the diffusion of NACI particles in the liquid is deeper 
than that of sucrose. 


e The Temperature Profile goes down when Suction/Injection Parameter(f,,) 
upsurges. 


e Boundary layer thickness is upsurged in both velocity and temperature pro- 
files when heat source/sink parameter(\) enlarges due to variation of thermal 
energies in the fluid flow, 


e When we applied the Magnetic parameter (/), it enhanced the temperature 
profile and concentration profile but decreased the velocity by raising the value 
of M. 


e The fluid temperature decays when the Radiation parameter (Nr) enlarges. 


e The chemical reaction parameters R; andRz significantly affect the density of 
fluid flow, the velocity and concentration boost with rising R, and Ro. 


e The velocity profile increases by the convection parameter ‘a’ increased. 


e In the future, we will extend this flow model to convective heating scenarios 
including a variety of geometries such as Riga plates, cylindrical sheets, etc. 
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FRACTIONAL CALCULUS OPERATORS OF THE GENERALIZED 
HURWITZ-LERCH ZETA FUNCTION 


SHILPA KUMAWAT? AND HEMLATA SAXENA$ 


ABSTRACT. In this paper, our aim is to establish certain generalized Marichev-Saigo-Maeda frac- 
tional integral and derivative formulas involving generalized p-extended Hurwitz-Lerch zeta function 
by using the Hadamard product (or the convolution) of two analytic functions. We then obtain their 
composition formulas by using fractional integral and derivative formulas and certain Integral trans- 
forms associated with Beta, Laplace and Whittaker transforms involving generalized p—extended 


Hurwitz-Lerch Zeta function. 


1. INTRODUCTION 


Fractional calculus is the field of mathematical analysis which deals with the investigation and appli- 


cations of integrals and derivatives of arbitrary order. The study of fractional integrals and fractional 


derivatives has a long history, and they have many real-world applications due to their properties of 


interpolation between operators of integer order and its applications in various fields of science and 


engineering, such as fluid flow, rheology, diffusive transport akin to diffusion, electrical networks, and 


probability. This field has covered classical fractional operators such as Riemann-Liouville, Wey], 


Caputo, Grnwald-Letnikov, etc. Also, especially in the last two decades, many new operators have 


appeared, often defined using integrals with special functions in the kernel, such as Atangana-Baleanu, 


Prabhakar, Marichev-Saigo-Maeda, and tempered, as well as their extended or multivariable forms. 


These have been intensively studied because they can also be useful in modelling and analysing real- 


world processes because of their different properties and behaviours, which are comparable to those 


of the classical operators[8, 22, 23, 24]. Special functions, such as the Hurwitz-Lerch Zeta function, 


Mittag-Leffler functions, hypergeometric functions, Foxs H-functions, Wright functions, Bessel and 


hyper-Bessel functions, etc., also have some more classical and fundamental connections with frac- 


tional calculus [13]. Some of them, such as the Mittag-Leffler function and its generalisations, appear 


naturally as solutions of fractional differential equations or fractional difference equations. Further- 


more, many interesting relationships between different special functions may be discovered using the 


operators of fractional calculus. Because of their significance and potential for applications, fractional 


calculus operators (such as the Riemann-Liouville, Weyl, Liouville-Caputo, and other operators of 


2010 Mathematics Subject Classification. Primary 26A33, 33B15; Secondary 33C05, 33099, 44A20. 


Key words and phrases. Hurwitz-Lerch Zeta Function; p—extended Hurwitz-Lerch Zeta Function; Fractional Calculus 
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fractional integrationandfractional derivative) have undergone extensive development and study (for 
more information, seein [12], [18] and [26]). 

We begin by recalling a general pair of fractional integral operators known as Marichev-Saigo- 
Maeda that have the third-order Appell’stwo-variable hypergeometric function F3(.) as their kernel 
(see for more information, [15, 20, 21]), which is defined by: 


Definition 1. Let m1,@1,11,1,€ € C and x > 0, then for R(E) > 0, 


(ia 7) es Te [ gail 


t 
x FP (sus mhmiieit - —,1- =) f(t) dt. (1.1) 
x 
and 
, , -w} of 
Tree ) 2) =~ / oe) ie ee 
(2 O= TB f 4) 
; ; x t 
x F3 By wy viii Glos ta f(t) dt. (1.2) 
x 


Here, the Appell’s hypergeometric function of two variables, [25], is denoted by F3(.). 
Definition 2. Let m1,71,11,14,€ € C and x > 0, then for R(E) > 0, 
(Di PG ig a 
d i wi .—w1,—-V, +n,-1, n 
=() (mpirmtteren ting) (a) (n= RE] +D 


t 
«Pa ( W1,—-W1,N—-VWy,-Mjn—- E51 wi +) 1 at (1.3) 


and 
(pe renass (es (Ces Wi, M1, ) (x) 
: (-Z) (c* mae etm 8) a) (n= [RE] +1) 


/ / 
«Fy (-ol, ain Mig gs 1 


Ne t 

pl *) f(t) dt. (1.4) 
These operators include Riemann-Liouville, Erdélyi-Kober, and Saigo hypergeometric fractional 

calculus operators as special examples for various parameter choices (see for more information, [12], 

[18] and [26]). Early on, the p-extended Bessel function, p—modified Bessel function, p-extended 

Sturve function,and p-extended Mathieu series were used by a number of authors to create some 


intriguing generalized fractional formulas, ( see, for details, [5, 10]). 
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The more generalized form of Hurwitz-Lerch zeta function has been considered very recently by 


Luo et al. [17] in the following form 
' 2X 
W2)(2,s,a;p) = 
n=0 : 


(R(O) > 0, R(O’) > 0, K(p) > 0; p,rA, 9,8 € C; v, aE C\ Zp; |2| < 1). 


(6,0’) er cs n 


Bi), v— 0) (n+ a)§ 


where B?:") (x, y;p) denotes the generalized Beta function, that is introduced by Chaudhry et al. [2] 


al 
BO) (x,y; p) = BOO) (a, y) = (1 —t)9* 1 (6; 6; —* at, (1.6) 
0 


when min{R(0) > 0,R(6’) > 0, R(x), R(y)} > 0;R(p) > 0. They also introduced p-extended of 
hypergeometric function as [3]: 


' 22 )(b+n, c—b; p) 2” 
O.9\(4 bez) = > 0: 1; if 
Fy?" (a, 656 2) 2 {an B&crh mt PE SIAI< UR) >RO)>O, (17) 


Additionally provided in [4]are related properties, multiple integral representations, differentiation 
formule, Mellin transforms, recurrence relations, and summations. 
The definition of the Hadamard product (or convolution) of two analytical functions, such as in[5], 


is necessary for the present study. If the Ry and Ry be the radii of convergence of the two power series 


= oan" (\z| < Ry) and g(z) = Sob (|z| < Ry), 


respectively. Then the Hadamard product is the new emerged series defined by 


= oan bn2” = (9 * AB (1 <B) (1.8) 
n=0 
where 
R= i Gn bn (1 ) (1 ) Ry .R 
= lim =/[ lim .{ lim = Ry .Rg, 
noo | An+1 On+1 noo | An+41 noo | Dn 44 f Avg 


so that, in general, we have R 2 Ry- Rg. 

In the following study, we seek to broaden the compositions of the generalized fractional integral 
and differential operators (1.1), (1.2), (1.3) and (1.4) for the p-extended Hurwitz-Lerch zeta function 
(1.5) by using the Hadamard product (1.8) in terms of p-extended Hurwitz-Lerch zeta function and 
Wright hypergeometric function. 


2. FRACTIONAL FORMULAS OF THE p-EXTENDED HURWITZ-LERCH ZETA FUNCTION 


The Wright hypergeometric function ,-W,(z) (r, s € No) having numerator and denominator pa- 


rameters r and s, respectively, defined for ¢1,..., ¢- € Cand k1,..., ks € C\Zo by (see, for example, 
[11, 14, 18, 25]): 
(Ga An ye (Gr, A -> T(¢, + Ain) - -T(¢, + Arn) Ze (2.1) 
(«1, By),-+- Gop T(«, + Byn)- Fast Ban) n! 
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A; ERt (j =1,...,r); By €R* G=1...,8); 1+ 0B; - 5A; 20], 
j=l j=l 
with 
Lie re s B, 
lz] <Vi= [43 B; 
j=l j=l 
Also, if we take A; Br 1G 1,...,r;  k = 1,...,8) in (2.1), reduces to the generalized 


hypergeometric function ,F’, (r, s € No) (see, e.g., [25]): 


Gijce Gs = T'(K1)---P(Ks) U (Giglio (Gas ¥ 


pe 1G) TG) (Cea pecan ree 


(2.2) 
K1,-++5Ks; ’ 


In the context of our investigation, the image formulas or power functions below, referencing [1],are 
significant. 


Lemma 1. Let m1, 7},11,11,6,0€ C andx >0. The relation that follows is then: 
(a) If R(E) > 0 and R(e) > max {0, R(w@ + w, + — €), R(w, — 4) }, then 
(genta) (x) = T(o)T(e t € Wy wo ™)T'(o@ + V} oat m1) 

ss Tot )l(ot+€- m1 — a )T(o+ € - a — 1) 

(b) If R(E) > 0 and R(o) < 1+ min {R(-), R(w1 + w — €),R(w1 +, — €)}, then 

ere) (x) = ime! =O w4)C(1 =O € + Wy +o,)r —O- € + Wy + Vv) 
bee Ti-olQ-e-€4m4+0,4+4)T0-0+01-) 


gota mas erok. | 1/93) 


peté-w1-@ 1 


(2.4) 
Lemma 2. Let @7,@71,1,1,6,0 € C anda >0. The relation that follows is then: 
(a) If R(E) > 0 and R(e) > max {0, R(E — m1 — w, +4), KR(1 — w1)}, then 
‘ . = / a = ; 
eee) (x) = ToT (oe E+ my + Wy +)P(e V4 +1) pe $twita,—1 (2.5) 


T(o—m)I(o-€+m1+ a} )T(o-€+a1 +) 
(b) If R(E) > 0 and R(e) < 1+ min {R(), R(E — wi — w)), R(E-— w —11)}, then 


Cogs (x) = r(1 == 0. wr —@ + Eg ate COR esas ow, )r(1 ==: + € = m4 ma V1) o-E+oito,—1, 
, Td -oelO-et+tE-m-aj-vl1-o-a-) 


(2.6) 


We begin the key outcomes exposition with showing the composition formulae for generalized 
fractional operators (1.1), (1.2), (1.3) and (1.4) involving the p-extended Hurwitz-Lerch zeta function 
by making use of the Hadamard product (1.8) in terms of p-extended Hurwitz-Lerch zeta function 
(1.5) and Fox-Wright function (2.1). 


Theorem 1. Let a1, @4,11,14,€,0,p,4,0,8€C withy€ Rt and v,a€C\Zp such that R(E) > 0 
and (oe) > max {0,R(a + wo, +11 — €), R(w, — 1,)} with |t]| <1. Then for R(p) > 0, the fractional 


integration formula shown below ts valid: 


Cee ce oer) *, 8, a;p)}) (x) 
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_ ,otf—wi-w}-1 (0,0") - 
=o - . ‘ re (x7, 8,0; p) 


(1,1), (@, 7), (e € Wy wi 1,7), (@+%4 — W1,); Pa 
(o+%4,7), (o+€- a1 — 1,7), (e+ € — @] — 1,7); 


Proof. Using the relation (2.3) and the definitions (1.5) and (1.1),we can shift the order of integration. 
Thus, we obtain for x > 0 


aaa 2-1 00 7, 8, a:p) }) (2) 


oe V—O;D) (01,0) ,r14,6 ot+yk-1 
(k + a) Bi, y— v) k! (53 {t t) (x) 


va 


k=0 


_ ,oté—-wi-w}-1 \e BW +k, v— 9; p) 
Se een BOO, v— 0) kl 


Pot yk) (ot €-m-m-m + yk) (e+ — w+ 7k) a (2.7) 
Pieotuityk)I(et€-—m-—w,+ykP(ot+€E-wm-m+yk) 7 


Subsequently,the necessary formula is obtained by utilizing the Hadamard product (1.8)in (2.7), which, 
in light of (1.5) and (2.1). 


Theorem 2. Let 71, @4,11,14,6,0,p,,0,8€C withy€ Rt and v,a€C\Zp such that R(E) > 0 
and R(e) << 14+ min{R(-1), R(w1 + w) — €),R(a1 +, — §)} with |1/t| <1. Then for R(p) > 0 


the fractional integration formula shown below is valid: 


ee V1 6,0 1 
( 2,00 pvavig {- 1g 50; ? ( E .s.a;p) }) (x) 
+€-wi-wi -1 @ (9,0) 
= peti mi-my ®\ 9ey (= 55,4; ) 


(1,1), -o-,7),1-e-€+m1 +a Vlog Forti, 7); ie 


* 43 
(Leelee aia ery) La oe i) x 


Theorem 3. Let 71, @74,11,14,6,0,p,A,0,8€C withy€Rt and v,a€C\Zp such that R(E) > 0 
and R(e) > max{0,R(E-w1—-w,—- 4), R@1—w1)} with |t| < 1. Then for R(p) > 0, the 
fractional integration formula shown below is valid: 
Os ye GOW gs, a;p)}) (x) 
ses é+mita;—-1 a 6’ 25 8, a; p) 
1,1), (a7(e-Stm+ a +47 (@-ut+m) 4 
(@— 1,7): (@- E+ wi + 1,7); (9- E+ 1 +451); 


* 43 


Proof. Using the relation (2.5), and the definitions (1.5), (1.3), we can shift the order of integration. 
Thus, we obtain for « > 0 


Ce ie 1 a’! ee 8,Q; :p)\) (x) 
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(A), BO(0 + k, v—; p) 1,04 V1,V4€ ¢,o+yk—-1 
eel ea tn eet) (2) 


Ms 


k=0 


_ pe-étwitet—l 8 )eBW +k, v— 9; p) 

aa (k + a)® BWV, v — 0)! 
Dlo+7k)Plo-St mito tut yk) om twit 7k) vk 
Tio-m+yk)T(o-E+tmtoayt+yk)(o-E+mtytyk) 


(2.8) 


Subsequently,the necessary formula (1.3) is obtained by utilizing the Hadamard product (1.8) in (2.8), 
which in light of (1.5) and (2.1). 


Theorem 4. Let @1,7},11,14,€,0,p,\,0,8€C withy € Rt and v,a€C\Zo such that Re(€) > 0 
and Re(e) < 1+min{Re(v}), Re(€ — wi — wi, Re(E — wi — 1)} with |1/t| <1. Then for R(p) > 0 


the fractional integration formula shown below is valid: 


(veges ce ory) (= em ») \) _ 


_ ete =1 00630"). ( * ; 
= ¢o ner se Ds oe (S00) 


(jd), = 0— 439), A= ete — ei — ey yl Ft oy =, 4) at 


* 4W3 i 1 ; | ae eat Geen ar Pal 
So) (= 06 =e = as ts) ae 


3. CERTAIN INTEGRAL TRANSFORMS 


With the aid of the findings from the previous section, we will give severalextremely intriguing 
theorems relating to the Beta, Laplace, and Whitaker transformations in this section. First, we would 


like to define these transformations for this. 


Definition 3. As is customary, the Euler-Beta transform [19]of the function f(z) is set forth by 


Bti(2)0,b} = fafa: (3.1) 
Definition 4. As is customary, the Laplace transform (see, e.g., [19]) of the function f(z) is set forth 
by 
Ha i e-"® f(z) dz. (Re(t) > 0) (3.2) 
0 
The following integral involving Whittaker function (see Mathai et al. [14, p. 79]): 

e T(gtvt+ 1 
| tele 3at YW, v(at) dt = ae YT) (Re(a) > 0, Re(p tv) >—-), (3.3) 

; Td —K+9) ) 


is significant to the subject at hand, where W,,., is the Whittaker function [16, p. 334]. 

In this portion, the following captivating results in the form of theorems shall be demonstrated. 
These findings are put forward here without further justification because they follow directly from the 
definitions (3.1), (3.2), (3.3)and Theorems 1 to 4. 
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Theorem 5. Let @1,7},11,1,,£,0,p,\,0,8€C withy ER and v,a€C\Zp such that Re(E) > 0 
and Re(o) > max {0, Re(w, + m1, + — &), Re(w, —v})} with |t| < 1. Then for R(p) > 0, the 


Beta-transform formula shown below is valid: 


B { Cie {te BP) (tz), 5, a;p)}) (x) 31, mh 


= get8-™1- 4-1 (mn) BE") (27, 8, a5) 


VV 


11, GY (N (ets—m-m-Mwy+A-Mm7s 4 


* 54 
Using) (e+ 4) Oe = wi we) ere ey Se 


Theorem 6. Let @1,71,11,1,,€,0,p,A,0,8€C withye€ Rt and v,a€C\Zp such that Re(é) > 
0 and Re(e) < 1+ min{Re(—), Re(w1 + mw — €), Re(wi1 +4, —€)} with |1/t| < 1. Then for 
R(p) > 0, the Beta-transform formula shown below is valid: 


B { (es, ee of) ((=)' rer a:p) \) (es i,m} 


, , 1 
= goth-™1-™1-1 TP (m) 5’ ) (=. up) 
ou \ a 


(1,1),(,7), -e-,7), 
(i+m,y),(1- 0,7), 
(l-e-€+m+,7),l1-@-€+a1+%,7); 1 
(l-e-€4+m4+o0,4+%,7),1-e+m-,7); 2 


* 5V4| 


Theorem 7. Let @1,74,11,14,€,0,p,\,0,8€C withy € Rt and v,a€C\Zo such that Re(€) > 0 
and Re(o) > max {0, Re(€-— aw — w —™), Rev — w1)} with |t| < 1. Then for R(p) > 0, the 


Beta-transform formula shown below is valid: 


B NO eee jee? a? ((tz)), 8, a:p}) (x): I,m} 


po) 


= pos eeia st T(m) 6 eae 8, a; p) 


(1,1), G40); (@ g + 1 + wi Wi,7),(@- "1 +1,7); ae 


* 54 
(l+m,7),(e-,9), (0 -€+a1+ 1,7), (0-€+m4+%44+%%); 


Theorem 8. Let @1,7,11,14,€,0,p,A,0,8€C withy € R* and v,ae€C\Zo such that Re(€) > 0 
and Re(e) < 1+min{Re(v}), Re(E — wi — wi, Re(E — w, —1)} with |1/t| <1. Then for R(p) > 0, 


the Beta-transform formula shown below is valid: 


1,04 V1,V} Y 
a (orci (ot e02) (3) naa)}) eam} 


, , i 
= ae-ceovtsint rym 08) (1. s,0:) 
VU; zr 


D9. - e143), 
Q-—@9),0 -0+e— ai wy — i, 9); 


* 5Val 
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(l-o+€-m-—m%,7),1-ot+E-m-,7); 1 
(i+m,7),(l1-@-m, -,7); a 


Theorem 9. Let @1,7},11,14,€,0,p,\,0,8€C withy € Rt and v,a€C\Zp such that Re(€) > 0 
and Re(g) > max {0, Re(w1 + mi, +™ — €), Re(w, —v{)} with |t| <1. Then for R(p) > 0, the 


Laplace-transform formula shown below ts valid: 


L me Ci oe oS) ((tz)"), 8,437} ) (x)} 


geté-w1-a}-1 (0,0) ((£\7 
= — ine (5) ss) 


* 5W3 


CL Letom), (ae g WI wi 1,7), (@+v, — 71,7); (@)" 


(o+ 4,7), (o+€-— m1 -— w1,7), (0+ €- m1 - 1,79); 8 


Theorem 10. Let 1, @4,11,14,6,0,p,4,0,8 € C with y € Rt and v,a € C\ Zp such that 
Re(€) > 0 and Re(o) < 1+min{Re(—™), Re(w1 +m; —€),Re(w1 +4 —€£)} with |1/t] < 1. 
Then for R(p) > 0, the Laplace-transform formula shown below is valid: 


1,0, V1,V", = a Y 
{2 (ere fa (Yn) 6) 
poté-w1-w-1 (0,0) 1 *y. 
=> ci) y —_ 7 
sl! A, OV ((=) sap) 


(LO -eH neni lee ert oy); 
Q-@,7l-0e-€ Pert ot Hy); 
(Pao € ait i154) (4) | 
(=o a1.) 


* 5Vs| 


xS 


Theorem 11. Let m1, 7},11,1%4,6,0,p,4,0,8 € C with y € Rt and v,a € C\ Zp such that 
Re(€) > 0 and Re(e) > max {0, Re(E-— mw, — mw) — v1), Re(. — w1)} with |t] < 1. Then for 
R(p) > 0, the Laplace-transform formula shown below is valid: 


Bia Deere’ Lee lel Geysaain)h |e) 


gees po) ((2\" 
= gl AO S »5,a;p 


* 5W3 


(1,1), (169), (0.7) (9 + 1 +} +459), (Q— 1 + 1,7); (2)'| 
(o—1,7), (@-€+ m1 + 71,7), (@-€+ m1 +%,1); ° 


Theorem 12. Let w1,@},11,11,6,0,p,r,0,5 € C with y € Rt and v,a € C\ Zp such that 
Re(£) >0 and Re(o) <1+min{Re(v}), Re(E — mw — wi, Re(E-— wm, —11)} with |1/t] <1. Then 
for R(p) > 0, the Laplace-transform formula shown below is valid: 


, , , ZN Y 
Lf (peyeinvts fye-1 6689 ((2)" s,a:0)}) @)} 
ge $tmita-1 (6 0’) 1 "ys 
257 ate (2) ss 
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Gr 1), (E. (1 OS 4,7), 
(LO) ae e = aia ris) 


(l-e+€-m -—},7), (1-9 +€- a - 1,7); (4) ] 
(l-@-m- 5); 


* 5Vs| 


zs 


Theorem 13. Let w1,@},11,11,6,0,p,r,0,8 € C with y © Rt and v,a € C\ Zp such that 
Re(€) > 0 and Re(o) > max {0, Re(mi +m, + -— 6), Re(w —v4)} with |t]| <1. Then for 
R(p) > 0, the Laplace-transform formula shown below is valid: 


| zi ten 44 Wy, .(5z) { (Igg enis { £271 B05 ((wt2)”), 8, a:p}) (x)} az 
0 


peté—w1-a-1 


= (0,0’) Ue. ‘i . 

= I 2a c 5 ) ,8 asp) 

: 0, | GAG Pen iG HCrhy): 
(5 -T4+1,7),(0+%,7), 


(0,7), (@+€ — m1 -— m — 1,7), (9+ — W157); (27) 
(o+€-—m1—a},7), (0+ €- m1 - 14,7); 6 

Theorem 14. Let w1,@},11,1,6,0,p,4,0,8 € C with y € Rt and v,a € C\ Zp such that 

Re(£) > 0 and Re(o) < 14+ min{Re(—™), Re(m1 + ow) — €), Re(mi +, —€)} with |1/t| < 1. 

Then for R(p) > 0, the integral formula shown below is valid: 


co 1 , / Y 
/ gi le- ae W,<(6z) eee oe et coed (=) ,8,4;p) \) (x)} dz 
0 


gotés—w1-m-1 (0,0’) W\Y 
= oO Dba ((S) ,8,4;) 


hts(3 +6417), (§ -—¢+47),(1-0-,7), 
($-74+1,7),(1- 0,7), 


(l=@=€ ort ayy) (lL —e= € oi 459); (2) 
os ei he tr yd pero Sed 


Theorem 15. Let w1,7},11,1,€,0,p,A,0,8€C withy € Rt and v,a€C\Zp such that Re(€) > 
0 and Re(o) > max {0, Re(€ — wi -— w —™), Re(v. — wi) } with |t| <1. Then for R(p) > 0, the 
integral formula shown below is valid: 

i: gl-le- 26 W,,.(6z) ore ‘aa 3?) ((wtz)"), 8, a;p}) (x)} 


0 
, 
o—€+a1+a,-1 w 


6,0" 
oe i) sad 


(1,1),(§ +6419), (§ -¢4+147) 


* 6Wal 
(5 -—7+17),(0-,), 


(o+%7),(@-€+m14+0,4+%,7), (0-1 +1,7); Cag 
(o-—€+a14+ 04,7), (@-€+01+%,7) 
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Theorem 16. Let m1,7},11,14,£,0,p,A,0,8 € C with y © Rt and v,a € C\ Zp such that 
Re(€) >0 and Re(o) < 1+ min {Re(v}), Re(E — w, — w), Re(E-— wi —4)} with |1/t]| <1. Then 
for R(p) > 0, the integral formula shown below is valid: 


oo ’ D ’ 2), 
: girle- 302 W,.< (62) (Beers ae ore) (=) ,8,4;p) \) (x)} 
0 
ye-$t mite 


~ 5! ems (( 
a 


5-¢+17),(-0-4,), 
l 


(l-o+€-m-@,7),-o+€- a - 1,7); ey 
(pt apa = Se a Sy 


4. CONCLUDING REMARKS AND OBSERVATIONS 


In the current study, we have found the composition formulas for the generalized Marichev-Saigo- 


Maeda fractional integrals and differential operators (1.1), (1.2), (1.3) and (1.4) involving the p- 


(0,0") 


extended Hurwitz-Lerch zeta function ®)5./(z,8,@;p) in terms of the Hadamard product (1.8) of 


(6,6") 


the p-extended Hurwitz-Lerch zeta function ®\'%)(z,s,a;p)(z,s,a) and the Fox—Wright function 


,W,(z) employing the Hadamard product (or convolution) of two analytic functions. Additionally, we 
have derived some image formulas in connection with integral transformations such asthe Euler-Beta, 
Laplace, and Whittaker transforms. Then, as special cases, we can construct as corollaries the specific 
image formulas for the Erdélyi-Kober(E-K), Riemann-Liouville(R-L), and Saigo’s fractional integral 
and differential operators. We have left this as an exercise for the readers. The results obtained in 
this paper are assumed to be have applications in various field of Physical and Engineering Sciences. 


Another application in real world problems can be developed in recents papers[22, 23] 
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Abstract 


We establish a novel family of Kumaraswamy-X probability distri- 
butions in the present investigation. We discussed the Kumaraswamy- 
Exponential univariate probability distribution. The new distribution 
with three parameters possesses density function with unimodal and re- 
verse J-shape and hazard rate function of bathtub shaped. We study 
various statistical properties for it and derive the expressions for its den- 
sity function, distribution function, survival and hazard rate function, 
Probability weighted Moments, Ith moment, moment generating func- 
tion, quantile function and Shannon entropy. For the derived distribution 
order statistics is also discussed. The parameters are estimated using 
the maximum likelihood estimation approach, and the performance of the 
estimators was evaluated using a Monte Carlo simulation. Through ex- 
tensive Monte Carlo simulations and comparative analyses, we assess the 
performance of the Kumaraswamy-X distribution against other common 
probability distributions used in engineering contexts. When we apply 
it to real datasets, it offers a more suitable fit than other existing dis- 
tributions. We explore the characteristics and potential applications of 
the Kumaraswamy-X distribution in the context of engineering problems 
through a comprehensive simulation-based investigation. 


Keywords: T-X family of distributions, Probability weighted Moments, Shan- 
non entropy, Order Statistics, Monte Carlo simulation, Maximum likelihood 


estimation. 
AMS 2000 Subject Code: 62F10, 62F03. 
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1 Introduction 


In probability distribution theory, the selection of a specific probability dis- 
tribution for modeling real-world phenomena depends on the flexibility of the 
distribution. It is practice to apply probability distributions that better match 
the set of data that is available, instead of transforming the current data col- 
lected. Because of this, there have been numerous recent attempts to guarantee 
that the classical probability distributions are updated and developed, since 
this could boost their adaptability and improve their ability to predict real- 
world data sets. The Kumaraswamy-X probability distribution, an extension of 
the well-known Kumaraswamy distribution, has application in modeling a wide 
range of lifetime problems. This study explores the characteristics and potential 
applications of the Kumaraswamy-X distribution in the context of engineering 
problems through a comprehensive simulation-based investigation. 

The concept of creating customised distributions is still a hot topic in the lit- 
erature today. Several approaches could be used to extend an existing standard 
distribution. For instance, generalization, which entails leveraging the widely 
available generalized family of distributions, can boost a distribution’s adapt- 
ability. To generalize the distribution an additional shape parameter(s) may be 
added to the family of distributions. These extra shape parameter(s) are re- 
sponsible for altering the tail weight of the resulting compound distribution and 
introducing skewness. The extension of classical distributions is a long-standing 
practice and an important issue in statistics, just like many other real-world 
issues. 

The distributions could be used in different domains, like engineering, eco- 
nomics, industrial and physical fields, among a great number of others. To 
increase the flexibility of traditional distributions, statisticians developed meth- 
ods for creating new probability distribution families. In many relevant fields, 
these improvements give practitioners more flexible model options for results 
that fit them better and are ultimately more accurate. For instance, some 
of the well-known families are the beta-G family (B-G) by Eugene et al. [8], 
Kumaraswamy-G family (Kw-G) by Cordeiro and de Castro [6], McDonald-G 
family (Mc-G) by Alexander et al. [2], T-X family introduced by Alzaatreh et 
al. [4], gamma-X family by Alzaatreh et al. [3], Exponentiated T-X family by 
Alzaghal et al. [5], Logistic-X family by Tahir et al. [15], new Weibull-X family 
by Ahmad et al. [1] and some new member of T-X family by Jamal and Nasir 
[10] among others. A new family of Distribution with application on two real 
datasets on survival problem by Modi et al. [12]. Power Exponentiated Family 
of Distributions proposed by Modi [11]. In this article, we have proposed a 
new lifetime family of distributions which can be used to fit data in different 
fields. The paper is organized as follows. In Section 2, we define T-X family 
of distributions. Kumaraswamy distribution and Exponential distribution in 
Section 3 and Section 4 respectively. In Section 5, we provide the proba- 
bility density function (pdf) and the cumulative distribution function (cdf) of 
the Kumaraswamy-Exponential distribution. In Section 6, we examine the 
survival function and hazard rate function for the new distribution. Formulas 
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for moments, moment generating function and probability weighted moments 
of the Kumaraswamy-Exponential distribution (KED) are given in Section 7, 
Section 8 & Section 9 respectively. Mean, median and mode are discussed in 
Section 10 and quantile function in Section 11. The Simulation study and 
Shannon entropy in Section 12 & Section 13 respectively. The distribution 
of the order statistics for the new distribution are discussed in Section 14. In 
Section 15, we estimate its parameters using the method of maximum likeli- 
hood estimation. In Section 16, we show the application of Kumaraswamy- 
Exponential distribution on two real datasets and compare it with some well 
known distributions. We need the following Lemmas to complete the deriva- 
tions: 


Lemma 1.1. From Gradshteyn and Ryzhik [9], Equation (1.110), Page 25. If 
q is a positive real non integer and |z| < 1, then by binomial series expansion 
we have: 


(l—z)T = 3 (1)? @ - ‘ 2. 


p=0 


Lemma 1.2. From Prudnikov et al. [1/4], Equation (18), Page 241, the integral 
expression is defined as follows: 


Inz 1 


Crd (epi 


iE Inzdz = 2$+1 


Lemma 1.3. From Gradshteyn and Ryzhik [9], Equation (3.883.1), Page 3847. 
For REA>0, Reo >O0 


Lemma 1.4. From Gradshteyn and Ryzhik [9], Equation (2.729.1), Page 239, 
the integral expression is defined as follows: 


fe In (a + ba) dx 
1 —q)étt 1 é+1 (-1)* po—k+2qh-1 
= e+1_ 2h In (a + bx) + S- — 
€+1 b E+1& (E-k+2)b 


2 T-X family of distributions 


The cumulative distribution function (cdf) of the T-X family introduced by 
Alzaatreh et al. [4], is given by U{W(Q(x))}. Let T be a continuous random 
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variable (r.v.) with pdf u(t) defined on [0, 1], can be defined as: 


W(Qx(2)) 
Gx(#) = / u(t) dt, 
0 


where Q is the cdf of X, U(t) is the cdf of ar.v. T and W is a non-decreasing 
function having the support of U as its range defined on [0, 1]. Thus, we have: 


Gx(x) =U [- log (1 — Qx(z))] x>0, (2.1) 
_ __4x(z) 
9x(@) = Go gyul lee - Qx(@))]- (2.2) 


Thus substituting the different cdf Q(x)and pdf q(x), we can obtain a number 
of distributions. 


3 Kumaraswamy distribution 


A continuous random variable X is said to have Kumaraswamy distribution, if 
its pdf fx (x) and cdf Fx (a) are, respectively, given by: 


f(z) = wba*! i=-2\", 0<a2<1,b>0,K>0 (3.1) 


and 
F(x) =1-(1—2"*)?. (3.2) 


4 Exponential distribution 


A continuous random variable X is said to have Exponential distribution, if its 
pdf fx(x) and cdf F'x(«) are, respectively, given by: 


f(z) =ne""™, «>0,7>0, (4.1) 
and 
F(#)=1-e"™. (4.2) 
5 Kumaraswamy - Exponential distribution 


Using Kumaraswamy distribution in T-X family, we obtain the Kumaraswamy- 
X family of distributions: 


Gx(x) =1—[1—(—log(1—Q(x)))")’. 


Using cdf given in equation (4.2), we obtain cdf of Kumaraswamy - Exponential 
distribution as: 


b 


Gx(x) =1—[1—(m2)"]. (5.1) 
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Using Kumaraswamy distribution in T-X family density given in equation (2.2), 
we obtain the pdf of Kumaraswamy-X family of distributions: 


ax(0) = EE nb (- og (1 = Q (a) = tog d= Q@)IT™. 


Using pdf in equation (4.1) and cdf in equation (4.2), we obtain pdf of Ku- 
maraswamy - Exponential distribution 


gx(x) =n «ba (1 — (nx)"!*, (5.2) 


Using Lemma 1, in the above expression then we have 


co 
_ b-1 : 
gx(x) =n Kbe* "S2(-1)" ( 7 ) (nz)"" 2>0,b>0,7>0,«K>0. 
v=0 
(5.3) 
DENSITY FUNCTION DISTRIBUTION 
12 1 
10 0.8 
0.6 
f(x) 6 F(x) 
4 
5 0.2 
0 0 : 
0 0.5 ] 1.5 2 0 0.5 ] 1.5 2 
x x 
—— n=2, b=2.5, K=0.5 —— 7=0.1, b=0.2, x=0.2 —— n=0.5, b=0.8, K=0.1 —— 7=0.8, b=2.5, K=5 
—— 10.8, b=2.5, K=5 —— =2, B=3.8, KES n=2, b=2.5, K=0.5 1N=2, b=3.8, K=5 


Figure 1: Density function (Left) and distribution function (Right) graphs of 
Kumaraswamy - Exponential distribution for different values of its parameters 
1); b, K. 


6 Hazard Rate Function and Survival Function 


To study the life phenomena we can use hazard rate function as an important 
characteristic. Using the pdf defined in equation (5.2), we define h(x) as: 


n® kbar 
h(x) = ———;, 6.1 
@ = (6.1) 
also, its survival function obtained as: 
K b 
S (x) = [1—(nx)"] . (6.2) 
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6 
HAZARD RATE FUNCTION SURVIVAL FUNCTION 
300 1 
0.8 
200 06 
h(x) S(x) 
0.4 
100 
0.2 
0 0 
0 0.1 0.2 0.3 0.4 0.5 0 0.5 1 1.5 2 
x x 
—— n= 1.9, b=2.5, K=5 —— n=0.5, b=0.8, K=0.1 —— n=0.8, b=2.5, x=5 —— n=2, b=2.5, K=0.5 
—— n=2, b=2.5, x=0.5 ——— =2, b=3.8, K=5 —— n=0.5, b=0.8, x=0.1 ——— n=2, b=3.8, K=5 


Figure 2: Hazard rate function (Left) and survival function (Right) graphs of 
Kumaraswamy - Exponential distribution for different values of its parameters 
7, 0, K. 


7 Moments 


The J” moment of a random variable X with pdf defined in equation (5.2), can 
be calculated as: 


0 v=0 

= 1 
_ v b= 1 VE+K It-un+K—1 
= Kb \~ (-1) ( ‘. ) n fe dx. 

v=0 0 

On integration, we obtain 
7 b-1 ; 1 

= Kb —1)” PMs es, 7.1 

Hm edo" ( OL Sate (7.1) 
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8 Moment Generating Function 


The mef for the pdf defined in equation (5.2), is given by: 


Co 


Mx (t) = Efe™) = [etreyae 
0 


= tn felt at Die (P51) (ney ae 


0 
1 
_ = mY iy. b-1 jen eats 
0 


Using Lemma 3, in the above expression then we have 
ett ) = nb yy _ ) x 
nt" B (1,6 + vn) (1)°O"* Fy («6 + ve; 1+ 64+ vn5t.1) 


°) b— Hn VUK+K 
et (=n ae ) Geog Ti (tom + + ont) (8.1) 


9 Probability Weighted Moments 


For the pdf of the proposed distribution, corresponding p“” probability weighted 
moment is given by: 


using Lemma 1, in the above expression then we have 


= rnb ( : ) farm [1 — (na)? ae, 


0 


again we apply Lemma 1, then we obtained 


lo oo“) 1 
= Kb S- S- a i ( : ) ( bt = —1 ) ae 
~ 0 
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a bea? o beet 1 grr 
p=nby od (-)" ( t )( ‘- = (9.1) 


t=0 u=0 


10 Mean, Median and Mode 


The mean of a probability distribution is defined as: 


l+dk+K 


E(x) =«b).(-1)4 ( wets ) a (10.1) 
d=0 


The median of the proposed distribution is given by 


1 1 1/r 
Gx(M) = 5 and M=— [1 = {0.5}//"| ; (10.2) 
The mode of the proposed distribution given in equation (5.2), can be obtained 
as 


gx (a) = nba" [L = (nar) 


vem 90) a 


(10.3) 


7 | bK—1 
g'(x) > 0, Vb, «,7 this shows that g(a) is a growing function of x. 


1/K 
Thus g(x) has mode at « = + [| with g(0) = 0, g(oo) = oo. Clearly 


11 Quantile Function 
Using equation (5.1) the quantile function of proposed distribution is given by: 


1 


=a ae (11.1) 


Q (2) 


where for interval [0,1], U follows the Uniform distribution. 


12 Simulation Study 


To judge the MLEs estimators performance for a finite sample of size n, here 
we carry out a Monte Carlo simulation analysis. To explore the average bi- 
ases (ABs), root mean square errors (RMSEs), mean square errors (MSEs) and 
maximum likelihood estimates (MLEs), a simulation study based on the Ku- 
maraswamy - Exponential distribution is conducted for the distribution param- 
eters 7, band «. Multiple simulations with different sample sizes and parameter 
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settings were used to conduct the simulation experiment. We use the quantile 
function to produce random samples for the KED. The simulation study was 
performed for sample sizes n = 50,100, ...,1500 each repeated 1500 times, for 
the following parameter values 7 = 2.2, b= 3.9, k= 4.8. 

The MLEs of the KE model are calculated using the optim ( ) R-function 
with method = “SANN ”. For every set of simulated data, say, (estimates) for 
i=1, 2, ...,1500, the AB, MSE, and RMSE of the parameters were computed 
for 7 = 2.2, b = 3.9, & = 4.8. For different sample sizes, the AB, MLE and 
RMSE of the parameters, 7, b and « are shown. These results lead us to the 
conclusion that the MLEs are best to estimate the model parameters, with more 
stability and closer to the genuine values. Table 1 and Fig. 3 demonstrate that 
the RMSE, AB, and MSE drop as sample size grows as would be predicted. The 
MLEs of the model’s parameters are also quite near to their actual values. Thus 
even small samples can be fitted with derived distribution with better precision. 


Table 1: Results obtained for Monte Carlo simulation of MLE, AB and RMSE 
for the KE Distribution. 


Para. n MLE AB RMSE 


50 | 0.7829606 | -1.4170393 | 1.518000 
100 | 0.8087420 | -1.8912579 | 1.555102 
300 | 1.0488439 | -1.1511561 | 1.544286 
" 600 | 1.5011235 | -0.6988764 | 1.269147 
900 | 1.8463882 | -0.3536118 | 0.973826 
1200 | 2.0019255 | -0.1980744 | 0.792184 
1500 | 2.1223060 | -0.0776939 | 0.615142 


50 1.009512 | -2.8904885 | 3.968965 
100 | 3.642784 | -0.2572159 | 5.646243 
300 | 5.213961 1.3139606 5.896080 
b 600 | 5.129874 1.2298743 4.692855 
900 | 4.670879 0.7708793 3.495491 
1200 | 4.528949 0.6289491 2.829144 
1500 | 4.269290 0.3692901 2.041111 


50 | 13.287630 | 8.48763013 | 10.84302 
100 | 11.627627 | 6.82762727 | 9.0838924 
300 | 7.172703 | 2.37270337 | 3.9406621 
K 600 | 5.465790 | 0.66579011 | 2.0529831 
900 | 4.919511 | 0.11951053 | 1.2649680 
1200 | 4.738959 | -0.06104107 | 0.9195160 
1500 | 4.633040 | -0.16696001 | 0.7118000 
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Plot of MSE vs n Plot of bias vs n 
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Figure 3: Plots for MLE, bias, MSE, and RMSE for Kumaraswamy - Exponen- 
tial distribution for parameter values 7 = 2.2,b = 3.9,4 = 4.8. 


13. Shannon Entropy 


The entropy of a random variable is a measure of deviation of the uncertainty. 
The Shannon entropy defined as: 


E|-Ingx(x == fingx(og x (x)dx 
0 


Using pdf defined in equation (5.2), we get 


E[-Ingx(2)] = 


1 
- nb fn [nf rsbars—! [1 — (nx)*]>* a1 [1 — (nx)*]?~* dx 
1 
= —7* Kb In (n* Kb) (oe — (nx)*]? ~ dx — Kb (& — 1) x 
0 


jo (x) a®* [1 — (nx)*|>* dx — n*«b(b — 1) x 
0 


/ In (1 = (r)") co? [1 — (ae)? ae 
0 
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=1,+ 12+ I3. (13.1) 


where, 


mr 1 
= —Kb In (7* Kb) So (= 1 ( or : Vea ae ‘dx 
0 


i=0 

co bed nrtin 
I, = —Kbl b) 

ange xe. j= 
1 

Kpb-1 

In = —n Kb («-1) fin) ‘1 —(nx)"| da, 

0 


1 
putting 1 — (nx)" =t > —kKn*a*—lde = dt and z= 7 (1—t) /* , we get 


l 
(1—t) '* poi at 
7 kK” 


1 
Ip = —n* Kb (K — 1) if In = 
1—* 4 


macy ( ( 4) ~s ay 


1—nr 
1 1 1 

= -n(«—1)n(+) i ord —) fina ay arate 

” 

1—n* 


1—* 


by using Lemma 4, we found that 


e=S(6s ile (=) [1 (1 nt] ped) 
[ ’_1)n(1—#) aa 32) 
=—(k—1)In (=) [1 (1 nf)’ wow) 
b b n\o-gt1 
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1 
Is = —n* Kb (b — 1) fin (1 — (nx)") a** [1 - (nx) "| dx, 
0 
: K ‘ 1 1, 
putting 1 — (nx)" =t > —Kn*2*—'dx = dt and x= ; (1—t) ’* , we get 


iL. 
Iz = —b(b—1) i In (t) t°-'dt, 


1—n* 
by using Lemma 2, we found that 
se]? 
Iz = —(b—-1) [ene = 5 
b 1—n* 
1 KY\b K (1 7 nr)” 
= (b= 1) | 5+ = 9")n (1 =a") = 


putting values of I;, Iz and J3 in equation (13.1) we can obtain required result. 


14 Order statistics 


In this section, we develop the distribution of the q‘” order statistic of the 
Kumaraswamy-Exponential distribution (KED). Let X(iin) < --. < X(rmy < 
... < X(nn) represents the ordered sample of n random variables for KED. The 
distribution of the q‘” order statistics Xq:p,¢ = 1,2,...,p can be defined as: 


Go:p(£) = Cop (G(x; 0, b, &)|** g(a; 7, b, «) [1 — G(a;n,b, 6)? 2 >0 (14.1) 


where G(.) and g(.) are given by equation (5.1) and equation (5.2) respectively, 


thus nl 
Cae) — agoor 


Thus, Using binomial expansion given in Lemma 1, we get 


Iq:p(@) = Carp s (-1)* ( a : ) [G(x;n, 6, aa g(z3n, 6, K), 


k=0 


9q:p(Z) = > (—ij* ( 7 q ) [1 {i= (na)"]? qtk-1 
k=0 


K kK Ko-1 
nf xbar*—* [1 = (ney, 
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now using Lemma 1, we obtained 
= —\ ktuf P—4q qtk-1 
Jq:p(L) = Corp 2 as (—1) k aj x 
k=0 u=0 
n®nbe®—! [1 — (nx)*Pte™* (14.2) 


It’s s*” moment can be calculated as: 


norma SE coe(") (1) 


w=0 u=0 


1 
ned, f are [1 — (nx) ®t? dx, 
0 


Again applying Lemma 1, we have 


pie) = cae SEES (P31) (HE) 


w=0 u=0 r=0 
1 
( b+bu-—1 ) a 
0 


‘i 


= EDS DP DC ual te ( ae ie 


w=0 u=0 r=0 
40 = KEK b 
( b+bu-—1 ) n kK (14.3) 
r K+aAr+ 8s 


15 Maximum Likelihood Estimators 


Let X is a random variable having the pdf of Kumaraswamy-Exponential dis- 


tribution defined as: 


gx (x) _ nv «ba®—! [1 = (nx)*]?* 


Then its log-likelihood function can be written as: 


n 


L(#37, 6,6) =nlnk+nKlnn+ninb+ (K— 1) S> In (ai) + (b-1) 
i=1 


Ere! —(na;)*). (15.1) 
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14 
Thus the non-linear normal equations are given as follows: 
: is nt lyk 
OL (a; 1, b, &) _ nk ire ae (15.2) 
on a] & (1 — (nai)") 
OL (a; 1, b, &) ni “\ na In ( we 
= nl — In (a; ; 15. 
aE ee n(a;) op cer CoN (15.3) 
AL(a;n,b,k) on < . 
a = +) jin (1 — (na;)"). (15.4) 


To find the estimate of the unknown parameters by using the maximum likeli- 
hood method equate the equation (15.2) - equation (15.4) to zero and we can 
obtain solution. 


16 Application To Real Life Data 


Now we apply the proposed Kumaraswamy-Exponential distribution on two 
engineering data sets. We compare its flexibility with some pre-defined distri- 
butions. To analyse the present study, we obtain the results using R software. 
Following distributions are considered for discussion: 

Exponentiated Exponential Distribution 


fj) =ra (1 _ erty 7d 


Exponentiated Weibull distribution 


f(w) = aBo®w?!. exp (- (cw)") (1 — exp (- (ow)?)) 


Beta distribution 
IT (a+b) 
I (a) I (b) 


Burr-XII exponential distribution 


f(a) = re (1-2) 
c— c\~Po1 
f() = pa. (€*! = 1)" e*! (14 (e7"-1)°) © 
Gompertz distribution 
r 
f(x) = Aexp lax — —(e%* — | 
a 


At a = 1% LOS assume the hypothesis as, 
Ho: The data fit the Kumaraswamy Exponential distribution 
A: The data do not fit the Kumaraswamy Exponential distribution 
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Table 2: Table containing estimates and AIC values. 

Distributions Estimates p-value D LL AIC 
Kumaraswamy 17 = 0.583923 
exponential b = 54.427161 | 0.1178 | 0.26605 | -26.13379 | 58.26758 
distribution & = 1.596120 

epee a = 3.11202 
Beta distributjon, — 9181905 0.1521 | 0.25378 | -27.8813 | 59.7626 
Exponentiated @ = 9.388397 
Weibull distri- 6 = 0.975218 | 0.5196 | 0.18229 | -32.83807 | 71.67614 
bution o = 24.898336 
Exponentiated q = 13.82227 
exponential 9 = 27.75196 0.6835 | 0.16024 | -3297643 | 69.95286 
distribution 
Burr-XII_ explo© = 12.2957340 
nential distribu-p = 0.1133163 0.924 | 0.12272 | -37.99018 | 81.98036 
tion T = 9.6519132 


Data Set1: The data from Murthy et al. 


13] representing of the breakdown 


time of 20 mechanical parts. The records are: 


0.085, 0.114, 0.068, 0.085, 0.086, 0.089, 0.098, 0.098, 0.114, 0.121, 0.115, 0.125, 


0.131, 0.081, 0.149, 0.076, 0.160, 0.084, 0.485, 0.067. 


Box Plot QQ Plot 
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Figure 4: Plots of fitted Kumaraswamy Exponential distribution for breakdown 
time data. 


Plots of fitted KE distribution for breakdown time data are displayed in Fig- 
ure 4. Box plot revels that data is positively skewed. The TTT plot in Figure 
4 for data 1 has concave than convex shape which suggests that hazard shape 
is upside-down bathtub (unimodal). The empirical visualization suggests that 
the KE distribution provides an improved fit for the breakdown time data. 


Data Set2: This data set referred from Dasgupta [7] for the 50 observations 
with opening of 12 mm and sheet thickness of 3.15 mm by the drilling machine. 
The records are: 

0.32, 0.04, 0.02, 0.24, 0.08, 0.22, 0.12, 0.14, 0.08, 0.22, 0.12, 0.08, 0.26, 0.24, 
0.04, 0.14, 0.08, 0.32, 0.28, 0.14, 0.24, 0.26, 0.24, 0.22, 0.12, 0.18, 0.16, 0.06, 
0.24, 0.14, 0.26, 0.16, 0.14, 0.16, 0.24, 0.16, 0.32, 0.18, 0.16, 0.12, 0.06, 0.02, 
0.18, 0.22, 0.16, 0.06, 0.04, 0.14, 0.18, 0.16. 


From Table 2 and Table 3, the Kumaraswamy-Exponential distribution has 
the AIC with lowest value and greater log-likelihood value for three parameter 
distribution, thus providing better fit than the Burr-XII exponential distribu- 
tion, Exponentiated exponential distribution, Beta distribution, Exponentiated 
Weibull distribution and Gompertz distribution. So, since p — value > a, we 
suppose that data follows the Kumaraswamy-Exponential distribution and can- 
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Table 3: Table containing estimates and AIC values. 


Distributions Estimates p-value D LL AIC 


Kumaraswamy 7 = 1.011943 
exponential b = 33.421670 | 0.613 | 0.10726 | -56.06933 | 118.13866 
distribution k = 2.099506 


Burr-XII_ expp-c = 1.991607 
nential distribu-p = 17.947926 | 0.5666 | 0.1112 | -56.12203 | 118.24406 
tion T = 1.161502 


Gompertz A = 1.590379 
distribution a = 10.274716 


Exponentiated a = 0.2970342 
Weibull distri = 4.9819583 | 0.7083 | 0.09924 | -57.53448 | 121.06896 
bution o = 3.8439353 


0.6522 | 0.10397 | -57.07532 | 118.15064 


not reject the null hypothesis. 


Box Plot QQ Plot 
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Survival Plot 
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Figure 5: Plots of fitted Kumaraswamy Exponential distribution for drilling 
machine data. 


Plots of fitted KE distribution for drilling machine data are displayed in 
Fig. 5. Box plot revels that data is normal. The TTT plot in Fig. 5 for 
data 2 has a concave shape which suggests hrf is increasing. The empirical 
visualization suggests that the KE distribution provides an improved fit for the 
drilling machine data. 


Conclusion 


In this manuscript, we establish a new family of Kumaraswamy-X probability 
distributions. Particularly, we developed the Kumaraswamy exponential distri- 
bution’s cdf and pdf expressions. We have studied characteristic properties for 
the proposed distribution. From density graph, we conclude the proposed dis- 
tribution has reverse-J shape or unimodal. The graphs for survival and hazard 
rate function for new distribution are also given. Further the mean, median 
and mode are discussed. The formulae for the 1*” moment, probability weighted 
moments and moment generating function are also derived. We derived the 
Shannon entropy formula and the distribution of its q’” order statistics for pro- 
posed distribution. The MLE technique is used to estimate its parameters. We 
measure the accuracy of the estimators for a finite sample of size n using a Monte 
Carlo simulation analysis. The distribution is applied on two real datasets and 
its eficiency measured with some existing distributions. It is clearly visible from 
findings that the Kumaraswamy Exponential distribution exhibits a better fit 
for the considered data sets. This study contributes to the expanding body of 
knowledge on the Kumaraswamy-X probability distribution by offering insights 
into its theoretical foundations and practical applications in engineering prob- 
lems. The simulation-based evaluation highlights its potential to enhance the 
accuracy and reliability of probabilistic modelling in various engineering disci- 
plines, promoting its adoption as a valuable tool in engineering research and 
practice. 

Furthermore, the simulation study has demonstrated that the Kumaraswamy-X 
distribution can provide a suitable alternative to other well-established distri- 
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butions, offering a fresh perspective and potentially improving the accuracy of 
predictive models. Its robust performance in various scenarios, as evidenced by 
our study, suggests that it should be considered an essential and important tool 
for the scientist and engineers. 

Our future work will also focus on the determination of Bayesian estimators of 
the proposed distribution. One aspect that will also be the focus of our atten- 
tion will be the determination of the performance of estimators using various 
estimation methods. 
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The Mohand Transform Approach to Fractional 
Integro-Differential Equations 
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This research investigates specific classes of fractional integro-differential 
equations using a straightforward fractional calculus technique. The employed 
methodology yields a variety of compelling outcomes, including a generalized 
version of the well-established classical Frobenius method. The approach pre- 
sented in this study primarily relies on fundamental theorems concerning the 
specific solutions of fractional integro-differential equations, utilizing the Mo- 
hand transform and binomial series extension coefficients. Additionally, ad- 
vanced techniques for solving fractional integro-differential equations effectively 
are showcased. 


Keywords: Riemann-Liouville (RL) fractional integrals; fractional-order dif- 
ferential equation; gamma function; Mittag-Leffler function; Wright function; 
Mohand transform of the fractional derivative 
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1 Introduction 


Fractional calculus, an exploration of non-integer order integrals and deriva- 
tives, has garnered significant attention in mathematics owing to its diverse ap- 
plications in scientific and engineering domains [4]. Its profound impact arises 
from robust mathematical foundations and practical implementations. More 
and more people are interested in making transforms that can solve fractional 
integro-differential equations. These transforms are often linked to basic ideas 
like the gamma function, beta function, error function, Mittag-Leffler function, 
and Mellin-Ross function [8]. 
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Integral transformations stand as fundamental mathematical tools crucial in 
addressing various differential equations, including partial differential equations, 
partial integro-differential equations, delay differential equations, and models 
describing population dynamics. Out of these, the Mohand transform, which 
comes from the classical Fourier integral, stands out as a simple and mathemat- 
ically sound way to solve ordinary differential equations in the time domain. 
Alongside the Mohand transform, the Fourier, Laplace, Aboodh, and Elzaki 
transforms [2, 5, 6, 7] constitute the principal mathematical arsenal for solving 
differential equations. Notably, the Mohand transform shares a close relation- 
ship with the Laplace transform. 

In recent research, Dubey et al. [12, 13, 14, 15, 16] have extensively explored 
various aspects of fractional calculus, employing computational techniques to 
forecast behavior, analyze integral transforms, investigate generalized invexity 
and duality in optimization problems, and delve into fractal dynamics within 
the physical sciences. Alongside these contributions, Singh, Purohit, and Kumar 
[17] compiled a comprehensive book discussing advanced numerical methods for 
differential equations, while Kumar et al. [18] conducted a computational anal- 
ysis using fractal calculus to study local fractional partial differential equations. 

The Mohand transform [1], like other integral transformations, exhibits cer- 
tain limitations in its applicability. Its effectiveness often hinges on specific 
conditions and assumptions, potentially restricting its scope when solving dif- 
ferential equations. Some things about the Mohand approach are the same 
as the Laplace transform, but it might be hard to get closed-form solutions, 
especially when there are complicated boundary conditions or nonlinear equa- 
tions. Recognizing and addressing these limitations is crucial when evaluating 
its usefulness in solving fractional integro-differential equations. 

Aruldoss and Anusuya Devi expanded the use of binomial series extension 
coefficients and the Aboodh transform of fractional derivatives in 2020 to find 
exact solutions for fractional differential equations that are not homogeneous 
[3]. Moreover, Sumudu-based algorithms for differential equations have been 
extensively explored [9, 10]. 

We use the Mohand transform of fractional derivatives and binomial series 
extension coefficients in our research to come up with new ways to solve a 
number of fractional integro-differential equations. Furthermore, we elucidate 
properties relevant to our focal investigation. 


2 Preliminaries 


In this section, we are listing some preliminaries that are useful throughout the 
paper. 


1. For the function f(t), the RL fractional integral [3] of order @ > 0 is defined 
as, 
1 


I™.f(t)= Tite) 


/ (tC)?! F (ae. 
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2. Caputo fractional derivative [2] of the function f(t) is defined by 


4 < Tm) i aaa dt if m—-1 < w<m, 


where the Euler gamma function I(-) is defined by 
T (¢) =|} t?-le* dt (R> 0). 
0 


3. The Mohand transform [1] of a function f(t), t € (0,00) is defined by 


M[f(O))=F()=9 fe" FO arise). 
0 
4. The Mittag-Leffler function [11] is defined by 
= o° 


g=0 


Co 


5. The Simplest wright function [11] is defined by 


[oe) 


1 pe? 
: = ————— ; C). 
p(w, b; Y) » Twp io) ol (y.d,wEC) 


6. The general Wright function [11] ;A; (y) is classified as yp € C , 1p, Yop € C, 
and real wp, ¢q € R (p=1,..., 1, g=1,..., 7) by the series 


Ny (v) eae ( (Vip, Wp), | ¢) = s TTp=1 Tp + upr) gr 
H J (v2q,bq)1.5 4 [le T(v2q + bq) rl 


7. The convolution integral of Mohand transform is 


1 
Ml(f+9) l= SMF IMs @)]. 
8. The inverse Mohand transform is defined by 


IT(n+ 1) 
gn-l 


M-*| 7% 


9. The derivatives of the Mohand transform are 


Remark 2.1 
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= 62 ic —st i ‘ fies (¢) 

= | € fae) | i Oe-nFl d¢ dt 

ree cy a are ae 9 

Gee i. i e€ é ent dt d¢ 
2 co oe) 


= pare =e (n) es (utt) ur @! du 
aoa I f © | du dé 


2 


= es 6 f( (C) ae oP ahh aide 


Pim) |, ; 
= naa 86 $0) (0) ag = 5-4? M | F™ (C)] (8) 
= "42.9" [i (5) — (sf (0) +4 (+--+ 9? FO (0) 


= 5°? [P(s) — sf 0) - f (O)—--— 8 FO (0)| 


Se [as Oe Some hae ) ) 


R=0 
Note: To change the order of integration in the preceding derivative we use 
Fubini’s theorem. 


3 Solutions of fractional integro-differential equa- 
tions 


We can strongly suspect thus far in this section that y(t) is enough to ensure 
that the Mohand transform M [y (t)] proceeds for some value of the parameter 
S. 

Theorem 3.1 Let 1 < @< 2 andaandb €R. Then the fractional integro- 
differential equation 


Mra @tm=f Moa, o<e<t () 


With y (0) = No and y’ (0) = Xj its proposal is provided by 


oo (—b)* p28 & PaA+o+1) (—at@-=))” 


y(t)= & 
02D, A <4 T(2-aw)p+2R+1] ol 
ay Se OE SPA HD) (cath)? 
! = ! 
pa R! = [[(2—@w) p+ 2R+ 2] g! 
4 
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oo (—b)* 28-742 ST (R+ 941) (-at?@-@))*® 
” ato So! ) _ se : Be ) , 
aah AP [(2-w) p+ 2R-w+3] 
St Peer TRA) aie)" 
oe at: S> (—b) S- ( g +1) ( ) 
ra A A T[2-m)p+28-w+4] pl 


( b)* p2Rt1 OO r(& + o4 1) ( mu) i 


sinoxr d [* o-1 = ee 
t) dt 
a ag) Fay, KR! ae Pr ((2-—@m)p+2K+2] o 


Proof: 
Utilizing the Mohand transform in (1) and taking into consideration, we have 


s*F (s)—s° f (0)—s* f’ (0)+a [s*F (s) — s**" f (0) — s® f’ (0)] +bF(s) = M [Ff (6)] 


where f(t) = f> Oe dt, 


s°M [y (t)|—s°y (0)—s*y' (0) +as™ M [y (t)]-as7*"y (0)—as7y' (0)+6 M [y (t)] = M [f ©) 


(s? + as” +b) M [y(t)] = s°No + 57Ni + as7*"No + as7Ni + M [f (t)] 


s°No + 871 + as7t Ny + as7N, + M [f (t 
Myo) = ee (3) 
Since ; 
cd 


(s?tas™ +b) s2-7+a+bs-” 


oe 


ere aT a) (1 ae a) 
—w co —bs-7 y 


S 
= 2-wW a ( 2-W 
Ss +a aaa S +a 


(—b)*s- 78-2 


(s cee oy, halal 


(—b)*s —2R-2 
R+1 


o (1+a s”~?) 
Sears 4") 
=r = ne (—a)P steer 2A-2 (4) 


362 Gunasekar et al 358-371 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 33, NO. 1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC 


and 


Where K(P) is the Mohand transform of K(s) = s~@ 


M [K (s)] = s7@ 


K(P)= Poet) _ get T(-o+1) 


_ pF(P) 
OG pet! (1 — @) 


—ip 2 PP) 
aie Eas) 
G(P) = — pp To) FY) 
G(p) = 2 | i, “(s— 8)? f() a| (5) 


Substituting the above two equations (4) and (5) in (3), we get 


oe) _ 2 R+0 7 Maur 
Miy(t)) = X& —p)* __)\® o(w—2)@—-2R-1 
CO] = Xo (OD ( AEP ) ays 
R=0 g=0 
— — ( f+e w—2)p—2R-2 
+X —p)* =a)?3'7 
pe Pye) ear 
= g=0 
oe) oe) R+0 : bess 7 
+ an _p)* _A\@ o(@—-2) 9-28 +-a-3 
wo cor (AE) ca 
R=0 g=0 
~ — ( fte w—-2)p-2R+w—4 
+ aX —p)* iggy e ae)e Piet 
1d (ATP | ayes 
= g=0 
, sing 0 it iP g(t) di 3 a> K+ 9 (—a)® (7-2) @-28-2 
T , 9 (s—t)® c= — 9 , 
= e=0 
(6) 
Thus, providing inverse Mohand transform on both sides in equation (6), we get 
(i) =X 3 (—b)* 28 2 T(R+@4+1) (-at?@-7))” 
Yl) = So 
CO omer, T[2-—w)p+2KR+1] ! 
6 
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co (—b)* 841 2 T(R+ +1) (-atl?-7))* 
i Rl T[(2—w) +28 +2] g! 
R=0 : g=0 9 6 
oo. (—b)* p28 +2 SO P(R+ 41) (-at?-~))” 
+ ato Yo | al Ya 5 aS _ 
R=0 . oa W) 9 WW QO: 
. (—b)* #28#-7 +38 STAR 1) (-ae@-”))” 
+ asi yo A! eee eee gy! 
R=0 : g=0 i 
co R co = 9 
sinor d [* & (—b)* 22841 S T(R+ 941) (-at?-7) 
(s—t)?"f(t)dt >> S- = ( ) 
mt ds Jo a, R! et I [(2—@w)9+2K+ 2] og! 


Example 3.1 The fractional integro-differential equation is 


y(t) + V6 y(2) (t) + 11y (t) = [ oO dt 


With y (0) = 1 and y/ (0) = 1 its proposal is provided by 


2 (-11)* 28 SP(R+ +1) (-v6 @))" 
y() = Dy A <= TG) ep +28 +1] ol! 


oo Gi p2Atl © (K+ +1) (—verl#))" 


a 


a0 24 «UT [(g) e+ 28+ 2] o! 
+ V6 » os 3 r . : * : — 
+ V6 2 a 3 ii a ; : a a 
+a ¥ ‘(s—t)- Ff (tat >» Una : r = : 2 ead | 


Figure 1 illustrates the solution behavior of the fractional integro-differential 
equation of example 1 at various values of a. 
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Graph of the fractional integro-differential equation 


Figure 1: The solution behavior of Example 1. 


Theorem 3.2 Let 1 < @< 2 andaandb €R. Then the fractional integro- 
differential equation is 


yr ()ray () roy(t)= fo pate dt; O<o<l (7) 


with y (0) = No and y’ (0) = X; its proposal is provided by 


oo aie oo r(R+p4+1) (=a) Pile Deter 
y(t) = Nod S I ((w-1)p+mK+]1] 9! 


— ( b)* 3 P(R+ e241) (ahr eres 
T 


= ! 
ea: oes [((w—-1)9+mWRK+ 2] ! 
cd b KR isle T(R4 1] a r(w-l)pt+wk+o-1 
any So OO" FPR HD Ca | 
= =H [|(w-1)p+wK+a] g! 


Sinem d [ is ye payay Glle oeuGae 22) (eee 
9 


a ds p= R! T'[(w-1l)p+wK+a] g! 
(8) 
Proof: Utilizing the Mohand transform in (7) and taking into consideration, 


we have 
s”F(s)—s™** f (0) —s7f' (0) +a[s F(s) —s’f (0)] +b F(s) = M[f (0) 


where f (t) = > Oe dt , 


57M [y (t)|—s?*'y (0)—s7y' (0)+a 5 M [y (¢)]—as*y (0) +6 M [y (t)] = M [Ff ()] 
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s™M [y (t)] — s**'No — s7Ni +a 5 M [y(t)] — aso +b M [y()] = M[F (6)] 


s7@tIny + s7Xy + as?No + M [f (t)] 
My (t)| = : 
iv ae’ (9) 
Since 
1 st 


(s* +a s+b) s7-lta+obs- 


(—b)*s- 
(s7-1 + aye 


oe (—b)* 9-7 8-@ 


azo (1 +a ee ile 

a — _p)*s-P8-@ _—agi-@)® K+ 0 

=e Ca) 

= oF ( K+ ) (—a)® gil-7)e-wR-w (10) 


and we know that, 


This gives that, 


ep) = tei if (s—t)® f(t) a. (11) 


9 
Substituting the above two equations (10) and (11) in (9), we get 


og CY IR G1) Care nes 
y(t) = No >> Rl 3 Ti(m—-lptwatl ol 


= (=b)* s PCRS pb) athe Verret 
[[(w-l)p+wK+ 2] g! 


oo (=6)* 3 T(R+ +1) (a) Peete are at 
[|(w-1)p+wK+a] g! 
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Si :  (—b Ro T 1 _ P4(w—-l)pt+wR+a-1 
| sinot d | is te" f (2) atS~ (—b) > (R+0+4+1) (-a) . 
mt ds Jo aa, me [[(w-1)9+mwK+4+ a] g! 


The Wright function can express this solution as 


Co 7 _7pyk 
= (ete, way) ne”) 


ang (a) i aes (R41, 1 ate 
+R a on 2, oI 
R= 


2°. (—b) Ber at e—1 (R+1, 1 iG 
+ aX} 3-01 (wR+ a0, w-1) ee 


_sinoet d [* = ee) Me rasa (+1, 1 a 
[o t) fay Pi ( l-at iF (12) 


Example 3.2 The fractional integro-differential equation is 


@-avO-svo-[ 9) 


0 (s—t)? 


with y (0) = 1 and y/ (0) = 1 its proposal is provided by 


= % (5)" (Ret lia)yrreNetes 
U0 = 4 Rl ys T[G)e+ iat] ol 


OF SI R+e +1) (ri@eraen 
| * 2 T[(4) @+ $8+2] o! 


ey (5)" Sat e+) (ayerdorgs+4 


rae e=0 D(a ere |e 
auras —t) ? f (t)dt 
cel. (s—t) ? f(t) a Al y T[(f)pt sas 5] a 


Figure 2 illustrates the solution behavior of the fractional integro-differential 
equation of example 1 at various values of a. 


10 
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Graph of the fractional integro-differential equation 


5.0 -45 -40 -35 -30 25 -20 -15 -1.0 
t 


Figure 2: The solution behavior of Example 2. 


Proposition 3.1 Let 1 < 7,0 < 2 and b € R. Then the fractional integro- 
differential equation is 


v(t) y(t) = [Mads o<e<t (13) 


With y (0) = No its proposal is provided by 


[oe) 


prR (—b) Ryot+aR-1 


_ : _singt d [* 41 = 
y(t) Ro) ary’ T a EE foe I(w+ wR) 


sinot d 


na ds 


i ; eat fie hee): (14) 
0 


Proof: The proof of this proposition as like as previous theorem. 


Remark 3.1 Accordingly, a = 0 in (7), then the derivative is 


r+wo=f 20, dt ;1<w<2,0<o0<1 (15) 


With y (0) = No and y’ (0) = Xy its proposal is provided by 


sinot d 


y (t) = Noa (—bt7 ) +81 Be2 (—bE A a (s ie Fs (t) dt i fee (—bt”). (16) 
0 


na ds 


Proposition 3.2 A nearly simple harmonic vibration integro-differential equa- 
tion 


vr @+eve) =f oo, dt ;l<w<2,0<o0<1 (17) 
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With y (0) = No and y’ (0) = Xj its proposal is provided by 


sinoet d 


y (t) = Noa (—27t”) +81 Ex,2 (—27t”)4 i, Gate FOr Bae ler i): 
0 


7 ds 


Proof: The above proof is accomplished by implanting b = z? in equation (16). 


4 Conclusion 


The utilization of the Mohand transform to solve fractional integro-differential 
equations stands as a pivotal focus of this article. Exploring the intricate rela- 
tionship between the Mohand transform and the Laplace transform has yielded 
invaluable insights, enriching our comprehension of these integral transforma- 
tions. This study uses a unique method that combines the Mohand transform 
with binomial series extension coefficients to come up with a new way to solve 
fractional integro-differential equations. Beyond its mere application, this re- 
search delves into elucidating various properties and providing illustrative exam- 
ples, substantiating the efficacy and adaptability of the proposed methodology. 
Looking ahead, future research endeavors aim to refine the Mohand transform’s 
applicability by addressing its limitations in specific scenarios. Also, looking 
into how it can be used in different scientific fields and combining different 
types of methods are both good ways to improve how differential equations are 
solved. In conclusion, this study not only introduces a novel approach but also 
sets the stage for broader investigations, seeking to expand the practical utility 
and deepen the understanding of the Mohand transform in diverse mathemati- 
cal problem-solving domains. 
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Abstract 


The main concern is the uncertainty in the real-world solid transporta- 
tion problem. This study examines a supply, demand, and conveyance 
capacity-based multi-choice solid stochastic multi-objective transporta- 
tion problem (MCSS-MOTP). Due to uncertainty, the concrete objective 
function coefficients of the proposed model are of multivariate type. Fur- 
thermore, the parameters of the constraints are treated as independent 
multivariate random variables with normal distribution. First, a New- 
ton divided difference method-based interpolation polynomial is described 
that extends an interpolation polynomial using practical properties at 
non-negative integer nodes to deal with any multiple-choice parameter. 
Second, the probabilistic constraints are converted into precise ones uti- 
lizing a stochastic programming approach. In the end, ranking procedure 
was used to compare the existing approach with the old models. The 
proposed model’s applicability was confirmed using a numerical example. 


Keywords- Solid transportation problem; Newton divided difference; Stochas- 
tic programming; multi-choice random parameter; Ranking of solutions 
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1 Introduction 


The first and most significant use of the linear programming problem is in 
transportation [20]. It has numerous applications in inventory control, supply 
management, logistics systems, and production planning, among others. By 
taking into account the standard transportation problem’s parameters are cost, 
supply, and demand. However, given the level of market competition today, 
it’s possible that the criteria aren’t presented precisely. The price of the prod- 
uct may change occasionally or it may depend on how the product is made. 
Additionally, because information on the shipping goods is unavailable, supply 
and demand may be ambiguous in nature. For these reasons and to deal with 
ambiguous information, Zadeh{I6]developed the idea of ambiguity. 


In numerous fields including Economics, Psychology, Philosophy, Mathemat- 
ics, and Statistics, decision-making is crucial. The necessity of transportation 
as a component of distribution networks must be acknowledged. The main ob- 
jective of the transportation problem (TP) is to reduce the price of transferring 
goods between consumers and producers so that manufacturers may more eas- 
ily satisfy consumers’ demands. The TP’s parameters are price, supply, and 
demand. We may transfer goods from sources to destinations using different 
modes of transportation even though there are many modes of transportation 
accessible for shipments of commodities in a transportation system if we want 
to save money or meet deadlines. The fundamental TP was first expressed by 
Hitchcock [13] and later, according to the literature, it was widely discussed by 
many authors. 


When there are random parameters involved in an optimization problem, 
stochastic programming (SP) techniques are applied. This indicates that some 
of the parameters in the model coefficients have known probability distributions 
that indicate they are known with uncertainty. Typically, SP arises frequently 
in a wide range of real-world management science, engineering, and technology 
challenges that contain some stochastic factors, i.e., uncertain input data, and 
models built on unreliable information. Because of the rapid advancement of 
computers and contemporary optimization techniques over the past five decades, 
there have been an increasing number of stochastic optimization applications to 
various challenging real-world decision-making situations. SP models have been 
effectively used to a number of applications, including supply chain manage- 
ment, environmental planning, telecommunications, transportation, and plan- 
ning for energy and financial resources. 


A mathematical method called stochastic programming is used to resolve 
optimization problem with uncertainty. Stochastic programming considers the 
randomness or variability of these values as opposed to conventional optimiza- 
tion techniques, which assume deterministic values for variables. By taking into 
account a variety of potential outcomes and the corresponding probabilities, it 
enables decision-makers to make educated decisions. For instance, stochastic 
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programming in finance can be used to choose the best investment portfolio by 
taking into account various market conditions and their probabilities. It can 
be used in supply chain management to optimize inventory levels by taking un- 
certain demand and supply disruptions into account. A potent tool for making 
decisions in complicated and uncertain contexts is stochastic programming. 


The solid transportation problem (STP), also known as three-dimensional 
TP or three-dimensional TP, is a developed version of the well-known TP that 
was first modelled by Schell [[1jand developed by Haley [15]. The objective 
of STP is to transport homogeneous goods from their origin to their final des- 
tination using different modes of transportation to minimize the total cost of 
transportation. A three-dimensional TP’s parameters include the product’s 
availability at source points, the product’s needs at destination points, and the 
carrying capacity of different modes of transportation (such as trucks, cargo 
planes, goods trains, ships, etc.) used to move the product from sources to 
destinations. Due to the inclusion of multiple variables, such as equipment fail- 
ure and labor concerns for manufacturing, market mode, road condition, and 
weather conditions for transportation, the problem’s parameters are not deter- 
ministic in real life. Random variables are occasionally used to describe these 
uncertainties, particularly stochastic ones. When formulating a real-world STP, 
we must take into account the optimization of a number of goals, including 
minimizing transportation time, minimizing loss during transit, and minimiz- 
ing transportation cost. This knowledge prompts us to take into account a 
stochastic multi-objective STP. The STP is a significant study area from both 
a theoretical and a practical standpoint. In this field of study, numerous re- 
searchers have made substantial contributions. Supply, demand, transportation 
capacity, direct costs, and fixed charges are all unknown variables in the fixed 
charge STP that Zhang et al.[9} discussed. 


An urgent situation in the transportation sector that needs immediate at- 
tention and a solution is referred to as a ”solid transportation problem.” When 
there is a lack of dependable and effective transportation infrastructure, it can 
cause delays, traffic, or poor connectivity. For instance, if a city’s public trans- 
portation infrastructure is out of date and unable to handle the rising demand, 
the city may have a serious transportation issue. As a result, travellers may ex- 
perience crowded buses, protracted waits, and frustration. To ensure a smooth 
and efficient movement of people and commodities, solving solid transportation 
issues needs thoughtful planning, investment in infrastructure development, and 
competent management. 


The majority of real-world, practical decision-making issues are modelled us- 
ing multiple choices. The use of multi-choice optimization techniques has grown 
in importance in a variety of fields, including technology, business, transporta- 
tion, and military applications. The price indices the objective function’s Cj;% 
might stand in for the price of moving a unit of production from source 7 to 
destination 7 by conveyance & . Due to rising fuel prices and other important 
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factors, let us present a multiple-choice version of the cost coefficient of the ob- 
jective function for the transportation problem. Supply and demand parameters 
should also be multi-choice in order to account for market price fluctuations for 
all items. Multiple choice programming, which Healy [25] initially invented, is 
a method for solving linear programming problems with zero-one variables. 


Mathematicians and computer scientists utilize Newton’s divided difference 
interpolation as a numerical technique to approximate a function from a collec- 
tion of data points. Its foundation is the idea of divided differences, which entails 
figuring out the variations between related data points. This method enables 
the construction of a polynomial function that traverses each of the provided 
data points. Newton’s Divided Difference a multi-choice fractional stochastic 
transport problem can be solved using interpolation by transforming it into a 
deterministic model [14]. A method for solving MCFS-MOTPs by interpolating 
multi-choice parameters, transforming probabilistic constraints, linearizing the 
problem, and solving using fuzzy goal programming and e-constraint method [4]. 
A method for solving MOSSTP under uncertainty by formulating it as a chance- 
constrained programming problem and using global criterion method and fuzzy 
goal programming approach to find good solutions in a reasonable amount of 
time [I7]. A new approach for analysing STP by combining multi-choice pro- 
gramming and stochastic programming, and using a transformation technique 
to find an optimal solution [18]. A weighted goal programming approach for 
multi-objective transportation problems that can obtain compromise solutions 
according to the decision-maker’s priorities [2]. A weighted goal programming 
approach for multi-objective transportation problems that finds compromise 
solutions according to the decision-maker’s priorities, illustrated with a numer- 
ical example [21]. A method for solving multi-choice stochastic transportation 
problems by using Lagrange’s interpolating polynomial to select an appropriate 
choice and transforming stochastic supply constraints into deterministic con- 
straints [24]. 


A new transformation technique for solving multi-choice stochastic trans- 
portation problems with exponential distribution by introducing binary vari- 
ables for each aspiration level of each cost coefficient, transforming probabilistic 
constraints into deterministic constraints, and formulating a non-linear deter- 
ministic model [8]. A method for solving multi-choice transportation problems 
by using Lagrange’s interpolating polynomial and chance technique to select 
an appropriate choice and formulate a non-linear mathematical model [7] [23]. 
A mathematical model for a transportation problem with nonlinear cost and 
multi-choice demand is proposed by developing a general transformation tech- 
nique and formulating a multi-objective decision making model [19]. A solu- 
tion procedure for multi-choice stochastic transportation problem with extreme 
value distribution by transforming probabilistic constraints into deterministic 
constraints, handling multi-choice type cost coefficients using binary variables 


[6]. 
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Table 1:Comparison of the approach to the present models 


Reference S/;/D}|C}|MO| MC] Methodology 
Joshi[21] Viv v GP using WS 
Agrawal(14] Viv v NDD 
Das Vi|viv v WD 
Roy [18] Vv |v v CD 
Sayed Vv |v v v NDD 
Roy [22] Vv |v v WD 
Proposed Approach | V | Vv | ¥v v v NDD 
S*= Supply, D*= Demand,C*= Conveyance, 
MO*=Multi-Objective, MC*= Multi-Choice, 


GP*= Goal programming,WS*= Weighted Sum,WD*= Weibull 
Distribution,CD*= Cauchy’ Distribution,NDD*= Newton’s divided 
difference, 


A solution procedure for multi-objective stochastic unbalanced transporta- 
tion problem by changing the problem into deterministic scenario using fuzzy 
theory [5]. A solution procedure for multi-choice stochastic transportation prob- 
lem with Weibull distribution by transforming probabilistic constraints into de- 
terministic [10]. A solution procedure for multi-objective capacitated trans- 
portation problem with uncertain input information by transforming the uncer- 
tain information into deterministic form and solving the resultant MOCTP for 
the compromise solution [25]. A method for solving linear programming prob- 
lems with multi-choice parameters by interpolating technique [I]. A multi-choice 
stochastic transportation problem with extreme value distribution is solved by 
transforming probabilistic constraints into deterministic constraints [6]. A two- 
phase solution procedure for multi-objective capacitated transportation problem 
with uncertain input information is proposed [3]. A solution methodology for 
multi-choice stochastic transportation problem with Weibull distribution and 
multi-choice cost coefficients is proposed [22]. 


The paper is organized as follows. Section 1 presents a review of the rele- 
vant literature and introduction. Basic definitions that are related to this article 
presents in section 2. This paper’s notation is covered in section 3. Section 4 
presents the exhaustive problem statement. Section 5 illustrates the process for 
solving the given problem. Section 6 proposes a new solution method for the 
problem. Section 7 evaluates the performance of the proposed solution method 
on a set of numerical examples. Section 8 discusses the theoretical and prac- 
tical implications of the proposed method. Section 9 concludes the paper and 
suggests directions for future research. 
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(Fi,min» F2,max) on-optimal solution 


F,(x) 


Pareto front 


(Fi, max» F2,min) 


Optimal solutions 


F, (x) 


Figure 1: Pareto optimal solution 


2 Basic definitions 


2.1 Feasible solution: 


A feasible solution to an optimization problem is a set of values for the decision 
variables that satisfies all of the constraints of the problem. 


2.2 Pareto optimal solution: 


A set of ”non-inferior” solutions in the objective space that specify a limit 
beyond which none of the objectives can be improved without compromising at 
least one of the other objectives is known as a pareto optimum solution. 


2.3. Compromise solution: 


A compromise solution is a balanced outcome that takes into account multiple 
conflicting factors or goals. It involves finding a middle ground that satisfies dif- 
ferent objectives without fully favouring one over the others. It’s like reaching a 
fair agreement that considers everyone’s preferences. Decision-makers prioritize 
the compromise option over all other solutions when taking into account all the 
criteria in the multi-objective. 


2.4 Ideal solution: 


When a problem involves minimization, the ideal solution is one in which each 
objective function achieves its optimal minimum. 
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2.5 Anti-ideal solution: 


When a problem involves minimization, the anti-ideal solution is one in which 
each objective function achieves its maximum value. 


3 Notations 


e R: number of objective functions 
e m: number of supply sources 


e nm: number of demand destinations 


1: number of conveyances 


e x;x: amount of shipment from i‘” supply source to j" demand destination 


using k’” transportation mode 
e Z,: r'” objective functions 
© Ci,,% unit cost in the r” objective function 
e a;: amount of supply at the i*” supply source 
e bj: amount of demand at the j‘"demand destination 
e ex: amount of conveyance capacity of the k*” transportation mode 
e ¢: the cumulative distribution functions 
e 6;: probability for a; 
e 6;: probability forb; 
e ox: probability for ex 
e go,: the value of standard normal variable for a; 
e gs5,: the value of standard normal variable for b; 
© Jo,: the value of standard normal variable for e; 
Fy, (Wa;)): the mean of supply of interpolating polynomial Fy, (wa, ) 


)): the mean of demand of interpolating polynomial F),, (wo, ) 


) 
F,,(Wa;)): the variance of supply of interpolating polynomial Fy, (wa, ) 
) 


( 
( 

e E(Fe, (we, )): the mean of conveyance of interpolating polynomial Fy, (we, ) 
( 
( ,)): the variance of demand of interpolating polynomial Fy, (ws, ) 
( 
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4 Problem Statement: 


A transportation company must convey its products from numerous production 
facilities to numerous retail locations. There are m production houses, n retail 
stores, and | vehicles, assuming that a homogeneous product is conveyed from 
the i‘ production house to the j‘” retail store by the k’” vehicle. Let x;;x 
serve as a representation of the product’s unit quantity. The parameters for 
supplies, demand, and conveyance capacity are thought of as multi-choice ran- 
dom parameters since the values of the parameters are not always set due to the 
environment’s uncertainty and variety of possibilities. As a result, the defined 
problem’s constraints are probabilistic with regard to their degree of want. The 
mathematical formulation of the aforementioned problem is as follows because 
the objective function is in linear form and the transportation cost is considered 
to be of the multi-choice variety: 


mn I 
Min DPS DO Cry Teen eee (1) 


i=1 j=l k=1 


Subject to: 


n l 
P{)">- wage < (aj, 0,...,a7)} > 1-64, iene a eee (2) 


j=l k=1 
m l 

P{>— > sign > (04,82, ..-,02)} > 1- 5;, j =1,2,...,n (3) 
i=1 k=1 

PL > tise < (hs Chr +e} 2 1— on, k=1,2,...,] (4) 
i=1 j=l 

Lijk = 0,Vi,j andk (5) 


Where the multi-choice random parameters for the total availability a; at 
the i*” manufacturing house, regarded as an independent random variable, are 
(a;,a3,..., aj). The multi-choice random parameters (bj, 7,..., 4) for the over- 
all quantity b; of the product at the j” retail outlets are regarded as independent 
random variables. The multi-choice random parameters for the total capacity 
ex of the conveyance at the k'” vehicle, which is regarded as an independent 
random variable, are (ej, eZ,...,e7,). The probability of meeting the constraints 


is represented by the values 6;,5; and ox. 
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5.1 Newton’s divided difference interpolating polynomial 


for multi-choice parameters 


The Newton’s divided Difference Interpolation numerical approximation tech- 
nique is used to convert the multi-choice parameter into the best option. In- 
troduce an integer variable so that the interpolating polynomial can be defined 


for each option of a multi-choice parameter. 
0,1,... 
above. 


»U— 


1), 


For each alternative, the integer variables w? (p = 0,1,... 
0, 1,...%50— 1) and a2 (9g = 0;1,.. 


mands, and conveyance capacity are multi-choice random parameters. 


for the cost parameter in equation (6). 


Table 2:Divided difference (DD) 


The integer variables wi, mal 
,8 — 1) are used since there are s possible cost options in the problem 


t= 


wh, (h = 
.,q — 1) are introduced since supplies, de- 


Each 
multi-choice parameter has a different divided difference that is determined 
based on the alternatives. Using Table 2, which lists various divided difference 
orders, Newton’s divided difference (NDD) interpolation polynomial is created 


fa | Fay (Ue,, | First DD [Second DD ee 
Cig ijk N Cian 
0 Ci5k , ; 
; FlWeejn? Wessel 0 1 1 
1 Chik hare Cijk? oral 
3 AL eel eel 1 2 3 F[wessn> Weise? Moise? euik 
2 Cigk FlWeijnr Werjnr Weise! 
i flees | 
3 Ci, 
jk 
Fo, 5, (Weise) ze ea 7 (Wei jx 7 Weise dF Wessn Weisel 7 eee : Weise) 
(Weise - Worse )F LWessar We Cijk? Wes 
+(Wei;, — Ween) (Weise - Wessn)s tT a wean) 
Fle essnr Wergnr +> Weage ( 
Fey — + (se 54 Wee sn) (Coin Cit) t (Wei jn ee) Cijk Lon 
Chip — 2c? jk + cise Cijk 7 
( Ge a0 ) ars g= 1. t-1 Pp ( ) 
Cijk Cijk t=1 tépt+l,p= o(Weijn — Weisn) 


Similarly, by replacing the multiple choice parameters in the program with 
its interpolated polynomials for supply, demand, and transportation capacity, 
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represented by Fy,(wWa,), Fb; (we, ) and Fe, (we, ) Respectively, the mathematical 
model can be formulated as follows. 


mn l 
Min Z, = SOD Bik wise) ign, (8) 
Subject to: 


n I 
PL) S- wage < Fa;(wa;)} = 1-H, i=1,2,...,m (9) 


j=l k=1 


m 1 
PLS"  wije > Fo; (wo, )} = 1-5), j=1,2,...,n (10) 


i=1 k=1 

PSS eS Pe ie) PO i Raoul (11) 
i=1 j=l 

Lijk 2 0,V i,j and k (12) 


5.2 The transformation of probabilistic constraints 


The multi-choice parameters were transformed into their interpolating polyno- 
mials so that the resulting probabilistic constraints would be transformed into 
their deterministic form. To transform its deterministic restrictions into proba- 
bilistic ones, we consider the supply’s constraints. 


Consider the constraint (9) for every, i = 1,2,...,m 


n I 
PI" Y= taj < Fa,(Wa,)} = 1-4; 


j=l k=1 


or 


n l 
1—P{S OS - 25x < Fa, (wa;)} = 1-6; 


j=l k=1 
Applying Chance constrained technique, this implies 
n l 
Fa, (Wa; ) == E( Fa, (Wa;)) < Deg et Lijk — E( Fa; (Wa; )) 


P i 
{ V (Fa, (Wa; )) 7 V (Fa, (wa; )) 


Wher Dect Pigk — E(Fa, (was) 
V (Fa, (wa,)) 

ys ee 2) 
V (Fa, (wa;)) 


<0 


Pes <6; 


ot } < b(-90,) 


10 
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whe pet Bigk — E(Fa,(wa,)) 
VP: (wa; )) 


a 


{ 


n 


1 
Seige < E( Fas (ta,)) — 90, V Fas (a,)) (13) 
j=l k=1 


The mean and variance of the interpolating polynomial F),,(wa,) are, respec- 
tively, denoted by E(Fy,)(wa,) and V(Fa,;)(wa;) accordingly. Additionally, let 
¢ be the standard normal distribution’s cumulative distribution function and 
go, stand for the standard normal variable’s value. Equation (13) thus expresses 
the deterministic constraint of the probabilistic constraint (9). 


The analogous deterministic constraint for every 7 = 1,2,...,n and k = 
1,2,...,1 is as follows. In a similar manner, using the same method to the de- 
mand and conveyance capacity constraints 


Ligk S E(Fo, (wo, )) + 95; V(Fo; (wo, )) (14) 


Lijk S BES. (we, )) — Gor Vie. (We, )) (15) 


where, E(Fy, (wo,), (Fe, (we, ) and V (Fb, (ws, ), V (Fe, (We, ) denotes the mean 

and the variance of interpolating polynomial Fy, (wo, ) and Fe, (we, ) respectively 

gs, and go, denotes the value of standard normal variable. We compute the ran- 

dom interpolating polynomial’s mean and variance as 

E(Fa,(Wa;)) = E{a; + (wa, — wo,)(a? — a7) + (Wa; — Wo,) (Wa, — Wa,) ao 
Ss at 

ee > —1 =I 
t=1 enae gee, (Weijn — Weijn) 


= {E(a})+(wa,—w2, )(E(a2)—E(a}))+(wa,—w2, )(wa, —w}, ) Be=22 e+ Bad) 


7 


ee (16) 


tép+1,p= o (Wess, — Wei jn) 


S. t 
a 


++ S05 7 


} 


tal t¢pti,p—o(W wan — Weign) 
= {V(a}) +(wa,—w?, )(V (a2)-V (a) +(wa,—w9, ) (Wa, wh, ) MEN 2V a) rVed) 
be $a ae} (17) 


tApt+1,p=0 
The Fy, (wa, ) mean and variance are shown in equations (16) and (17). Equa- 
tions (16) and (17) can also be used to calculate the mean and variance of the 


Cijk 


11 
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interpolating polynomial for demand and conveyance capacity. 


The deterministic model is implemented with chance constraints and New- 
ton’s Divided Difference Interpolation. 


m I 
Min Zila S 0 Fisk (wigh) @igks SN 2c E, 


i=1 j=l k=1 


n 


Subject to: 


k= 
DD Bask < E (Fe, (We,)) — Gon VCP ee (We,.)) 


Lik 2 0,Vi,7 and k 


The multi-choice solid stochastic multi-objective transportation problem (MCSS- 
MOTP) can be applied to a variety of real-world problems, such as: 


e Supply chain management: The MCSS-MOTP can be used to optimize 
the transportation of goods and materials in a supply chain, where the 
cost coefficients are uncertain and the objective is to minimize the total 
transportation cost and satisfy the demand at each destination with a 
specified probability. 


e Project management: The MCSS-MOTP can be used to optimize the al- 
location of resources in a project, where the cost coefficients are uncertain 
and the objective is to minimize the total cost and complete the project 
on time with a specified probability. 


e Financial planning: The MCSS-MOTP can be used to optimize the allo- 
cation of funds in a financial portfolio, where the return on investment 
is uncertain and the objective is to maximize the expected return and 
minimize the risk with a specified probability. 


e Energy management: The MCSS-MOTP can be used to optimize the gen- 
eration and distribution of energy in a power grid, where the cost of energy 
is uncertain and the objective is to minimize the total cost and meet the 
demand at each node with a specified probability. 


The MCSS-MOTP is a powerful tool that can be used to solve a variety of 


real-world problems. However, it is important to note that the problem may be 
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difficult to solve, especially if the number of sources, destinations, and proba- 
bilistic constraints are large. 


Here are some of the challenges in solving the MCSS-MOTP: 


The problem may be computationally expensive to solve, especially if the 
number of sources, destinations, and probabilistic constraints are large. 


e The problem may be non-convex, which means that there may be multiple 
local optima. 


The problem may be NP-hard, which means that it may not be possible to 
find an optimal solution in polynomial time. 


Despite these challenges, the MCSS-MOTP is a valuable tool that can be 
used to solve a variety of real-world problems. 


6 Approaches to solve the MCSS-MOTP 


6.1 First approach 


In this we have used the weighted sum method to convert multiple objectives 
into a single objective. In which the multi-choice cost parameter is reduced to 
a single choice using Newton’s divided difference method. The mathematical 
formulation is as follows: 


R 
MinZ= S d,Zy 


r=1 
Subject to: 


3 


l 
S- Lijk < E(F. ai (Wa; )) — Go; V(Fa; (Wa, )) 
j=l k=1 


ys Lijk S E(Fy, (wo,;)) + 96; «/ V (Fo; (wo; )) 


DD thik < E(Fe, (We,)) — Gon V (Fe, (We, )) 


Lik 2 0,V i,j andk 


Where Z, = individual objectives that converted into single choice using New- 
ton’s divided difference approach 
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6.2 Second approach 


In this we have used the Joshi’s method to convert multiple objectives into a 
single objective in which each multi choice objective converted into single choice 
using NDD approach. The mathematical formulation is as follows: 


R 
Min uw! = S~ (1 - dr) 
rl, 
Subject to: 
S- S > Fign( (Wijk \tizn < Zp + yo GL" = 15.20.0058 


i=1 j=l k=1 


l 
De Lijk < E(Fa, (Wa; )) — 90; V (Fa, (Wa,)) 
> Dijk < E(Fy,(wo;)) + 95; 4/ V (Fo, (wo; )) 


DD tisk < E( Fe, (We,)) — Gor V (Fe, (We, )) 


Lik 20,V i,j and k 
Where Z* = individual objectives that converted into single choice using New- 
ton’s divided difference approach 
6.3. Third approach 


Again, we convert multichoice into single choice using NDD approach and solved 
the converted problem using Nomani’s method. The mathematical formulation 
is as follows: 


R 
Min p! = Soul —d,) 


r=1 
Subject to: 


mn l 


De De Fisk (wise) eign < LZ; +p _— d,), FS 1,2 0A 
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m l 
se S- Lijgk S <E (Fo, (wo, )) + 965; V(A,, (wy; )) 
t=1 k=1 


m 


Do tisk S E (Fey (Wey) — Gor VV Fey (wer) 


Lijk > 0,V a] and k 


Where Z* = individual objectives that converted into single choice using New- 
ton’s divided difference approach 

This introduces the need to rank these methods due to the variety of ap- 
proaches available for handling multi-objective transportation problems. 'To 
address this, a tool is required to assist in ranking and selecting the most suit- 
able method. It is at this point that the Technique for Order of Preference by 
Similarity to Ideal Solution (TOPSIS) [12] is useful. TOPSIS helps rank differ- 
ent methods based on their optimal solutions’ performances. In this situation, 
the criteria are objective functions, and the alternatives are the best solutions. 
In essence, TOPSIS helps us determine which method is the most effective in 
terms of achieving optimal solutions for the problem at hand. 


7 Numerical Example 


Let’s consider the attached MCSS-MOTP: 


; =! 1 1 1 1 1 
Min Zy = €444 2111 + Cyq1 2121 + C944 L211 + C991 %221 + Cy 9%112 + CyQ9%122+ 


1 1 
Cz 2% 212 + Cog9%222 

. _ 2 2 2 2 2 2 
Min Zo = C{44 2111 + C{g1 L121 + C544 X11 + C591 %221 + Cqy2%112 + Cfg9%122+ 


2 2 
Cp12¥212 1 Co29%222 
Subject to: 


Supply constraints 


P£ x1 +2112 + L121 + Li22 < (aj, a7, a})} > 1-1, 


P{ xa11 + Zorg + 221 + X22 < (a4, 03,a3)} > 1 — 2, 


Demand constraints 


1 
P{ 111 + V2 + 211 + Fai2 < Dj} [> 1-6, 


1 
P{ 121 + L122 + £201 + L222 < bg} > 1 — do, 


Conveyance capacity constraints 


1 2 
P£ ay. + 2121 + a1 + Laa1 < (ef, €7, e3)} > 1-01, 
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Create a mathematical model Use Newton's divided difference 


of MCSSMOTP relevance in approach to convert multiple 
Model 1 options into one option 


Are the solution To find the solution to each 
obtained separately for objective, solve each one 
each objective same? separately. 


Decide the weights for the 
objectives. 


Develop and solve the proposed 
models 


Evaluate each objective function to find 
the best objective value. 


Evaluate each objective function for the 
outcome of the model's solution 


The compromise solution has been Define weights again for each 
attained objective. 


Is DM satisfied? 


Figure 2: Flow chart for the proposed method 
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P{ x111 + 122 + Za12 + Lo22 < (€9, €3,€3)} > 1— on, 
Lijk a 0,V 4,7 andk 


where the multi-choice criteria are described as 


Table 3:Transportation cost for first objective 


by by 

ci | a1 | 15,18,20 | 15,16, 18,19 
ast | 16,49; 22 || 25,27) 2830 

a, | 14,17,19,22 | 12,15,19 

ay. Tae oe. || 0-91-9995 


I 
Ci52 


Table 4:Transportation cost for second objective 


by bp 
Ci | 1 | 8,10,13 ee 
G6") O12 15-1 %, 9519 14 
Gig [a1 | 5,8,9511 9,11 
ag: | 18417), Ua 


Table 5:Supply; mean, variance and significance level 


RV | E(a;) Var(a}) E(a?) Var(a?) E(a3) Var(a3) SL 


a, | 11.28 0.194 5.2 0.25 13.673 | 0.7712 | 0.89 
ag 10.1 0.17 5 0.24 13.647 0.489 0.97 


RV*=Random Variable,SL*=Significance Level 


Table 6:Demand; mean, variance and significance level 


RV E(b5) Var (05) SL | 
by 10 3 0.15 | 
bo | 9 x. (02 | 


Table 7:conveyance capacity; mean, variance and significance level 


RV | E(eL) | Var(ez) | E(e2) | Var(e?) | E(e?) | Var(e#) | SL 
€1 11.28 0.18 6.2 0.24 13.07041 0.542 0.97 
2 10.1 0.16 6 0.25 13.673 0.7412 | 0.96 
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Min Zi => [15 + 3w111 = 0.50111 (wir = Jai + [15 + W121 + 0.5wy21 


1 
(wia1 — 1) - g wiai (wia1 — 1)(wia1 — 2))v121+ 


[16 + 3we11|@211 + [25 + 2woa1 — 0.5we21 (weer _ 1) 


1 
+3 waar (weai — 1)(wea1 — 2))vea1 + [14+ 3112 


1 
—0.5wi12(wire — 1) + g wii2(wi12 — 1)(wire — 2))t112+ 


[12 + 3wy22 — 0.5wy22 (wi22 - 1)]x122 + [11 + 7wo12 


5 
~ 7 wera (were — 1)(wei2 — 2)]t212 + [20 + wo22 


+ 5 wan (W222 — 1)(we22 — 2)]ra22 
Min Zo = [84+ 30111 — 0.50111 (0111 — 1) Jaina + [11 + 2vi21Ja121+ 
[9 + 8va11Jra11 + [7 + 20201 + fv2ni (0221 =) 
(voa1 — 2)J@oo1 + [5 + 80112 — vi12(Vi12 — 1) 
+52(ou —1) 


(vi12 — 2))t112 + [9 + 2v122] 2122+ 
[13 + 4v912|@212 + (11 + 2922 
1 


~ 9 ¥222(v222 — 1)(ve22 — 2)]x200 
Subject to: 


Supply constraints 


X111 7 112 T1121 1 122 < 11.28 — 6.0871 + 7.277 ri(ry — 1) 


+" 1(0.89) \/ (0.194 + 0.444r? + 0.49173 (ry — 1)2) 
X211 + €212 + G21 + L222 < 10.1 — 5.1r2 + 6.874r2(r2 — 1) 


+671(0.97)/ (0.17 + 0.413 + 0.404r3(r2 — 1)?) 
Demand constraints 
tii + t112 + a1 + ta12 > 10+ d-1(1 — 0.15) V3 


©121 + £129 + F221 + L222 > 9+ $1 (1 — 0.20) V2 
Conveyance capacity constraints 


X111 + 121 + 211 + 221 < 11.28 Po 5.08r3 + 5.9752r3(r3 = 1)+ 


6-1(0.97),/(0.18 + 0.42r2 + 0.4205r3(r3 — 1)2) 
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X412 + L122 + La12 + L292 < 10.1 — Ar, i 5.8865ra(r4 = 1)+ 


671(0.96) / (0.16 + 0.4173 4 


+ 0.4753r3(r4 — 1)?) 


O< win < 250 < wir < 330 < wor < 250 < waa < 3; 
O< wie < 350 < wiag < 230 < ware < 250 < waa < 3; 


O< vii S 230 < vi21 S150 < var < 250 < va21 < 3; 


O< vii2 S$ 330 < vi22 < 150 < vag < 150 < va22 < 2; 


O< ry <2;0 < rg < 230 < rg < 230 < rg < 2, 


Lijk 2 0,Vi,j andk 


Ts Wyk Veh € 27 


8 Results and Discussion 


s=1,2,3,4 


Using supply as a multi-choice random parameter, demands, and conveyance 
as random variables with Normal Distribution, the numerical examples demon- 
strate the multi-objective function in solid form with constraints. LINGO 18.0 
software was used to generate the solutions. 


Table 8:The solutions obtained for both the objectives separately, ignoring 


other objectives, are follows: 


S.No. Z,(1S) Z2(AIS) Z1(1S) Z2(AIS) X1 Xo 
1 W111 = 1 VU111 = 1 
2 wi21 = 0 v121 = 0 
3 W211 = 0 Va11 = 0 
4 we21 = 0 v221 = 0 
5 W112 = 0 U112 = 0 
6 W122 = 0 Uj22 = 0 
7 W212 = 0 VU212 = 0 
8 287.6861 | 140.3208 | 455.6261 | 270.2812 wa22 = 0 v222 = 0 
9 C111 = 0 C111 = 0 
10 121 = 6.1587 0121 = 0 
11 211 = 0 C211 = 0 
12 0221 = 0 0221 = 11.6163 
13 L112 = 0 L112 = 11.8013 
14 122 = 5.4576 122 = 0 
15 212 = 11.8013 0212 = 0 
16 %222 = 0 £222 = 0 


IS*=Ideal Solution, AJS*= Anti-Ideal Solution 
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Table 9:Comparison of proposed method 


SN. W M1 M2 M3. | RUW1) | R(W2) | RWS) 

1 | n, =0.1 | 455.626 | 388.333 | 393.3888 | 0.4363 | 0.5563 | 0.5674 
ng =0.9 | 140.321 | 155.073 | 455.626 

2 | ny =0.2 | 399.566 | 367.338 | 374.718 | 0.5436 | 0.6001 | 0.619 
nz = 0.8 | 148.945 | 166.524 | 399.566 

3 | ny =0.3 | 399.566 | 350.568 | 358.668 | 0.5436 | 0.6416 | 0.6621 
nz = 0.7 | 148.945 | 175.672 | 399.566 

4 | n, =0.4 | 319.222 | 336.863 | 344.723 | 0.7194 | 0.6762 | 0.6931 
nz = 0.6 | 192.769 | 183.147 ] 319.222 

5 | ny =0.5 | 313.496 | 325.454 | 347.125 | 0.7185 | 0.6043 | 0.7123 
nz = 0.5 | 197.351 | 189.370 | 313.496 

6 | ny =0.6 | 313.496 | 322.961 | 321.683 | 0.7185 | 0.7169 | 0.6492 
ng =0.4 | 197.351 | 210.589 | 313.496 

7 | ny =0.7 | 313.496 | 309.836 | 312.714 | 0. 7185 | 0.7156 | 0.6931 
nz = 0.3 | 197.351 | 207.108 | 313.496 

8 | ny =0.8 | 287.686 | 303.748 | 306.564 | 0.5637 | 0.6709 | 0.6528 
nz = 0.2 | 270.281 | 223.344 | 287.686 

9 | ny =0.9 | 288.786 | 296.569 | 298.516 | 0.5597 | 0.6206 | 0.6087 
nz = 0.1 | 271.581 | 243.632 | 288.786 

10 w.p. | 313.496 | 305.454 | 347.125 | 0.7185 | 0.6043 | 0.707 
197.351 | 205.695 | 313.496 


W*=Weights, M*=Method, R*=Ranking, w.p.*=Without preference 
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Method 1 
Method 2 
Method 3 


. - 9: ,: , . , . 
Weights 


Figure 3: Graphical representation of a comparison of the consistency of the 
method 1,2 and 3. 


A graph that shows the comparison between the method 1, 2 and 3. This 
graph is showing the rank. We can see that Method 3 is better than method 1 
and 2. It’s like a race, and our method is winning by being closer to what we 
want. The graph is like a storyteller that tells us method 3 is good at finding the 
right answers. Graph is 2 objective of solid stochastic transportation problem. 


9 Conclusion 


The MCSS-MOTP has been discussed in this research. Solid multi-choice pa- 
rameters support the provided model’s objective function. The transporta- 
tion problem can be solved most effectively by combining three different ways 
(the stochastic approach, normal randomness, and Newton’s divided difference 
approach). The constraints parameters are random multi-option parameters. 
Supply, demand, and conveyance are considered to be random variables with 
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a normal distribution. The deterministic constraints are obtained by apply- 
ing the chance constrained programming to the probabilistic constraints. The 
multi-choice parameters were reduced to a single choice with the use of Newton’s 
Divided Difference Interpolation, ensuring that the resulting solution would be 
ideal. LINGO 18.0 software are applied to solve the above MCSS-MOTP. In 
this you can work on MCSS-MOTP with fractional objective in future. In the 
real world, transportation problems are often characterized by uncertainty. For 
example, the demands at the destinations may be uncertain, or the cost of trans- 
portation may fluctuate due to changes in fuel prices. Stochastic programming 
is a programming approach that can be used to deal with uncertainty in trans- 
portation problems. 
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Abstract 


In this manuscript, we focus on the approximation of fixed points for multi- 
valued nonexpansive type mappings within uniformly convex Banach spaces. 
To achieve this goal, we utilize a three-step iteration scheme that was originally 
introduced by Ullah et al. Furthermore, we establish the rapid convergence 
properties of the Ullah et al. iteration scheme through the implementation of 
numerical examples using Matlab software. 


2020 MSC. 47H09, 47H10 
Keywords. nonexpansive mappings, fixed point, uniformly convex Banach spaces, 
Fejer monotone. 


1 Introduction 


In nonlinear analysis, fixed point theory has a great importance over last 90 years. In 
fact the technique of fixed point also have been used in different fields such as biology, 
physics, engineering, chemistry, game theory, economics, computer science etc. 


Fixed point theorems are developed for both single-valued and multi-valuedd func- 
tions over different spaces. Banach contraction principle [2] is one of the pioneering 
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work in the field of fixed point theory and widely used to find out solution of different 
problems in the field of analysis. 


There are lots of fixed point results available concerning single-valued nonexpan- 
sive mappings in the literature, while the study of the fixed points of multi-valued 
nonexpansive mappings are difficult. The multi-valued version of Banach contraction 
principle was given by Nadler [9] in 1969. Sastry and Babu [11] introduced multi- 
valued version of Mann |7] and Ishikawa [5] iteration and proved convergence theorems 
for nonexpansive mappings in Hilbert space. In 2016 Kim et al. [6] introduced multi- 
valued version of Thakur iteration [14] proved convergence results in uniformly convex 
Banach space and many more application are discussed on convergence ({17—19]). 


The following three-step iteration scheme was introduced by Ullah et al. [15]- 
Let M be a convex subset of a normed space B and S : M — M be a nonlinear 
mapping. For w; € M, the sequence {w;} in M is defined by 


tj) = (1—a;)w; + ajSw;, 
2; = St,, (1.1) 
Wi = Sy;, J 21, 
where {a,;} is a sequence in (0,1). Ullah proved that their iterative process converges 
faster than the iterative process given by Thakur [14]. 


The concept of Hausdorff metric, to approximate fixed points of multi-valued 
nonexpansive mapping was introduced by Markin [8] as follows: 
Let CB(M)=collection of all non-empty closed bounded subset of M According 
to [6], a multi-valued mapping S : M — CB(M) is said to be nonexpansive if 


A(Sw, Sy) < |lw — yf, 


for all w,z € M. 


Following is the multi-valued version of Ullah iteration [16]. Let M be a non-empty 
subset which is closed convex of a UCBS B and S: M — P(M) be a multi-valuedd 
function. For w; € M, the sequence {w,;} in M is given by 


tj) = (1 — aj) wy + aju;, 
Wj4+1 = Uj; J Pas iF 


where Ps : M — 2” be a multi-valued mapping, u; € Ps(w,), vj € Ps(y;), 
w; € Ps(tj), and {a; te (0, 1). 


In this study, we prove strong convergence of the iteration scheme given by (1.2), 

to approximate fixed points for the multi-valuedd nonexpansive functions in uniformly 

convex Banach space. For convinient,we denote uniformly convex Banach space by 
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UCBS. We also compare iteration scheme (1.2) with multi-valued version of some well 
known iteration schemes (refer [20]). 


2 Preliminaries 


Definition 2.1. Suppose non-empty subset M of a UCBS B and $9: M > 2” isa 
multi-valued functions. An element w € M is known as fixed point of multi-valued 
functions S, if w € Sw. Trough-out the literature, we represent the set of fixed points 
of S by F(S). 


Definition 2.2. |6] Suppose a non-empty M subset of a UCBS B. Then M is known 
as proximal if for each w € B, there exists an element y € M, we have 


\|w — z|| = d(w, M) = inf{|]w — t]|:t © M}. 
Definition 2.3. [6] Suppose a non-empty M be subset of a UCBS B and {w,;} in B 
is known as Fejer monotone subset M, if 
|!j41 — Pil < |;w; — all, 
for allg EM, 7 > 1. 


Proposition 2.1. /6/ Suppose a non-empty M be subset of a UCBS B and {w;} is 
Fejer monotone sequence with respect to M. Then, the followings are true: 


(a) {w;} is bounded. 
(b) For each w € M, {||w; — w||} converges. 


Note that the concept of Condition (J) in Banach space was given by Dotson and 
Senter [13]. Given below are multi-valued version of Condition (J). 


Definition 2.4. suppose Mbe a non-empty subset of a UCBS B. A multi-valuedd 
nonexpansive function S : 7 — CB(M) holds Condition (J), if non-decreasing func- 
tion g : [0,co) — [0,00) with g(0) = 0, g(r) > O for each r € (0,00) such that 
\|w — Sw|| > g(d(w, F'(S))) for all w € M. 


Lemma 2.2. /12/ Suppose B be a UCBS and {a;} is a sequence in |y,1— | for some 
7 € (0,1). Let {wj} and {z;} € X then, limsup,_,,, ||w;|| <¢, limsup;_,,, ||z,|| < @, 
and lim supj_oo ||ajwj + (1—aj)y;|| = ¢ for some gq > 0. Then lim;+. ||w; — 2;|| = 0. 


Lemma 2.3. /3/ suppose S: M + P(M) is a multi-valuedd function with F(S) 4 0 
and let Ps: M — 2™ be a multi-valued function given by 


Ps(w) = {z € Sw: ||w — z|| = d(w, Sw)},w € M. 
Then the following conclusion holds: 


(a) Ps is multi-valuedd function from M — P(M). 
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(b) F(S) = F(Ps). 
(c) Ps(q) = {a}, for every q € F(S). 
(d) For eachw € M, Ps(w) and Sw is a compact because its a closed. 


(ec) d(w, Sw) = d(w, Ps(w)) for each w € M. 


3. Primary result 


Lemma 3.1. Considering M be a non-empty closed convex subset of a UCBS B. Let 
S:M— P(M) be a multi-valuedd function such that F(S) #0, and Ps: M— 2“ 
be a multi-valuedd nonexpansive function. Let {w;} be a sequence in M given by 
(1.2), then lim;,. ||w; —t|| exists for allt € F(S). 


Proof. By our assumption, that F(.S) 4 0, so suppose that t € F(S). Then, by 
Lemma 2.3, we have t € Ps(t) = {t}. Also by Hausdorff metric, we have 


A(Ps(w;), Ps(t)) = max{sup d(u;, Ps(t)), sup d(Ps(w;), t)}, 


where d(u;, Ps(t)) = infrep. (ty ||uj — tI. 
By (1.2) we have, 


[|t; — t]| = ||. — aj )w; + aju; — t| 
< (1 — a5) |[w; — t|| + a5|/u; — || 
< (1—a;)||w,; — t|| + a; H(Ps(w;), Ps(t)) 


< (1 — a5)|wy — |] + ag|fwy — t]] = [Ios — tI, 


[125 — tl] = [!w; — #1] 
< H(Ps(t;), Ps(t)) 
S |It; — al, 


and 


[ej — tl] = [oy — 4] 
< H(Ps(z;), Ps(t)) 
< |lz; —4l| 
< |[w; —¢. 
It follows that the sequence {w,;} is a Fejer monotone with respect to F(S). Hence 


from the Proposition 2.1, sequence {w,} is bounded and lim;-_,.. |/w; — t|| exists for 
all t € F(S). 
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Lemma 3.2. Let M be a non-empty closed convex subset of a UCBS B. Let S : 
M —> P(M) be a multi-valued mapping such that F(S) 40, and Py: M —> 2™ be a 
multi-valued nonexpansive mapping. Let {w,;} be a sequence in M defined by (1.2), 
then lim;_,.. d(w;, Sw,;) = 0. 
Proof. By Lemma 3.1, we have lim;-_,,, ||w;—t|| exists for allt € F(S). Let limj_, ||wj;— 
t|| =a. If a= 0, then 
d(w;, Sw;) < ||w; — uyl| 

< ||; — t]| + ||t — wy] 

< |Jw; — t|| + 1(Ps(w;), Ps(t)) 

< 2||w; —t|| -— Oas 7 4 00. 


Let a > 0. Since lim;_,,. ||wj; — ¢|| = a, we have limsup,_,., |[w; — t|| < a. Also 


2) — tl] < |Jtoy — tl] > limsup ||z; - tl] <a. 
JTC 


In addition to, 
lim sup ||u; — ¢]| < lim sup H(Ps(w;), Ps(t)) 
j-co j-co 
< lim sup ||w; — ¢]| 
joo 
<a. 
Also 
lim sup ||v; — ¢|| < lim sup H(Ps(z;), Ps(#)) 
jroo joo 
< lim sup ||z; — ¢]| 
joo 
<a. 
Here, for each {a;} in |y, 1 — 7] for some y € (0,1), one has 
lim sup ||a;(w,; — t) + (1 — aj) (uj — t)|| < a; limsup ||w, — ¢|| 
} joo 


© ee ae,0) 


+ (1 — aj) lim sup ||u; — ¢]| 


joo 
<a. 
Hence, from Lemma 2.2, we have lim;-_,.. ||(w; —t) — (uj; —t)|| = 0, ie., limj_,.. |/w; — 
u;||=0. 
Since 
d(w;, Sw;) < ||w; — uyll, 
we have 
lim d(w,;,Sw;) = 0. 
Jrow 
400 Dewangan et al 396-406 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 33, NO. 1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC 


Theorem 3.3. Consider M is a non-empty closed convex subset of a UCBS X. Let 
S:M —+ P(M) be a multi-valued mapping such that it satisfy Condition (I). Let 
F(S) 4 0, and Ps : M + 2™ be a multi-valued nonexpansive function. Then the 
sequence {w;} defined by (1.2), strongly converges to a fixed point of S. 


Proof. By Lemma 3.1, one has 
[lwssa — el] < |fwy — el], 


it gives that 

U(wys1,F(S)) < dlw;, F(S)). 
This implies that lim,_,. d(w;,F(S)) exists. Since S satisfy Condition (J) and by 
Lemma 3.2, we have lim;_,.. d(w;, Sw;) = 0, we have lim;_,.. d(w,;, F(S)) = 0. 
Next we prove that {w;} is Cauchy sequence in M. As, we have lim;_,~ d(w;, F(S)) = 
0 and € > 0, there is a constant jo for all 7 > jo, one has 


d(w,, F(S)) < 7 


In particular and must p € FS) then we obtain 
€ 
23. — pl < &. 
For j,m > jo, we obtain 
[]Oj4m — wyl| S [lej41 — all + [lp — wy 
<6. 


It follows that {w,;} is a Cauchy sequence in M. Since M is closed subset of UCBS 
B, it must converges in M and w € M thus lim,-,~ ||w; — w|| = 0. Now 


0 < dw, Ps(w)) < ||ws — w|| + d(w;, Ps(w;)) + H(Ps(w;), Ps(w)) 


|w; — u;|| + ||w; — w|| 4 0 as 7 > 0. 


< |[w; — wl| + 


So d(w, Ps(w)) = 0. By Lemma 2.2, F'(Ps) is closed, therefore w € F(Ps) = F(S). 


Theorem 3.4. Consider M is a non-empty closed convex subset of a UCBS B and 
S:M => P(M) be a multi-valuedd function with F(S) 4 0, and Ps : M > 2” 
is a multi-valuedd nonexpansive function. Then, the sequence {w,;} given by (1.2), 
strongly converges to a fixed point of S if and only in liminf;_,.. d(w;, F(S)) = 0. 
Proof. If liminf;_,, d(w;,F(S)) = 0, then it is obvious that the sequence {w,} 
strongly converges to a fixed point of S. 

For the conversation, suppose that lim inf;_,.. d(w;, F(S)) = 0, then lim;_,.. d(w;, F(S)) 
0. Using similar argument of the proof as in Theorem 3.3, we obtain that {w,} is a 
Cauchy sequence in M. Let lim;_,.. w; = q. Then 


0 < d(q, Ps(q)) < [wy — a|| + d(w;, Ps(w;)) + A(Ps(w;), Ps(q)) 
< ||w; — al] + [!w; — wyl] + [wy — al] + 0 as 7 > 00. 
It follows that d(q, Ps(w)) = 0. Since F(Ps) is closed, therefore q € F(Ps) = F(S). 
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4 Numerical example 


Example 4.1. Let B = R be a UCBS, with ||.|| is produced by a metric d such that 
d(w,y) = ||w— ||, for allw,y € B. Let M = [0,1] be a non-empty subset of B. Let 
S:M—- P(M) defined by 
Coe [0, wth), ae [0, 5), 

10}; ae fel): 


Consider the following cases: 


Case I: when w € [3,1). Then F(S) = {0} and from Lemma 2.3, we have 


F(S) = {0} = F(Ps) and Ps(0) = {0}. 


Case II: when w € [0,4). Then F(S) = (0, “*]. Now 


Ps(w) = {z € Sw: d(w, Sw) = ||z — w||} 
wt+l 


Po(w) = { € Sw: [le — wll = dlw, 0, “*p} 
= {2 Sw: ||z— wl] = |lw- 2") 
= {2€ Sw: ||z— wll =| 5-13 
ge 


Therefore, we have F(S) = F(Ps) = (0, wet) 


Next, we show that a sequence {w;} € M given by (1.1) converges strongly to a 
point of F(S). 


Start with initial value w, = 5 and choose a, = z, then we have 


wit+1 3 


Pa(wi) = {=} = {5}. 


Choose u, € Ps(w1), then uy = 3 Now 


A= (1 = ay)wy + aU, 


salen 
Taihje 38 
= 2 
a 
Zy-s¢ 1 1) 
Po(t,) = =-, 
s(t) = (24 =? 
Choose w, € Ps(t1), then wy = 2. Hence z1 = w, = 2. Choose v1 € Ps(z1) = 
{aH} = 2 
2 D 
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Choose w2 = v1 = 5. then doing same procedure, we have ug = 33 i= i 
ZQ = Wy = 2 and wz; = vg = z. Continuing the process, we get that w, < 1, 
We < 1,...Wn < 1,..... Hence, we conclude that sequence {w,} € M given by (1.2) 


converges strongly to a point of F(S). 


Here we show the fastness of the iteration scheme (1.2) by comparing some well 
known iteration schemes with the help of some given below examples. 


Example 4.2. Let B = R convex Banach space which is uniformly, equipped with ||.|| 
is produced by a metric d thus d(w,z) = ||w — z||, for all w,z € B. Let M = (0,00) 
be a non-empty subset of B. Let S: M — P(M) defined by 


/ 


{0}, we [0,3) =A, 


Sw = 4 [0,3], w € [gp 0) —(F} = 8, 


0,2], we {2} =C. 
We prove that S is multi-valued nonexpansive functions. Consider the following cases 


Case I: when w,z € A’ andw,z€C", then it is clear that H(Sw, Sz) < |jw— |. 


Case II: when w,z € B’, then 


A(Sw, Sz) = A((0, ra [0, zl) 
== - Gl 


Case LI: when w € A’ and z = 8. Then H(Sw, Sz) = A({0}, (0, 3]) = 3 <1= 
|w — 2||- 


Case IV: when w € B’ and z = 3. Then 


Jw — 2I| = d(w, 2) = d(w, 5) 


ine 
= Ww- = 
7 
Zips 
W = 
— 7 
and 
H(Sw, Sy) = H((0, “J, (0, 21) 
w - = — 
v] y ] 5 ] 9 10 
eee] 
NB 1G 
(alee 
S96) 10° 
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Clearly H(Sw, Sy) < ||w — 2|]. 


Case V: when w € A’ and z € B’. Then 


H(Sw, Sy) = H({0}, (0, =) 


z 
= ||=|| < 
ell < Ill 


< [lw] + [ll 


= |lw —2l|- 


Hence, we conclude that S is multi-valued nonexpansive mapping. 


Now with the help of Matlab software program, we compare iteration scheme (1.2) 


with multi-valued version of different iteration schemes given in [20]. 


Table 1: Strong convergence of multivalued version of Ullah (1.2), Abbas [1], 


Ishikawa [5], Noor [10], Picard S [4] and Thakur [6] iterations to the fixed point 


x =Oof S in Example 4.2. 


Iteration Ullah Thakur Abbas Noor Ishikawa Picard S 
0 0.50000000 | 0.50000000 | 0.50000000 | 0.50000000 | 0.50000000 | 0.50000000 
1 -0.01200000 | -0.04400000 | - 0.02800000 | -0.58800000 | -0.62000000 | -0.09999911 
2 0.00009600 | 0.00140800 | 0.00078400 | 0.32222400 | 0.34720000 | -0.02000009 
3 -0.00000026 | -0.00002378 | -0.00001417 | -0.11466401 | -0.12190578 | 0.00240000 
4 0.00000000 | 0.00000024 | 0.00000018 | 0.03009930 | 0.03047644 | -0.00005333 
5 0.00000000 | -0.00000000 | -0.00000000 | -0.00623946 | -0.00580272 | 0.00000213 
6 0.00000000 | 0.00000000 | 0.00000000 | 0.00106579 | 0.00087685 | -0.00000017 
is 0.00000000 | 0.00000000 | -0.00000000 | -0.00015444 | -0.00010809 | 0.00000001 
8 0.00000000 | 0.00000000 | 0.00000000 | -0.00001939 | 0.00001108 | -0.00000000 
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0.4 T T T T T r 
f Ullah (1) 

Thakur (2) 

~——— Abbas (3) a 


noor (4) 
Ishikawa (5) 
Picard S(6) 


Values of x 


3 4 5 6 7 
Iteration number 


Figure 1. Behavior of Ullah iteration (magenta), Thakur iteration (carrot orange), 
Abbas iteration (yellow), Noor iteration (purple), Ishikawa iteration (green), Picard 
S iteration (cyan) to the fixed point x = 0 of the mapping S . 
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Abstract 


Numerous prior publications on fractional calculus provide fascinating expla- 
nations of the theory and applications of fractional calculus operators throughout 
various mathematical analytic domains. In this paper, we introduce new fractional 
integral formulas using the Saigo-Maeda fractional integral operators and Appell’s 
function F3 along with the Srivastava polynomials, the (p,q)-extended Gauss hy- 
pergeometric function, and the M-Series. A few fascinating unusual cases of our 
main conclusions are also considered. This approach can be applied to explore a 
broad class of previously dispersed discoveries in the literature. 


Key Words: (p, q)-Extended Gaussis hypergeometric function, Srivastava polynomials, (p, 
q)-Extended Beta function, S-Function, Generalized fractional integral operators. 


AMS Subject Classification: Primary 33B15, 33C60, 26A33; Secondary 44A10, 33C05, 
33C90. 


1 Introduction 


Over the past three decades, the field of fractional calculus has dealt with derivatives and inte- 
grals of arbitrary orders, and it has been applied to nearly every branch of science and engineer- 
ing. Recently, a large number of scholars have investigated higher transcendent hypergeometric 
type special functions [10, 11, 28] and associated extensions, generalizations, and unifications 
of Euler’s Beta function (refer [1], [2], [3], [7], [8], [9], [12], [13], [16], [19], [21], [24]). In 
particular, Chaudhry et al. [2, p. 20, Equation (1.7)] represented the extension of the Beta 
function as 


Blxysp) = [EY MEP expe Nab, R(p) > 0 (.) 
ge CS aa : 


where for p =0, min(K(x),R(y)) > 0 


407 Sharma et al 407-418 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 33, NO. 1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC 


Chaudhry et al. [3] explored the relationships between the Beta function B(€,¢;p), Error 
function, Whittaker function and Macdonald function (or modified Bessel function of the sec- 
ond kind). Moreover, the extended version of the Gaussian hypergeometric function was also 
derived by utilising (1.2) as - 


>) Blbt+n,c—b;p) (S)” 


Fp(a,b,¢56) = (a) Bib,c—b) ni! 


p > 0; for p = 0, |€| < 1;K(c) > K(b) > 0 
A recent expansion of B(x,y;p) and F,(a,b,c;z) was presented by Choi et al. [4] in the 
following way 


(1.2) 


Besyipsa)= [61d =6) eww P - yae 03) 


provided min(R(p), K(q)) > 0, min(R(x), K(y)) > O 
and 


- B(b+n,c—b;p,q) ct 
F, b;c3$) = n 
pa (a, b3e35) L(@) B(b,c—b) ni 
provided p,q > 0;for p=0,|&| < 1;R(c) > K(b) > 0 
For further information on (1.3) and (1.4), see [23]. 


(1.4) 


The goal of this inquiry is to comprehend the concept of the convolution of two analytical 
functions, generally known as the Hadamard product. A newly discovered function can be 
divided into two different functions. The Hadamard product series, in particular, defines a full 
function if a power series reflects an entire function. Let 


co 


Fle) = Ye a8 NEL <Ry and g(6) = Ye a8 161 < Ry 


n=0 


Considering two given power series with, respectively, Ry and Rg as their radii of conver- 
gence. They produce a Hadamard product, which is a power series described by 


(f*g)() = Y anbn€” = (g*f)(§),1E| <R (1.5) 
n=0 
where R is the radius of convergence 
= = lim sup(|dnbn|)* < lim sup(|ay|)* lim sup(|bn)* = — 
R - antes oe -_ an as a a0 i = RfRe 


and so R > (RfRz) (see[15]). 


Srivastava [22] defined polynomials of general class in the following way 


(—W)us 
s! 


Ay,s x ,u€ N,s € No (1.6) 
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Where No = NU {0}, and the coefficients A,,5, w,s € No,w,s > 0 are arbitrary constants 
[ 


either real or complex. The polynomial family Sj,x] exhibits several well-known polynomials 
in addition to its distinct cases when the coefficient Ay. is suitably specialised. 


Parmar and Purohit [14] recently explored certain formulae for fractional integral connected 
to Saigo operators, Furthermore, Choi et al. [4] stated the extended form of hypergeometric 
functions F,4(§) [26]. In this work, we explored some novel fractional integral formulas in- 
volving (p,q)—extended Beta function, (p,q)—extended Gauss’s hypergeometric function, the 
general class of polynomial, and M-Series developed employing generalized fractional integral 
operators. 


2 Fractional Integral Approach 


Fractional integral operators involving several special functions [29,30] have been extensively 
researched in numerous mathematical tools (see, [6]). We explore here the Saigo and Maeda 
generalized fractional integral operators involving Appell function F3(.)[18] in the kernel. 


The extended fractional integrals incorporating Appell’s function [22] are stated as, Assum- 
ing, L,u’,Vv,Vv’,t € C and x > 0, then 


'vivt 5 a fas ge a! ; ; x 
(Ip “Ala) = Fa | (x—E)*'E H Plu wv vist 2,1 Z)f(G)aes (2) > 0 
(2.1) 
and 
GPG) = a [eg ~ x) 1-H (yw! v,vy031 — 2,1 — 2) f (Eats (4) > 0 
7 ee a a Qn 


We will first express a few image formulas related to (2.1) and (2.2), which are given in the 
lemma that follows. 


Lemma 1 
Let w,u’,v,v’,t € C and x > 0, Then 


(a) If R(e) > max(0, R( ut uw’ +v/— 7), R(w’—v’)) and R(t) > 0 


WwV.Ve-1y;) _ e-p—p' +e €,e+T—-M—-p’—Vv,e+vi—p 
Uo," Ps 8 (eee a a ae oe Ge) 


(b) If R(e) < 1+ min(R(—v), RK(u + pw’ + v’ — Tt), R(w’ — v’)) and R(t) > 0 


Ll v,Vvt_@— ae ee l—e-v,l—et+uty’,l—e-—t+ystv’ 
HM V,Vv ,T e—] — y€-U-W'+T-1 ’ ) 
(Io x" )(x) =x se eens ie seine ee) 
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The symbols occurring in (2.3) and (2.4) are presented as 


aj,a2,a3 | _ V(a,)V (a2) (as) 
r| d4,a5,a6 | ~ T(a4)V(as)V (ag) 


The composition formulas for generalized fractional integrals (2.3) and (2.4) now involve gen- 
eralized Gauss hypergeometric type functions F, 4(a,b;c;§), and the general class of polyno- 
mials [25], M-Series[20] are given in Theorem 3.1 and 3.2. 

The M-Series is defined as 


es (a py 1 
Lm “(By FSIS) cP 


Here aj, B; and (a;);, (Bj); are pochhammer symbols. the series is defined by (2.5), where 
neither a negative integer nor zero can be found in any of the denominator parameters f;, 
j=1,2,...q/. If any parameter a; < 0, j = 1,2,...,p’, then the series converts to a polynomial 
in x. The series is convergent for all x when g’ > p’, and p'’=q'+1, modx < 1. The series is 
divergent when p’ > q' +1. 


3 Main Results 


In this paper, two new results are developed via generalized fractional operators, which involve 
Srivastava Polynomials [25], (p,q) - extended Gaussis Hypergeometric function [17, 22] and 
M-Series [20]. Further, their consequences are also mentioned in the form of simpler functions 
as special cases of these results 


Theorem 3.1 
Let uw, u,v, Vv’, T,€ € C be such that min(R(p,q)) > 0,KR(t) > Oand R(e+s) > max|0,K(ut+ 
bt’ +v—T),R(w’ — v’)| then for x > 0 


(aatre’*| etsy (ob ying | OF set] meee | ) 


Cc 
Lil ees 
yetAl-p-p'+t-1 W)us , s (on), Oy’ )I 1 
Loe Aw slo)’ YB. ey r(Si+e) 


T(e+aAlt+s)(e+alt+t—p—p'—vt+s)[(e+Al+v'—p' +s) 
T(et+aAl4+v4+s)P(e+Al4+t—-—p—p't+s)[(e+Al+t—p'-—v+s) 


a,b 1, 0;, 02,0 
XFpig . x *4 F3 bo 6. x (3.1) 


where 
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0; E+Al+s,0, =e€+Al4+t7-—p—p'-—ve+s, 
03 e+Al+v’—p'+s,0,=e+Al+t—-p-u'+s, 
6; = e+dAl+c—p’—v4+s,0,=e+Al+v't+s 


and ‘x’ signifies the Hadamard product 


Proof. 
Applying (1.4) and (1.6) to (2.1) and changing the order of integration and summation, which 
is valid under the given conditions here, and using (2.3), we find the LHS of (3.1) (say L) as 


(01))..-(O, 1 = Byg(b+n,c—b) e" 


"& (Bi))..(B))iF(Si+e) Blb,c—b) a! 


Sa OL) 


(Op) it Bp g(b+n,c—b) 


perenne ¥ Code, oy (an ae 


we Vom, 0 (By): D(Si+¢e)  B(b,c—b) 


T(e+Al+nt+s)[(e+Alt+n+t—yu-—p'’—vt+s)P(e+aAl+nt+v'—p'+s) (ex)" 


T(e+aAl+n4+v'/+s)\P(e+Al+n4+t—p—p't+s(e+Al+n+t—p'—v+s) n! 
(3.2) 


Expressing the last summation in (3.2) in terms of the Hadamard product with the functions 
F,,q(.) mentioned in (1.4) and generalized hypergeometric function [22, 24], we obtain the 
RHS of (3.1). 

Theorem 3.2 

Let u,u’,V,v’,6,p € C be such that min(R(p),KR(g)) > 0,R(6) > O and R(p) < 1+ 
min{R(—v), RK(u + uw’ — 6), R(—uw—v—4)] then for x > 0 


(abstr | ge-tsy (ob )Fng | 2 s¢| Moe? | ) 


c T(l—-v—e—-Al—s)P1+utv’—e—-Al-s\T1+u+v'—e-Al-s) 
T-—e-Al—-s, Ti+ptp’+v'—t—e-Al—sT(1+yu-—v—e-Al-s) 
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a,b e 1, 61, 62,63  € 
Fra | é 7 uA Bi beg (3.3) 
where 
& = 1l—-v—e-Al-s,6=1+u+v'—e-Al-s, 


SS WEY Se = Alar ete 015 
65 = l+tutp'+v'’—t—e-Al—s,65=1+pu—v—e-Al-s 


and ‘x’ signifies the Hadamard product 


Proof. Applying a similar argument as in the proof of Theorem 3.1 by using (1.4) and (1.6) to 
(2.2), and using (2.4), we obtain the RHS of (3.3). 


4 Special Cases 


(i) If we set wu’ = v’ =0,vV=—7,W=U+V,6 =U,R(U) > 0 in the operators (2.1) and (2.2), 
then we arrive at Saigo hypergeometric fractional integral operators [6] 


(ay (5) )@) = a fe-or an ( +v,—nips (1) ) r(8)aé (4.1) 
and 
( I" F (8) )@) = Tay & —x)PF, ( U+V,—1 us (1—#) ) (8)aé (4.2) 


Corollary 1. Let u,u’,n,p € C be such that min(R(p),K(g)) > 0, K(w) > O and 
K(p) > max[0, K(v — 7)],x > 0 


then the result (3.1) reduced as 


(2807 | s-18u(08 Ming | 2 set] Moe? | ) 


[~] Pa 
xetal-v—l 4 (=w)us x) Ot} )).-.(Qp')i 1 
La Ans(O*) DB, By FOIE) 


T(e+Al+s)T(e+Al—v+n+s) 
P(e+aAl+ptnt+s)[(e+Al—vt+s) 


a,b. le+tAl+s,etaAl—v+nt+s | 
Fa c ex oh| e+Al—v+s,e+Altptnts a) 
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Corollary 2 Let u,v,7,p € C be such that min(K(p),R(g)) > 0, RK(w) > O and 
R(p) < 1+ min[R(7), K(v)] as 


(at | Etsy of Foe | ' Mice | )G) 


yet Al— v-l Jus 4 My — (Ay)1 1 
Aw,s (Ox) 
yee Ya (By) T(Sl+e) 


=o ( 


T(l-—e-—Al4+n+v—s)T(1—e-Al+n-s) 
x 
T(1l-—e-Al—s)T(1-—e-Al+n+yu+v-s) 


SF a,b e eK ll—e-Al+v-—s,l—e-Al+n-s e 
Ee l—e-Al—s,l1—e—-Al+n+ut+v—-s’x 


(4.4) 


(ii) The operator [4° (.) contains both the Riemann-Liouville J M (.) and the Erdélyi-Kober 
Pp Oi 0 


[5] J", (.) fractional integral operators which can be defined as 
TU 


(B®) = (A ®) )@) = Fay [oO eas 


and 


(Hu flE) )) = (RSE) y= SP [eee eyes 
Corollary 3. Let u,n,p © C be such that min(R(p), K(q)) > 0, K(w) > O and 
K(p+s) >R(-n),x>0 


By using (4.6), the result (3.1) reduced as 


( tin | 8 '96(0E Fg | OP se8] MBSE | J) 


s0 s! : i—0 (B1)1---(By)i T(S/+e) 


T(e+aAl+nt+s) oe cn le+taAl+n+s me 
T(e+Al+p+n+s)  ?% OV ep AL pS: ? 


(4.5) 


(4.6) 


(4.7) 


(iii) It can be observed that the operator (4.2) unifies the Erdélyi-Kober fractional operators 


with the Weyl type as follows: 
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(HAE) )@)=(HEMAE) OQ) =F [E-VEME 8) 


and 


Goa 


( Kau f() )@) = (248) )@) =“ f E—aEeEME 49) 


Corollary 4. Let u,n,p € C be such that min(R(p), K(q)) > 0, K(w) > O and 
R(p +s) <1+R(7N),x > 0 By using (4.9), the result (3.3) reduced as 


= : a ane 1, 1 
xe tall ( Wus 4 ox) (1); (a, MI 
Lea Ans" de Bi (By FIFE) 
T(e+aAl+n+s) a,b le+Al+nt+s . 
Te+aAl+p+n+s) Fra a w2F| eeipineee|| Ae 


(iv) Additionally, on replacing v by —y in Corollary 1 and 2 and making use of the relations 
(4.5) and (4.8) give the other Riemann-Liouville and Wey] fractional integrals of the extended 
hypergeometric function in (1.4) are provided by the following corollaries 


Corollary 5. Let 1,p € C be such that min(R(p),K(q)) > 0,R(u) > 0, x > 0 By using 
(4.5), the result (3.1) reduced as 


( a..| Ets (o8 Fa 2 set |msee* |) 


Cc 


yetAlty-1 W)us 4 (ox) = .(Ap)I 1 
ye ee (By) T(SE+ €) 
T(e+aAl+ut+n-s) a,b le+Al+s 
ug F , : 4.11 
Fesuapssy Se ERI eeu aeupehige cult) 


Corollary 6. Let 1,p € C be such that min(R(p),K(q)) > 0,R(u) > 0, x > 0 By using 
(4.8), the result (3.3) reduced as 


( 2] e's4(o8)Fno| @2 sg] ade | ) 
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xetaltu-l W)us 4 (ox) = (Op!) I 1 
ye een (By): T(SE+ €) 


T(1-—e-Al—p-—s)T(1-—e-Al4+n-s) 
T(1—e—-Al-—s)\T1—e-—Al—-7n-s) 


GB€ 1ll—e—-Al—p-s,l—e-Al+n-s e 

Fa Ep sh | ie-Ai- ele ais. 2 ot) 

(v) If we emphasise in our conclusion that the general class of polynomials yields numerous 

well-known classical orthogonal polynomials as its particular cases when appropriate unique 

values are provided for the coefficient Ay,;.More specifically, if we set w = 0, Apo = | then 
S¥, = 1 in (3.1) and (3.3), we gain the fresh findings claimed in corollaries 7 and 8 as 


Corollary 7. Let p1,u’,v,v’,6,p € C be such that min(R(p),K(q)) > 0,K(5) > O and 
R(p +s) > max[0,R(ut+ w'+v—6),R(w'—v’)],x>0 
then the result (3.1) reduced as 


(attr | get] OP seb] aac | ) 


T(e+aAbl(e+Al+t—-—p-—p'—v)l(e+Al+v' —p’) 
T(et+Al+t—p—p(e+Al4+ct—p'—v)l(e+Al4+v’) 


x Fog a ex *4 Py Paes 5eX (4.13) 


010,911,912 ” 


where 
6, =€+A1, 6, =e€4+Al+t-py-w'-V, 
O =eE+Al+v'—p',Oo0=eE+Al+t—-p-wp’, 
61, =E€+Al4+7-p'—-Vv,02=eE+Al+Vv' 


Corollary 8. Let p1,u’,v,v’,6,p € C be such that min(R(p),K(q)) > 0,K(5) > O and 
R(p) < 1+min[R(—v),R(ut yw’ — 6),R(u — v’ — 8)],x > 0 then the result (3.3) reduced as 
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10 
LU +e +H t~€-ADT +e + Vv! —t—€ ANT —v—€—Al) 
Pi—-e-ANTU+utp'+v—t—e-ADT(1+u-—v—e-Al) 
a,b e 1,613,014, 015 | é 
Fra c | mal 916,917,818 > x oe 


where 
63=1t+utp’—t—-e-Al,O4=1+u4+v —t-eE-Al, 
05=1-—v—e-Al, 646 =1-eE-Al, 
67=1t+utp'’+v’—t-E-Al,O63=1+u—v—E-Al 


(vi) Also, it is interesting to note that if we set w= 0, Ap9 =1 and Sy, = 1, the results 
obtained in Corollaries | to 6, yield corresponding results given due to Parmar and Purohit [14]. 
If we set u = 2 and Ay,,s = (—1)°, then the general class of polynomials become 


1 
2/x 


H,,(x) denotes the well known Hermite polynomials and are defined by 


Six] > x"? Hy ( 


) 


Hy(x)=y/3)(-1)5 Ww Or mes 


S= (w—2s)!s! 


Conclusion 


Our findings are significant because of their broad applicability. Given the universality of 
Srivastava’s polynomial and hypergeometric function, we can obtain multiple results compris- 
ing a fairly large variety of useful functions and their various special instances by specialising 
the various parameters. As a result, the main result described in this article would yield a very 
large number of results containing a wide range of simpler special functions happening in sci- 
entific and technological disciplines all at once. This study involves the establishment of two 
formulas involving specific special functions through the use of generalised fractional integral 
operators. Several novel and well-known results are produced as a result of their further rami- 
fications, and it is projected that these results will have an impact on numerous applied science 
fields. 
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Under Quasi Nonexpansive Mapping 
Generalization of Weak Convergence and Study 
of Fixed Point in Hilbert Space 
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Abstract 


This manuscript proposes a generalization of weak convergence and 
study of fixed point in a real Hilbert space for quasi-nonexpanding maps. 
In this work, we introduce a class of fixed points theorems for nonexpan- 
sive mapping and generalized form of nonexpansive mapping under the 
Hilbert space. In addition, we obtained under quasi nonexpansive map- 
ping weak convergence with respect to Hilbert space by Mann’s Type. 

Key Words and Phrases: Hilbert space, quasi-nonexpansive map- 
pings, weak convergence. 
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1 Introduction 


A significant area of research in pure as well as applied mathematics is 
fixed point theory. The Fixed-Point Theory has many applications in various 
fields namely Approximation Theory, Integral Equations, Game Theory, Opti- 
mization, Economics, and several others [1]. How to solve nonlinear equations 
like Tx = 0 is one of the fundamental issues in mathematics. We can utilise 
iterative techniques like Newton methods and its variations to solve these prob- 
lems. We must therefore employ approximation techniques because the zeros of 
a nonlinear equation cannot be stated in closed forms. Nowadays, we frequently 
employ iterative techniques to obtain a system’s approximate solution. The 
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general Newton’s method is frequently used approach. Recent advancements in 
the solution system have made it possible for us to reach iterative formulae by 
employing Taylor’s polynomial, quadrature formulas, and other methods. One 
of the powerful and versatile solution technique for solving nonlinear equations 
is Fixed point iterative method [2]. Recently many fixed-point results have been 
discussed in different type of non-expansive mappings [8, 4]. 

Let H be any Hilbert space having convex closed subset of K which is non 
empty. Now define a continuous mapping S from convex subset K to convex 
subset kK. A point a € K known as a fixed point of continuous mapping S' if 
S(a) =a. Additionally, the FS) denotes the collection of all fixed points for 
S. A fixed point’s existence theorems of single-valued nonexpansive mappings 
has been studied by a few authors [5]. A mapping T : B > B defined on space 
B if is known as nonexpansive mapping ||Ty — T¢||< ||u— ¢l|,Vu,¢ in space 
B. A general map T : B > B defined on space B is called quasi-nonexpansive 
mapping provided it has fixed point in space B and if J € B is fixed point of T, 
then ||Tyu — Y\|< ||“ — ¥||, Vu © B. Thus every nonexpansive mapping becomes 
quasi-nonexpansive if it has a minimum one fixed point. A mapping T': B—> B 
described as being generalised nonexpansive if Vu,J0 € B and m,n,o > 0, the 
mapping T satisfy 

Tx — TA||< mile — |l-+n {illu — Tyll+ll9 — Tol} + {lu — Td|+l0 — Tull} 
with m+ 2n + 20 < 1 [6]. 

Let B be convex subset of X. For ju; € B, define a sequence {y}°~_, such that 
Unt = (1— Bn) in + BnT Un, where {8,}-, is a sequence of positive number 
Bn € [a,b] for alln € Nand0<a<b< 1. A mapping T : B > B is demiclosed 
with respect to w € X if for each sequence {ju} C B and each pw € X it follows 
from ut, — pw and limT(u,) = w that w € B and T(y) = w. The set of fixed 
point of T is denoted by the abbreviation F(T) [7]. 


2 Preliminaries 


Firstly we introduce some lemmas and definitions. 

Definition 2.1 [7] Any Banach space X is called a Hilbert space if there exit 
a scalar product defined on space X such that the norm defined in space X is 
same as the norm defined by the relation t = <t,7>1/?. 

e Let I? be the set contains the elements of the form T = (71,72, ....) such that 


Co 
n= Sole? < ox. 
i=1 


e The inner product space (R”, < .,. >) equipped with the induced norm given 
by 


a5 1/2 
|r ||=< 7,7 >1/2_ (Soin?) such that (1,12, --Mn) € R” 
i=l 
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Definition 2.2 [6] Let H be any Hilbert space, mapping T defined on Hilbert 
space H is nonexpansive if 


d(T¢,T8) < d(¢,0),V6,0 € H 


Definition 2.3 [6] Let H be any Hilbert space then the mapping T on Hilbert 
space H is quasi nonexpansive if 


A(T yp, 9) < d(u,0), Vu € HO € F(T) 


such that mapping T has at least one fixed point. 

Definition 2.4 [7] The Opial’s condition is crucial for understanding the demi- 
closed Ness the nonlinear mappings principle as well as the geometry of spaces 
and sequence convergence. Any If Space X meets the requirement of the Opial, 
a sequence ¢, defined on space X converges weakly to any ¢o € X then 


Jim infllGa — Goll< lim infllGn — CI], VG EX and 6 # G 


Here if we replace the strict inequality < by the inequality < then, we obtain 
weak Opial’s condition. 

Definition 2.5 [5] Let E C H where H is a Hilbert space and T: E > Hisa 
map defined from F to Hilbert space H. Then the mapping T is demiclosed at 
any s € H if for any corresponding sequence ¢,, € E the mapping T’ follow the 
condition as: 


Cn 38 € EandTG, 39> TB=9 


An Opial’s Condition defined on reflexive Banach space X such that F is a 
not empty space X closed convex subset containing a nonexpansive mapping 
T:E—- X then I — T is demi closed. 

Lemma 2.6 [8] Assume a Hilbert space H such that EF € H then S: E > 
CB(E) is called mapping of Condition (A) if 


| — Y||= d(u, SY), for all ue H and € F(s). 
Lemma 2.7 [9] Let H be a real Hilbert space and K € H such that a quasi 
nonexpansive map from S: H + CB(H) with F(S') nonempty. Then, F(S) is 
said to be closed and if S fullfill above Condition (A), then F'(5') is said to be 
convex. The mapping S' is said to hybrid if 
3H(Sp, Sw)? < ||u— wl|?-+d(w, Su)? + d(u, Sw)?,Vy,w € K 


Lemma 2.8 [5] Let H be a Hilbert space such that E € H and S: E > E(E) 
is hybrid mapping. Assume ¥,, be a sequence in mapping F such that 0, > 0 
and lim ||0n — Yn||= 0 for sequence y, € SV,. Then, 0 € SV. 

noo 
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3 Quasi Nonexpansive Mapping with Respect 
to Hilbert Space 


Lemma 3.1 Let X be a normed space with a convex subset C' and mapping 
T :C > C defined on space C' be a quasi-nonexpansive mapping. Suppose that 
{Cn }7_, is a sequence such that ¢; € C. Then, the limit Jim ||Cn — ¢|| exists for 
each ¢ € F(T). 
Proof: We have given that the mapping T is a quasi-nonexpansive mapping. 
Hence, we have 


IICnta — CII= I(anTCn + 1 — an)on) — ll 
S An||TGn — CI+C. = an) Ilr — CI [lon — Cll, 


For each ¢ € F(T’). Hence, the sequence {||¢n — ¢||}°<, is a bounded below and 
nonincreasing sequence, so from this we conclude that the limit Jim ICn — ll 
exists for each ¢ € F(T). 

Lemma 3.2 Let us consider a uniformly convex Hilbert space X¥,0<b<d< 1, 
B > 0, tn € [bd] and {¢,}°-, and {¥,}°<, are sequences defined on Hilbert 
space X such that 


lim sup||Cn||< B, lim sup||?n||< B, and lim llén Gn = (1 = tn)On||= B 


then the lim ||¢, — 0, ||= 0. 
noo 
Lemma 3.3 Let us consider uniformly convex Hilbert space X with a convex 
subset C of X and T’': C + C be a quasi-nonexpansive mapping. Assume that 
Hi € C and {pp}, is a sequence then the limit lim ||, — Tyn||= 0. 
noo 

Proof: Let yu be fixed point of quasi-nonexpansive mapping T. Now, we 
know that limit d = lim ||u, — p||= 0. is well-defined by Lemma 3.1 and 

noo 


lim Sup||Tun — p\|< d Since, ||THn — pl|< ||Mn — p|| for all natural numbers. 
Additionally, we know that 


Jim |lon(THn — #) + (Lan) (Hn — #)|I-= lim |[en+1 — |= € 


So, from lemma 3.2 we conclude that lim ||Tu, — py||= 0. 
noo 


Theorem 3.4 Let us consider a uniformly convex Hilbert space X satisfying 
Opial’s condition and C be a closed subset of Hilbert space X, and mapping 
T :C —+C be a quasi-non-expansive mapping with J — T demiclosed with 
respect to zero. Suppose that ¢; € C’ Then the sequence {¢,,}>-_, converges 
weakly to some fixed point of quasi-non-expansive mapping 7’. 

Proof: Let us consider two weakly convergent subsequences {¢g,} and {¢u,, } 
of sequence {¢,} which are weakly convergent to some points ¢ and WV in C, 
respectively. Since Jim |I6n — T¢y||= 0 by Lemma 3.3 and I — T is demiclosed 


with respect to zero such that T¢ = ¢ and TV = 0 
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Now, put a = lim ||¢, — || by lemma 3.1. Assume that ¢ 4 0 and consider the 
noo 
fact that Cg, + ¢ and Cy, + V then from the Opial’s condition we get 


a = liminfl|G@, — ¢ll< liminfl|@, — dl|= 8, 
b = liminfl|Gy,, — dl|< liminfl|Gy,, — Cl= a, 
Which is a contradiction. Hence ¢ = WV. 
This shows that the above sequence {¢,,}°-_, has exactly one weak cluster point, 
from which we conclude that the sequence {¢,,}>°_, converges weakly to some 


7T € C. On Repeating the above concept we conclude that T77 = 7. Hence, the 
sequence {¢,,}°~_, converges weakly to some fixed point of T. 


4 Generalized Quasi-Nonexpansive Mapping un- 
der Hilbert Space 


A map T : H + H defined on Hilbert space H is said to be generalized quasi 
nonexpansive mapping if Vu,v € C and m,n,o > 0, mapping T satisfies 


[Tu — Td||< mu — O||+n {lle — Tul|+|]0 — Toll} + 0 {lle — TO] +0 — Tull} 


with m+ 2n+ 20 < 1. 

Theorem 4.1 Let H be a uniformly convex Hilbert space with a bounded convex 
subset C of H. Mapping T be a generalized quasi nonexpansive mapping. Then, 
for any small € > 0 there exists a small 6(€) > 0 will be such that for each pair 
of points Co, ¢, in C with ||T¢, — ¢i||< d(e), and for any point ¢ lies on the line 
segment joining point ¢> to point ¢, with ||T¢ — ¢||< e. 

Proof: We have given that the point ¢ lies on the line segment joining point ¢, 
to point ¢2. Therefore, 


C= (1-A)G, +AQ,, OS AK<1. 


Now, define f = b+ c. Suppose ||¢, — ¢2||< «(1 — f)/4. Then, for each ¢ lies on 
the line segment joining the points Co to ¢1, 


II¢ — Gills e(1 — f)/4 
ITC — Cs IT¢ — Tea ll+Der — Callies — cll 


therefore, we get 


(l— oe) — Tells alle — Call+2 {lo — Tell+llea — Teall} 
Hed C Pal Ale = Leto = cil 

S allC— Cill+b {lo — Tella — Teall} 

te{|C — Teall-+ler — Teall} 

S (at e)|lC — Cill+||¢ — Tc||+( + 2c)|C1 — Tal 


423 Ali et al 419-429 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 33, NO. 1, 2024, COPYRIGHT 2024 EUDOXUS PRESS, LLC 


hence, 
IPC cls Ire — Telb+Pe — Galle — 
< (14+ 3% 2 )ie- a+ I~ Tal 
(482) 6 ral 
and 
IP6— Cs FEI — Ga lea - Phalls § + POCO) Se 


if d(e) < (1— fye/4. 

Therefore, we consider only that couple of points ¢1,¢2 which satisfying the 
condition ||; — Ga||> (1 — f)e/4. 

Let do = diam(C). Then, for A < e454, ||¢ — Gill= Alla — Gill< e(1 — f)/4 and 
by the argument, ||T¢ — ¢||< «. Hence, we must consider only \ > Ce Ce. If 
1— A < e(1— f)/Ado, then ||¢— Gall= (1 — A)Il@ — Gill< (1 — f)/4do." And, 
applying the same argument with C2 replacing ¢1, again we get |/T¢ — ¢||< «. 


Therefor we get 
el =) 
AE | Ado | 


set y = T¢. Then 


lly — Calls IPC — Teall +||Pa — Gill 


and 

IZ¢ — TerllS alle — Crll+2[Ilo — call+ lle. — Toll+ llr — Teall] 

telllC — Gll+lla — Peall+lla — Telll- 
thus, 
(1—b-o)|TC- Alls @+b+ oC - Gll+0+b+o]G - Tell, 
and 
ITC — Call S 6 — +20 — AY — Teall S Alla — Call +26(€)/(1 - f). 
similarly, 
ITC — CallS (1 — A)IICa — Call-+25(€)/(1 — f) 

set 


=A"! — GIT - G1), 
a =(1-A) "I - Gil (G@— 9). 
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then 
64dp45(e) 
<1 A 
I|zoll< le 2(1 — fs 
similarly 
64dp4d(e) 
< So 
I|zi||< diet (1 = fy 


but we know that 
|Azo + (1 — A)zi|/= 1. 


and H is a Uniformly convex Hilbert space. Hence, if we choose positive d(€) as 
small as possible then, we have ||zo — z1||< €/do. Thus, 


lly — C= I — AVY = 61) — ACS — y) = AC. — ADI] — Callll20 — z1Il< ©)II- 


Hence, for any small ¢ > 0 there exists a small d(€) > 0 such that for each pair 
of points 9, ¢, in C with ||T¢, — ¢i||< d(e), and for any point ¢ lies on the line 
segment joining point ¢, to point C2 with ||T¢ — ¢||< e. 


5 Weak Convergence of Quasi-Nonexpansive Map- 
ping with Respect to Hilbert Space by Mann’s 


Type 


In 1953, Mann{11] created the standard Mann’s iteration technique. Since 
Mann’s iterative approach for creating fixed points for nonexpansive mapping 
has been thoroughly studied by other authors. The typical Mann’s iterative 
procedure produces the sequence {V,,} as follows: 


0, =VEK 


Ong. =(1-Gn)On tGnTVn, Vn>1 


Where < ¢, > is a sequence lies in 0 to 1. Mann’s Type weak convergence 
theorem for quasi-nonexpansive mapping. 

For quasi-nonexpansive mapping in Hilbert space, we provide a weak conver- 
gence theorem of mann’s kind [11] in this section. Before demonstrating this, 
we address several common findings, such as: 

Lemma 5.1 Let T be quasi-nonexpansive map defined from closed convex sub- 
set C' of Hilbert space H to C. Then, I — T is demiclosed. 

Proof: We have given that T : C — C be a quasi nonexpansive mapping 
defined on Hilbert space H. Then, for any real 7,6 € R we have 


WITS — Ta|P+(1 — ye - Ta? s 6|T¢ — VP?+A—S)l¢- 9? (5-1) 
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for all CY EC. 
Now, suppose ¢, — r and J, — T¢, — 0. Let us consider 


UIT6n — Tr|P?+( — yllen — Trll?< 6 TGn — r|l?-+(1 — 6) [Gn — rll? (5.2) 
from these inequalities, we have 


WITon = Gn + Sn — Pr|P+(L = Vln — Trl? 4[|TGn — Sn + Gn = PIP +1 = 4) Ion = ol? 


and hence 


WUlPon — Gall? +lon — Prll?+2(TGn — Gar Gn — Tr)) +(1— Vien — Trl? 
< 6(ITCn — Call? +1l¢n r|/?+2(TC, Gas Sn — Tr)) + (1—4)|ICn rl? 


now, we apply a Hilbert limit on both the sides of the above inequality, then 
we have 


Yn (|TCn call? +||Cn Tr|?+2(TCn Carona Vun|lon — Trl? 
< bp (ITCn = Call? +1lGn rl? t2(TCn — Cn Gn — Tr)) + (1 — 4) unllCn —r|l? 


and hence 
YHnallCn — Tr\/?+(1 — ¥) nln — Tr\’< bunllGn — r|P+0. — 6) ballGr — r||? 
so, we have 


MallGn — Tr|l?< LnllGr — rl? 


since, 
LnllCn — r\/? +H lln HTP S Tr|P?< Lalla — r|[? 


therefore, finally we get 


Hnllon — Pll? +Hallr — Trl]?+2tn (Gn — 17, 7 — Tr) S Mallen - rll? 


so, we from all these we get fin||7 — Tr||?< 0 and |\r — T'r|/?< 0. Which implies, 
Tr =r. Therefore, I — T is demiclosed. 


Theorem 5.2 Let T be quasi-nonexpansive map defined from closed convex 
subset C’ of Hilbert space H to C with at least one fixed point ie. F(T) = 
{op €C:Tp=p} and F(T) #9. Let G be a metric protection of Hilbert space 
H onto F(T) and {z,} be a real number sequence lies between 0 and 1 such 
that Jim inf r,(1—2,) > 0. Let (a) generates a sequence (p,,) such that 


Pn+1 = Inpn + (1—an)T pn, n=1, 2, 3... oy P1 Spe C 


then the sequence (p,) converges weakly to a member ¥ of F(T) such that 
d= lim Gon. 
noo 
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Proof: : Let ¢ € F(T) and T be a quasi-nonexpansive mapping defined on 
Hilbert space H. Then, we have 


llPn+1 — CIP= [leon + (1 2n)T Pn — Cll?S tallon — C1? +0. — 2n)|IT pn — Cl? 


< nllen — CI? +(1 — en)llon — C1?= lon — lI? 


For all natural numbers. Hence, the limit lim ||p, — ¢||? exists. So, we can say 
noo 


that the sequence {p,,} is bounded. 
we also have 


lng — I= [l2nPn + (L— 2n)T pn — Cll? 
= £n||Pn — ¢P-+( — &n)|[T Pn — ¢|?-an(1 — &n)|[T Pn — Pnll? 
< p||Pn — ¢lP-+ — Xn)||Pn — ¢|?—an (1 — Xn)||T pn — Prll 
= |lPn — ¢||?—an (1 — &n)||T Pn — prll? 


so, we have 


Ly(1 _ Ln)\|T Pn = pnrll’< llPn = Cl? —llon+a = ¢|I? 


since the limit lim ||p, — ¢||? exists and lim inf z,(1— an) > 0, we have 


\|T'Pn — Pn||?—> 0. The above defined sequence {p,} is bounded. Hence, there 
exists a subsequence {pp, } of sequence {p,} such that p,, > v. By lemma 5.1, 
we obtained a fixed point 0 € F(T). Similarly, let us assume that {p,,} and 
{ Pn, } are the two sub sequences of sequence {p,,} such that p,, > Jandpn, > 
Jy. Now, for proving the given theorem we must show that 7; = V2. we know 


01, 02 € F(T) and hence, the limits Jim Pn — 9;||? and Jim [len — Ba||? are 
exist. 
now, Put 
a= Jim (len —%4||?—|len — Vell”), for all positive integers. 
len — Pall? —llon — Ball?= (Pn, V2 — V1) + [!91||?—|[9all? 
such that pp; + J, and pr, — V2 then, we get 
a = 2(92, Jz — 91) + [91 |[?— [92]? (5.3) 
and 
a = 2(92, Jz — 91) + [91 |[?—|] 92]? (5.4) 


Now, by combining these two equations, we obtain 0 = 2(¥2 — 01, ¥2—01) and 
hence ||¥2 — 01||?= 0. So, we get J2 = 91. This implies that the sequence {p,,} 
converges weakly to an fixed point 0 of F(T). 
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Since ||~n41 — ¢||?< |lon — ¢|| for all ¢ € F(T) and n € N and we already see 
that the sequence {Ga,,} firmly converges to a fixed point g of F(T). From the 
property of g we have 


(fn — Gin, Gan — y) > 0 


for all fixed points y € F(T) and n € N. Since the sequence p, converges to 0 
and the sequence Gx, converges to g. So, we can say that 


(0-9, g-y)=0 


for all y € F(T). Putting y = J, we get g = J. This means 0 = lim Gon. 


noo 
Therefore, the sequence (p,) converges weakly to a member ¥ of F(T) such that 
0= lim Gon. 
noo 
Conclusion 


This article’s objective is to give a common approach for talking about the fixed 
point of generalized quasi-nonexpansive mapping and quasi-nonexpansive map- 
ping with respect to Hilbert space. The research piece concludes by presenting 
a novel approach to examining the fixed-point theorems for quasi-nonexpansive 
mapping and its generalized form about Hilbert space. 
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Abstract 
This study aims to assess the generalized matrix transform (M-transform) 

of various incomplete types of special functions named generalized incom- 
plete hypergeometric functions, incomplete H-functions, incomplete H- 
functions, incomplete I-functions, all of which possess a matrix argument. 
The matrix argument in this case is a real symmetric positive definite 
matrix of size k x k having REN) variables. Here, we establish the spe- 
cial functions with a matrix argument by extending the existing special 
functions with a scalar argument. Both scalar and matrix arguments are 
significant in statistical distribution problems, particularly in scenarios 
where the null hypothesis is not assumed to be true. Additionally, we 
derived specific cases by extending the univariate cases. 


Keywords: Generalized Incomplete Hypergeometric functions, Incomplete H- 
functions, Incomplete H-functions, Incomplete I-functions, M-transform. 


1 Introduction 


Special functions with a matrix argument have demonstrated their significance 
since 1950 when Bochner [24] resolved a Lattice point problem utilizing the 
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Bessel function of matrix argument. Furthermore, Herz [11] established the 
hypergeometric function of matrix argument in terms of the hypergeometric 
function by utilizing the Laplace transform, which is an extension of the uni- 
variate Laplace transform presented in (Eq. 16, P. 219, [1]). This univariate 
Laplace transform and its inverse formula aid in defining the hypergeometric 
function pF for all p and gq. However, the explicit expression of the hypergeo- 
metric function ,Fy with a matrix argument remains undefined. 

In 1955, Herz [11] derived the hypergeometric function with matrix argument by 
using the Laplace transform and inductive method starting from 9 Fy(A) = e!"(4) 
and defined it by: 


ptily (ijatey Gps UOiaeny Dgpee ”) el 2 
1 
=a / eW t(AZ) Fe (a1,..+,@p}b1,...,0g;—A) |A|2-?dA, (1) 
Ve(y) Jaso 


where, R(z) > 0,¢ = §#+,y =$-1 and 


FE 1(@1,...,4 yb1,..- 50g, 3 A) |Al’-% = Tey) — a x 
pr a+ 'P q (2i)h RTD /2 


i: oe Ok (ajy.8i,Qphbiy.05,83—2-") |z|~4dz, R(A) S 0. (2) 
(z)=Ao> 


Further, Mathai [6, 8, 9] introduced the generalized matrix transform (M- 
transform) defined an integral over the k x k positive symmetric definite matrix 
A as follows: 


M(f) = I _ Ma Aaa, (3) 


This integral exists for R(s) > “4+ — 1, where R(.) is the real part of (.). 
For f(A) = e~'"4 the M-transform will be M(f) =T;(s) (real matrix-variate 
gamma function). 

Real matrix-variate gamma function T;,(s) is defined as follows: 


T;,(s) = r®A@-D/4T(s)T(s — sls Se eee k Ce ‘—), R(s) > ee (4) 


The M-transform of the hypergeometric function of k x k real symmetric positive 
definite matrix argument by the integral 


| (Zea (@1,...,@p3b1,...,6g3 -Z) dZ 
Z>0 


= ea T,(0;) Ij Te(aj — 8) 
Ij Px (a;) Tas Pe (b; — s) 


provided the left-hand side integral exists and it is equal to the gamma products 
on the right-hand side. 


T'x(s), (5) 
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Application of hypergeometric functions of matrix argument in the field of sta- 
tistical distributions developed by Mathai [10]. 

Progressively, Mathai [7] figure out the Fox’s H-function H(Z) of k x k real 
symmetric positive definite matrix argument z satisfies the integral equation: 


| |Z|*- "= H(Z)dZ 
Z>0 
aes Ty, (b; -- B;s) in se Tr, (4 => Aj;s) 


==, = (6) 
Game Ve( SE — by — Bys) Tying Ve (ay + Ay9) 


whenever the left-hand side integral exists, it is equal to the gamma products 
on the right side and for more conditions (see [7]). Result (6) can transform to 
two known results: 


1. By putting k = 1, matrix argument converts to scalar argument and 


2. By putting A; (j =1,...,p) = B; (j =1,...,¢) = 1, Fox’s H-function of 
matrix argument convert to Meijer’s G-function of matrix argument detail 
literature available in [5]. 


Special functions with a matrix argument are employed to address fading issues 
in wireless communication. Several authors have explored the applications of 
special functions with scalar and matrix argument, including [3, 20, 16, 17, 28, 
21, 26, 22, 29, 27]. 


2 Some Definitions and Preliminary Results 


In this section, we discuss a few more elementary definitions and preliminary 
results which we use to derive main theorems. 
2.1 Incomplete Gamma Functions 


The incomplete gamma functions y(s,7) and ['(s,x) for x = 1 was introduced 
by Prym [13] in 1877. Systematically, the incomplete gamma functions 7(s, x) 
and ['(s, 2) defined by 


s.v) = ff “e-letdt, (R(s) > 0; y > 0), (7) 


and oe 
I(s,y) = | tste-'dt, (y > 0; R(s) > 0 when y = 0), (8) 
y 


respectively. The incomplete gamma functions holds the decomposition formula 
9(s,y) + T'(s,y) = P'(s), here ['(.) is the well known gamma function given by 
I'(s) = ee ts-te-tdt, R(s) > 0. 
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2.2. Incomplete Pochhammer Symbols 


In terms of incomplete gamma functions y(s,y) and I'(s,y) defined in (7) and 
(8) Srivastava et al. [14] introduced incomplete Pochhammer symbols (v; x) 
and [v; x], as follows: 


y(v + A, s) 
T(v) 


Tv +A,s) 
Cm ” 


(v;x), = and [v;2], = 


here v,’ € C, x > 0. These incomplete Pochhammer symbols (v; x), and [v; 7] 
given in (9) holds the decomposition formula as: 


(v3), + [ya], =(V), (AEC, «> 0), 


where well known Pochhammer symbol (v), = ae pes: 


2.3 Generalized Incomplete Hypergeometric Functions 


The incomplete Pochhammer symbols are the backbone of the incomplete form 
of special functions defined in this section. For (|arg(—z)| < 7), Srivastava et 
al. [14] introduced generalized incomplete hypergeometric functions along with 
Mellin-Barnes integral in terms of incomplete Pochhammer symbols as follows: 


(a1, 2), Q2,..., Ap; = oS (OnE) a Os yictees (Ose ge 
PUP Biden be Att oo (51)n)---,(6q)n—*7 


2 1, Pi) ..P Wg) ih y(a, + 8,x)T (ag + s)...T (ap +8) 
~ Wi T(ay)...T(ap) Jr POi + Bae d Og Hes) 


n=0 


I'(—s)(—z)*ds, 
(10) 


and 


r (Oli Be) Clay ota 4:0lg3 Sips = [a1;2]n(Q2)n,-+-,(Ap)n 2” 

ies Disa tig qs H=0 (d1)n,+++5(Og)n n! 

a a s,z)[(ag+s)...T(a,p+s) 
i r 


~ Qi (a1)...T' (ap) BP sya Tp 48) [I'(—s)(—z)*ds. 


(11) 


Let L = L(o;ri00) be a MellinBarnes-type contour from o—ioo to a+io0 (a € R) 
with the usual indentations to separate one set of poles from the other set of 
poles of the integrand. 

Further, we have the following decomposition formula in terms of the well-known 
generalized hypergeometric function ,F, (p,q € N) as follows: 


(a1, 2), Q2,..., Ap; (a1,2),Q2,..., Ap; 
Cae ani lee ce ale pre e é 
_ Q1,+++,Ap; 
eg ‘|. 
4 
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2.4 Incomplete H-Functions 


The incomplete H-functions introduced by Srivastava et al. [15] in terms of 
incomplete gamma functions y(s,y) and I'(s, y) as follows: 


eNO eee | (fi, 81,¢), (fj, Fj )2,p | a ag | olsst)e tas (12) 


(tj, Wj)1,.Q Qri 

where 

bee v1 — fi - is, ae _ TP (wo; + Wjs) TT fj - Bis), Akg 

TT M+1 1 Gl — js) T]j_ N41 eer 

and 

eto <r | fOr) fomneras oy 
where 

ii ae 1 Tes + 848) T= 2PU- 89) as) 


Tega PC — 0; — Ws) TF y a PCy + Fs) 


The incomplete H-functions aa and re (z) are exist for all t > 0 and 
for more existing conditions (see [12], [15]). 


2.5 Incomplete H-Functions 


The incomplete H-functions Veo. (z) and Teo (z) introduced by Srivastava et 
al. [15] in terms of incomplete gamma functions 7(s,y) and I'(s, y) as follows: 


7g |» | (fi, 813 Fr: t), Ca eee 
TPQ (105, 20; ne M, (t0;, 295; a5) 41,9 


1 
= — | Gs,t)z “ds, (16) 
L 


271 
where 
3(s,t) = [yl — fir — $1, 0) [T52, P (mw; + Wys) TFL — Ff; — Fs)]* 
) Thy eary IPG — 3 — 25;8)] Tas PC + B58) 
(17) 
and 


7a |e | (f1, 513 81 : t), (fy, Fy; Gyan, Fj, Fj) N41,P | 
(105, 2; )1,u, (oj, Wj; aj) 41,9 
: = 55 | be ds, (18) 
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[P(. — fi — Sis, t))% []2, P(r; + js) TTL IP — fy) - Bs) 
Tey — 9; — 2358)] Tj PG + Hs) 


G(s, t) = 


19 
—~M,N M,N oy U9) 
The incomplete H-functions 7 PQ (2) and I'pg (z) for conditions (see [15]) are 


exist for all t > 0 and for more existing conditions (see, [15]). 
2.6 Incomplete I-Functions 


The incomplete I-functions NOES Q,.n(2) and YT lo _p(2) introduced by Bansal 
et al. [18] in terms of incomplete gamma functions y(s, y) and I'(s, y) as follows: 


(pMn |, (fi, 815), (fj, Flom» Foi, Fj) 41,7; 
Pome (105, Wy; )1,a1, (1054, Wys) 41,9; 


1 
= —— | y(s,t)z *ds, (20) 
L 


277 
where 
y1—-fi- wis, ies iT (wo, + 03;8) TTF 2 T(1 — fy — 55s) 
p(s, )= R Qi P; 7 (21) 
Dai ear Pl — 55 — Wyis) Teeny Chie + 3,:8)| 
and 


) MN nl? | (f1, 51,4), (fj, Fans (fyi, Fe) 41, P; 
(105, 25 )1 a, (1054, Wy) 41,0; 
: = 55 | Hebe ds, (22) 


Qi, 


P1-fi- Sis, t) Tj T(r; + Wys) Tie oP (1 — fj — 55s) 


= (23) 
es [te mail (1 — toy — Wyes) Tina (fe + 5::8)| 


The incomplete I-functions OIES.. (Zz) and Or see p(2) exists for all t > 0 
and for existing conditions (see, [18, 21, 23]). We can easily define the decom- 
position formula of incomplete form of special functions. 


2.7 Jacobians of Matrix Transformations 


This section will present a few outcomes on the Jacobians of transformations 
that we require. For now, we will focus on the prerequisites for formulating the 
special functions with matrix argument. We define a real symmetric positive 
definite matrix X as X = X’ > 0 (where X’ is the transpose of matrix X). 
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We use the notations X > 0 to represent a positive semi-definite matrix, X < 0 
for a negative definite matrix, X < O for a negative semi-definite matrix, 
and indefinite matrices for all other matrices. The notations J.) f(X)dX 


and f[ _ g(X)dX represent the integration of f(X) over all positive matrices 
X = X' > 0 and the integration of g(X) over all matrices J — X > 0 that are 
positive definite. The symbol dX represents the differential element. 

Let us now discuss some elementary results regarding the Jacobians of transfor- 
mations. Let L be a symmetric matrix of order k. Then L involves ne vari- 
ables, and its differential element is defined as dL = dly,...dlyx; dlog...dloz... 
dlp—1k;dlz~. In the case of an asymmetric (non-symmetric) matrix LD = [I] ij 
of order k, L involves k? variables, and its differential element dL is defined 
as dly,... dlp; dlo,...dloy...dly,...dlyx. Transformation of L = 1; to M = 


[m],; here both are symmetric matrix of order k. Which implies that eS) 


2 
variables of L transform to Re) variables of M. Here, we have a few results 


given in the previous literature. 


1. If A and B are k x k symmetric and X is ak x k non singular then 
A=XBX' = dA=(|X|""'aB, (24) 
where |X| and X’ represent the determinant and transpose of X. 


2. If L = [l],, is k x k symmetric and M = [m/J,, 


;; 18 k x k lower triangular 
matrices respectively then 


k 
L=MM' = dL= Tmt} dM. (25) 


i=l 


Convolution Property: If M-transform of two symmetric functions f)(A) 
and f(A) are Gi(s) and G(s) respectively, then M.transform of a function 
f3(A) = JasolAl*fi(AA) fo(A)dA is defiend by 


M(fs) = Ga(s)Gs Ee tans). (26) 


From the (3) we observe that M(f) is a function of s (univariate), although 
f(A) is a multivariate we need not have uniqueness for f(A). 
Real matrix-variate Beta function By,(s1, 2) define as follows: 


Te (s1)P¢(s2) k-1 k-1 
B : = ———~, R > —,R > ——. 
w(S1 2) Tx (s1 + 82) (s1) 2 (s2) 2 
The integral representation of the Real Matrix-variate Beta function is defined 
as follows: 
Bx(s1,82) = | IX|a"F [TX dX, (27) 
x 
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here, X >0,0<X <I = I-X >0and R(s,) > 55+, R(s2) > 45+. Eigen 
values of X i.e. A1,A2,-.-,Ax are in the interval of (0,1). 

We can extend more univariate integrals to matrix cases by using convolution 
property (26) as follows: 


1. Taking a = a — #4, f,(A) = e~*4 and fo(A) = | — Al8->” in (26), 


we get 
[ |Alo- 3 | — Ale- “Fe -trAAg A 
Tila) k+1 


k+1 


2. Putting a=a~ "$4, f,(A) =|I— Al-® and fo(A) = [I — Ap-9~ "Sin 
(26), we get 


I 
k+1 k+1 T aoe 
| IT — AAI~P|AIe~ S827 — aprme— ga = POR = a) 
0 


2FilaBi7:A), R(8)>0, R(a), R(y—a)> “F*-1. (29) 


3. Another extension of univariate integral to matrix case as follows: 


es JA[°7 "2" | + AAA A 
A> 


pa Te(o)Pe(e = 2) ) gpa. A> 0, R(a), R(u- a) > ee (30) 
Ti. () 


Here, we substitute V = A'/2A.A!/2, Then dV = |A|*? dA in (30). 


4, Further, set U-! = I+Vie. dV = |U|~“+ dU and 0 < U < I then LHS 
of (30) can be written as |A|~° fe dies |[+V|-"dV and reduces to 
beta integral defined in (27) and on transforming CV = A in (29), we get 
a new univariate integral as follows: 


Dp (a)U (A$) 
Plat EN) 


k k+1 
2F\ (a, 3a + ae -ZC), C>0, R(a) > — —1. (81) 


Cc 
| I+ ZA|-#|A|°- “Fd A = IC|@x 
0 


5. In (31), making the transformations V = I + A, U = V~! and then use 
2F\(a, By; A) = |( — A)|-?2Fily — a, B37; -A(I — A)~1). We have 


i jo“ r+ Air + ZAP ad = POT R(Y + wa) 
A> [,.(—v — p) 


oFi(—v,0;—-v — wT — Z), —R(v +4) > R(a) > S*-1. (32) 
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6. Making the transformation V = A~‘/2A.A~1/? in (28). We get 


Pe(oP a(S) 
Tn (a + oe) 


k+1 1 
1Fi(asa + ~3—;-Z0), R(a) > “4-1. (33) 


Z 
i |A|@— "2 eOA GA = iz 
0 


It is important to note that the incomplete gamma function can be gen- 
eralized using C = I in (33). The incomplete gamma functions for univariate 
matrix cases can be written as: 


Z 


Yn(a, Z) =| |A[°- “Fe AGA, 
= (34) 
and T;,(a, Z) = / |A|?- "= e-*AdA =T x(a) — ¥¢(a, Z). 
A>Z 


k+1 


For multivariate cases f,. z|A|°~ > e"AdA £T;.(a)—Yx (a, Z) since i a5 es # 


lee is not valid for all values of Z when Z is a matrix. 
There are three approaches to deriving special functions of matrix argument: 


1. Bochner [24] and Herz’s [11] using Laplace approach, 
2. James [2, 3] and Constantine’s [4] develop zonal polynomial approach and 
3. Mathai’s [19, 7] generalized matrix transform (M-transform) method. 


In this work, we use the M-transform method to derive the special functions of 
the matrix argument. 


3 Main Results 


In this section, we evaluate some results using the M-transform of various incom- 
plete types of special functions like generalized incomplete hypergeometric func- 
tions, incomplete H-functions, incomplete H-functions, incomplete I-functions. 
Theorem 1: Let Z beakxk real symmetric positive definite matrix with eigen- 
values Ay > Ag >--: > Ax > O and generalized incomplete hypergeometric func- 
tions p¥q(Z) and pI'4(Z) are symmetric functions in the sense p7¥q(Z) = py¥q(IZU’) 
and ,[4(Z) = pT, (iZl’), WW =I for all orthogonal matrices. If s is an arbitrary 
parameter then consider the integral equations: 


L la | (a1, A), Q2,..., Qp; —7| dZ 
> 


61,---, 093 
q 
‘10k (4j) yz (a1 — 8 A) [[f_2 Te (ai — 8) 
j=1 J) VrR\Q1 ’ jaa t kV OY 
= T S), 35 
lea): Use aey ee 
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and 
ep (a1, A), Q2,..-,p; 
ZI\s z T ’ ’ ’ >“p) =F dZ 
deol | P alae 
71, (6,) P —s,A)]]?_. Tela; — 
— lier (95) Tp (ar 5 Ves Peo ey (36) 
i=1 Pe (0) Tj-1 P,(d; — 8) 


provided these gamma products are defined. 


Proof: Here Z isa kxk real symmetric positive definite matrix with eigenvalues 
Ay > Ag > +++ > Ax > O and generalized incomplete hypergeometric functions 
p¥q(Z) and »P'4(Z) are symmetric functions in the sense that p7¥q(Z) = pyq(lZU’) 
and ,[,(Z) = ,0,(/Zl’), WW = I for all orthogonal matrices. In this case, we 
have f(ZA) = f(AZ) = f(A'/2ZA1/?) whenever A!/? is defined. 

For the positive semi definite matrix Z there exists a lower triangular matrix 
T such that Z = TT’. Now transforming Z to T by using (25) as dZ = 


of le at dT and |TT"| = [[*_, #2... After substituting these values in 


i= Gi: 
the left-hand of (35) and (36), use (34) and after a bit of simplification, we get 
the desired result. 


Theorem 2: This generalized incomplete hypergeometric functions with matrix 
argument hold the decomposition formula as follows: 


g— etL Q1, A), Q9,...,Qp} 
i 4 os i : 4 -2| dZ 
S ee 
+f zr, | iy A) Opie 7p -2| dZ 
=} Ze HF, | ag -2| dZ. (37) 
Z>0 Deteag gs 


Proof: We can write left hand side of (37) by using (35) and (36) as follows: 


[11 Pe(5;) yn (a1 — 8, A) []?_> Pe (ai — 8) 


Te). Texte 
I-1 P,(d;) Ty (ay — 8, A) es Ty (ai =| 5) p (s) 
PT; (as) TI#_1 Te (5; — 8) ‘i 


[fai Pe (53) TTP, Pea - 8) 
> Play Te(s). (38) 


P 

i=1 
) Nar Pe (5 — 8) 
The right-hand side of (38) is the same as derived by Mathai (eq. 3.3, [6]). 


Theorem 3: Let Z be a k x k real symmetric positive definite matrix with 
eigenvalues Ay > A2 > +--+ > Ax > O and the incomplete H-functions pe (Z ) 


10 
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and rea ) be a symmetric functions in the sense Ae (2) = PO N (IZI') and 
PMN (Z) = 7% OAs ), Wl’ =I for all orthogonal matrices. If s is an arbitrary 


P,Q 
parameter ee consider the integral equations for incomplete H-functions as 
follows: 
| Viceeaet MN | 7 (fi, 51,4), (Ff), 55 )2,p dZ 
Z>0 PQ (107, W;)1.Q 
(HE — fx — as, A) IDS, Peto; +2955) [1 P(A — fy — 838) 
=, hi 15, 1+ kW; js kV Q fj js (39) 
isa M41 Ty, (4 — to; — W;s) ieee Dy. (fj + 558) 
and 
| Ve ees Z (fi, 81, A), (fj, 5 )2,P dZ 
Z>0 (1;,Wj)1,9 
_ Pa(4S = fi — S1s, A) Ppa Pe (ty + 5s) Tl Pa ($4 — fy - Bs) (40) 
Te 474 T,,( 25+ — w; — 20;8) LL nai le(fy + 555) 


provided these gamma products are defined. 


Proof: Here Z isa kxk real symmetric positive definite matrix with eigenvalues 
Ay > Ag > +++ > Ax > O and generalized incomplete hypergeometric functions 
p¥q(Z) and pI'4(Z) are symmetric functions in the sense that p7¥q(Z) = pyq(IZU’) 
and ,[,(Z) = ,p0,(/Zl’), WW = I for all orthogonal matrices. In this case, we 
have f(ZA) = f(AZ) = f(A'/?ZA"/?) whenever A'/? is defined. 

For the positive semi definite matrix Z there exists a lower triangular matrix 
T such that Z = TT’. Now transforming Z to T by using (25) as dZ = 


OPTS aoa dT and |TT"| = [[*_, 23... After substituting these values in 


the left-hand of (35) and (36), use (34) and after a bit of simplification, we get 
the desired result. 


Theorem 4: The incomplete H-functions with matrix argument also hold the 
decomposition formula as follows: 


_k+l MN 
filer ° YP.Q E 


(fi, 51, A), (fF), By 2,P | dZ+ 


(t0;, 25 )1,.Q 
Zee re Z (f1, 81, A), (Ff), 5 )2,P dZ 
ie | 2'| Pea 


k+1 


7 s— ¥f1 ue (F535) )1,P 
fv HN | ee | dZ. (Al) 
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Proof: We can write left hand side of (41) as 


yn ( #4 — fr — B18, A) Tj2, Pe (toy + 5s) TL Pe (AE — fy — B58) 
ie M+1 Ty, (4 — oj — 8) jonas Ve (fj Tr 555) 
Te (2 — fr — 818, A) 524 Pe (ty + js) Tj» Pe S* — fy — B58) 
Targa Pe (AE — 3 — 58) aa Delfi + = 
= iA ea Ty (toj + W;s) ieaees Ph ar eats fj — 558) 
THe area Pe (AE! — wy — 358) TTP yg Pe (fy + 538) 


The right-hand side of (42) is the same as derived by Mathai (eq. 3.1, [7]). 


(42) 


Corollary 1: Let Z be ak x k real symmetric positive definite matrix. Then 
by using the definition of incomplete H-function Fee. (Z). We have 


wpM,N ee | 
ZIT Pa 2 | (10;, Wj )i.@ 
=rMn | (fi + w1, 51, A), (fj + w5;, Fi )2,P 


43 
(to; + wW;, W;)1,.9 (43) 


Proof: By using a similar matrix argument, we can obtain property (43) if we 
substitute s+ w = s;(w > 0) and ds = ds. This will give us the desired result. 


Corollary 2: Let Z bea kxk real symmetric positive definite matrix. Then by 
M,N 


using the definition of incomplete H-function Ip (Z). We have the following 
result 
pun lz (fi, 51, A), (Fj,5j)2,P 
(17, Wj )1.9 


_ p.m | (AE* — 10, ;) (44) 


1,Q 
oP (Sf, Ay 


tl _ §5,5;)2,P 


Proof: This result is obtained by using equation (40), and applying the trans- 
formation L = Z—! while noting that dZ = |L|~**+ dL. 


Theorem 5: Let Z be a k x k real symmetric positive definite matrix with 
eigenvalues Ay > Ag >--- > Ax > 0 and the incomplete H-functions Tee: (z) 


and ie (z) be a symmetric functions in the sense Ten. (Z) = apa (Zl) and 
Tes (2) = Pe 020), ll! = I for all orthogonal matrices. If s is an arbitrary 
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parameter then consider the integral equations: 
7 |Z) Sen | (F815 51 A), Fy Fi Bian. (hi Bw+.P | ay 
Z>0 vee (105, Wj )1,a, (tj, Wy; a3) 41,9 
_ eG — fr — G1, A) [132 Pe (toy + js) TT jo[P a (AS — f) — By s)]* 
etree — tj IW; s)|% z peer Ve (fj 7 555) 


10;, Wj )1,m, (t0;, 5; aj) 41,9 
[P(A — fr — Sis, A) T152, Pe (toy + Wys) Toe (AB — fj — F5s)]* 
TEearyaPe (AE — 0; — 5 8)) Tg Pe (fy + ys) 


i igen | as A), (F355 553 Bylo. (fi, 55) N41,P dZ 
a 


(46) 
Proof: We can prove this Theorem by follow same steps as in Theorem 1. 


Theorem 6: Let Z bea kxk real symmetric positive definite matrix with eigen- 
values a Zz A2 > +++ > A, > O and the incomplete I-functions OTS, Re 
and (F) 7M Tp, Dae z) be asymmetric functions ONT Ge) = OTF Oo n(ZUZe) 
and (1) MN (2) = = rae R(zZ)\UZI’), ul! =I for all orthogonal matrices. If 
s is an arbitrary parameter then consider the integral equations: 


‘) Vice +) -MN | Ed 
Z>0 PLQuR "| (105, Wy)1,m, (1034, Wye) 41a, 


_ wl ES — fi — Sis, A) ise Ty (to; + Wys) iG T,(£5+ — f; — Bs) 


= — , (47) 
Bie TEs T,.(£E — wy, — Wyss) A Reeere Pe (fje + 3;:8)| 
and 
| )Z|s— SFE) MN n* (f1, 51, A), (fj, Fans (foi, Fst) w41,P; | 
Z>0 PQoR 1"! (oj, W;)1,mM, (1054, Wy) 41,0: 
_ Pe = fi = Sis, A) Tos Pe (toy + 205s) Toa Pe = fi = Bi9). (48) 


R i P; 
et [eae Ty.(4* — 34 — Wiis) Tinga Ve fie + 5is)] 
Proof: We can prove this Theorem by follow same steps as in Theorem 1. 


We can formulate two additional theorems for the decomposition formula of 
the incomplete H-functions and the incomplete I-functions, similar to what we 
did in Theorems 2 and 4. 
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4 Particular Cases 


This section delves into the analysis of specific cases that arise from our main 
findings. When considering a matrix argument Z (which is a real symmetric 
positive definite matrix of size k x k), we can identify the following particular 
cases: 


1. When §; = 29; = 1, it is possible to demonstrate that the M-transform 
of incomplete H-functions, which have a matrix argument defined in (40), 
satisfy the M-transform of incomplete Meijer ‘)G-function (see [25]) with 
a matrix argument given by: 


i, Bere E Nr ces | dZ 
Z>0 (%;,1)1,9 


ake A), (fj)2,P 
= Z\s— 3 1) Gun | (fi, 19/2, d 
7 | es (5)1.Q , 


_ Fel f= 9,4) Mjes Pe(tos +9) Teale fi- 9) yy 


gear T,(1 — tw; — s) Tae Ve (fj + 8) 


2. When M = 1, N = P, and we replace Q with Q+1, we can obtain incom- 
plete H-functions with matrix arguments (39) and (40) by appropriately 
choosing parameters. Specifically, we can set Z = —Z and f; — (1—f,;) for 
j=l,...,P, and w,; > (1—1,) for 7 =1,...,Q. With these choices, the 
incomplete H-functions can be transformed into incomplete Fox-Wright 
functions with matrix arguments eva” (Z) and pvq")(Z), as follows: 


s— EEL AP (1 — fi, ®1, A), 1 — fy, 85 )2,P | 
2) Wasp |~Z w | dZ 
[. | TPQ+1 | | (0, 1), (1 = 107,.25;)1,6 


=i [Z| pg | (fi, 51,4), (fF), 55 )2,p dZ 
Z>0 


(10j,W5)1.9 
TT a(t) rve(fi — 8, A) Tj 2 Pe (fy — 8) 
= T S), 50 
Tas Pes) : TI?-1 Pe (tw; - 8) Se 


and 


s—k+1.1,P (1— fi, 81, A), 1 — fy, By )2,p | 
Vie ae =F ae eA 
ia | Pate | (0, 1), (1 — 1, 20;)1,@ 


=| Z|°-*F pyg™ 2 (f1, 51, A), (fF), 5; )2,P dZ 
Z>0 


(10;, Wy )i.Q 
- heen Ty (t;)  Tx(fr — 8, A) Th T.s=2) 
Tha Pe(fy) : [12-1 F(t; — 8) Ty,(s). (51) 


In this context, the M-transform of incomplete Fox-Wright functions with 
matrix argument (50) and (51) represent particular cases of the M-transform 
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of generalized incomplete hypergeometric functions (35) and (36), respec- 
tively (see [15]). 


3. When A = 0, it is possible to demonstrate that the M-transform of in- 
complete H-functions with matrix argument defined in (40) satisfies the 
M-transform of H-functions with matrix argument given in (6). 


4. When A = 0 and §; = Wy; = 1, it is possible to demonstrate that the 
M-transform of incomplete H-functions with matrix argument defined in 
(40) satisfies the M-transform of G-functions with matrix argument given 
in [5]. 


5. When A = 0, it is possible to demonstrate that the M-transform of gener- 
alized incomplete hypergeometric functions with matrix argument defined 
in (36) satisfies the M-transform of hypergeometric functions with matrix 
argument given in (5). 


5 Conclusions 


This study aims to establish the definition of special functions with a matrix 
argument of a symmetric matrix of size k x k, which involves k(k+1)/2 variables. 
To achieve this, we utilized a generalized matrix transform technique to derive 
the definition of the special function of the matrix argument. Using Jacobians 
of transformations and substituting specific values into the derived definition, 
we can obtain various outcomes based on our findings. 
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